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PREFACE 


This text is a rigorous introduction on an elementary level to the theory 
of analytic functions of one complex variable. At American universities 
it is intended to be used by first-year graduate and advanced under- 
graduate students. 

Since the time the first edition was published there has been a 
marked change in the quality of American students of mathematics. 
They enter college better prepared, and they are confronted with true 
mathematical reasoning at an earlier stage. To a lesser degree the same 
is true abroad. 

In preparing the second edition the author has striven to adjust to this 
greater maturity of the readers. At the same time the essentially elemen- 
tary character of the exposition has not been sacrificed. Indeed, nothing 
could be gained by addressing only the ablest students. Therefore, as 
in the first edition, the presentation is comparatively broad in the 
beginning, except for condensed reviews of familiar material, and rises 
only slowly to a higher level of conciseness. The author has tried to 
emphasize economy of thought in order to make the reader aware of the 
intrinsic unity which is so characteristic of the subject. 

We enumerate the most important changes from the first edition: 

1. The exponential and trigonometric functions are now defined by 
means of power series. In order to do so it was necessary to introduce 
an early elementary section on complex power series, a procedure that 
is not without didactic value in itself. 

2. The introduction to point set topology has been rewritten. It 
now includes the fundamental properties of metrie spaces and a more 
detailed discussion of compactness. 

3. Normal families are approached in a more direct manner, and the 
connection with compactness is emphasized. 
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4. The Riemann mapping theorem has been combined with a section 
on the Schwarz-Christoffel formula. 

5. A short chapter on elliptic functions has been added. It is 
deliberately very concentrated in an effort to spare the reader from the 
customary maze of notations that are needed only by specialists. 

6. The exercise sections have been enlarged, and some starred exer- 
cises with generous hints for their solution have been included.- The 
latter are to be regarded as part of the text, and students should be 
encouraged to compose complete proofs. : 

I should like to take this opportunity to reaffirm my indebtedness to 
my late teacher Emst Lindeléf. The whole structure of the book is 
also deeply influenced by Emil Artin’s idea to base elementary homology 
theory on winding numbers. 

Iam very grateful to a number of mathematicians who have pointed 
out errors in the first edition. I can only express a pious hope that no 
new ones have crept in. 


Lars V. Ahlfors 
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COMPLEX ANALYSIS 


1 COMPLEX NUMBERS 


1. THE ALGEBRA OF COMPLEX NUMBERS 


It is fundamental that real and complex numbers obey the same 
basic laws of arithmetic. We begin our study of complex func- 
tion theory by stressing and implementing this analogy. 


1.1. Arithmetic Operations. From elementary algebra the 
reader is acquainted with the imaginary unit ¢ with the property 
= —1. If the imaginary unit is combined with two real num- 
bers a, 6 by the processes of addition and multiplication, we 
obtain a complex number a +78. a and 8 are the real and 
imaginary part of the complex number. If a = 0, the number is 
said to be purely imaginary; if 8 = 0, it is of course real. Zero is 
the only number which is at once real and purely imaginary. 
‘Two complex numbers are equal if and only if they have the same 
real part and the same imaginary part. 

Addition and multiplication do not lead out from the system 
of complex numbers, Assuming that the ordinary rules of 
arithmetic apply to complex numbers we find indeed 


(1) (a + 28) + (y + 48) = (@ + y) +48 + 8) 
and 
(2) (a + 28) (y + 18) = (ay — 8) + i(ad + By). 


In the second identity we have made use of the relation 7? = —1. 
It is less obvious that division is also possible. We wish to 
1 
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show that (a + 78)/(y + 48) is a complex number, provided that y + 
is ¥ 0. If the quotient is denoted by x + iy, we must have 
a+ iB = (y + 18)(x + ty). 
By (2) this condition can be written 
a + iB = (yx — by) + idx + vy), 
and we obtain the two equations 


a= yx — by 
B= bx + vy. 


This system of simultaneous linear equations has the unique solution 


for we know that 7? + 8? is not zero. We have thus the result 


atiB_ aoyt+6d , by — a8 
@ ybis pet Ee 
Once the existence of the quotient has been proved, its value can be 
found in a simpler way. If numerator and denominator are multiplied 
with y — 78, we find at once 
a+i6B (a+ 18)(y — 18) _ (ay + 88) + By — a8), 
yt ib (y + 28)(y — 28) 7? + & 


As a special case the reciprocal of a complex number # 0 is given by 


1 . #7 8. 
a+ip a +H 


We note that 4" has only four possible values: 1, 7, —1, —2. They 
correspond to values of n which divided by 4 leave the remainders 0, 1, 
2, 3. 


EXERCISES 
1, Find the values of 
- 5 2+i\* eee 
(1 + 243, <3 HR: (#45) , ad+po4+0-9% 
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2. Ifz = x + ty (w and y real), find the real and imaginary parts of 


ae ee ae” 
2’ 2+1? = 


3. Show that 


+. J 8 . 6 
(=14i¥8) so. aaa (#1 45¥5) 24 
2 2 
for all combinations of signs. 


1.2. Square Roots. We shall now show that the square root of a 
complex number can be found explicitly. If the given number is a + if, 
we are looking for a number x + iy such that 


(z + iy)? = a+ iB. 
This is equivalent to the system of equations 
2 2 
4 v-yr=a 
(4) 2ry = p. 
From these equations we obtain 
(a? + yy)? = (a? ‘oni y*)? + Ax*y?* - a? + BY 

Hence we must have 

e+ y= Val +B, 
where the square root is positive or zero. Together with the first equa- 
tion (4) we find 
6) 2 = Ha + Va? + 6) 
y= i(—-a + Vo? +B). 
rag that these quantities are positive or zero regardless of the sign 
of a. 

The equations (5) yield, in general, two opposite values for x and two 
for y. But these values cannot be combined arbitrarily, for the second 
equation (4) is not a consequence of (5). We must therefore be careful 
to select x and y so that their product has the sign of 8. This leads to the 
general solution 


6) Vatin= + (VEEVETE 8 ret verre) 


Provided that 8 # 0. For8 = Othevaluesare + ~/aifa 2 0, +i~V/—a 
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ifa <0. It is understood that all square roots of positive numbers are 
taken with the positive sign. 

We have found that the square root of any complex number exists 
and has two opposite values. They coincide only if a + 76 =0. They 
are real if 8 = 0, a = 0 and purely imaginary if 8 = 0,2 $0. In other 
words, except for zero, only positive numbers have real square roots and 
only negative numbers have purely imaginary square roots. 

Since both square roots are in general complex, it is not possible to 
distinguish between the positive and negative square root of a complex 
number. We could of course distinguish between the upper and lower 
sign in (6), but this distinction is artificial and should be avoided. The 
correct way is to treat both square roots in a symmetric manner. 


EXERCISES 
1. Compute 
Vi Vy ae 
2, Find the four values of ~/—1. 


3. Compute W/7 and W/—7. 
4. Solve the quadratic equation 


2+ (at Be+ 7 +15 =0. 


1.3. Justification. So far our approach to complex numbers has been 
completely uncritical. We have not questioned the existence of a number 
system in which the equation 2? + 1 = 0 has a solution while all the rules 
of arithmetic remain in force. 

We begin by recalling the characteristic properties of the real-number 
system which we denote by R. In the first place, R is a field. This 
means that addition and multiplication are defined, satisfying the associ- 
ative, commutative, and distributive laws. The numbers 0 and 1 are neu- 
tral elements under addition and multiplication, respectively: 2 +0 = a, 
a:+1 =a for all a Moreover, the equation of subtraction B + 2 = @ 
has always a solution, and the equation of division 6x = a has a solution 
whenever 6 ¥ 0.1 

One shows by elementary reasoning that the neutral elements and the 
results of subtraction and division are unique. Also, every field is an 
integral domain: of = 0 if and only if a = 0 or B = 0. 


} We assume that the reader has a working knowledge of elementary algebra. 
Although the above characterization of a field is complete, it obviously does not 
convey much to a student who is not already at least vaguely familiar with the concept. 
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These properties are common to all fields. In addition, the field R 
has an order relation a < 6 (or 8 > a). It is most easily defined in terms 
of the set R* of positive real numbers: a < 8 if and only if 8 — a€ R+. 
The set R+ is characterized by the following properties: (1) 0 is not a posi- 
tive number; (2) if a ¥ 0 either a or —a is positive; (3) the sum and the 
product of two positive numbers are positive. From these conditions one 
derives all the usual rules for manipulation of inequalities. In particular 
one finds that every square a? is either positive or zero; therefore 1 = 1* 
is a positive number. 

By virtue of the order relation the sums 1,1+1,1+1+1,... 
are all different. Hence R contains the natural numbers, and since it is a 
field it must contain the subfield formed by all rational numbers. 

Finally, R satisfies the following completeness condition: every increas- 
ing and bounded sequence of real numbers has a limit. Let a; < a2 < 
a3<*°** <a, <-*-+- , and assume the existence of a real number B 
such that a, < B for alln. Then the completeness condition requires the 
existence of a number A = limy.... on with the following property: given 
any ¢ > 0 there exists a natural number mo such that A — « < a, < A for 
alln > no. 

Our discussion of the real-number system is incomplete inasmuch as 
we have not proved the existence and uniqueness (up to isomorphisms) of 
a system R with the postulated properties.t| The student who is not 
thoroughly familiar with one of the constructive processes by which real 
numbers can be introduced should not fail to fill this gap by consulting any 
textbook in which a full axiomatic treatment of real numbers is given. 

The equation «? + 1 = 0 has no solution in R, for a? + 1 is always 
positive. Suppose now that a field F can be found which contains R as a 
subfield, and in which the equation z* + 1 = 0 can be solved. Denote a 
solution by 7 Then 2?+1 = (x + i)(e — 1), and the equation 
a? + 1 = 0 has exactly two roots in F,i and —2. Let C be the subset of 
F consisting of all elements which can be expressed in the form a + 78 
with real a and 8. This representation is unique, for a +- i8 = a’ + 7p" 
implies a — a’ = —7(8 — 6’); hence (a — a’)? = —(6 — 8’), and this is 
possible only if a = a’, B = B’. 

The subset C is a subfield of F. In fact, except for trivial verifica-~ 
tions which the reader is asked to carry out, this is exactly what was shown 
in See. 1.1. What is more, the structure of C is independent of F. For if 
F’ is another field containing R and a root 7’ of the equation x? + 1 = 0, 


} An zsomorphism between two fields is a one-to-one correspondence which pre- 
Serves sums and products. The word is used quite generally to indicate a corre- 
Spondence which is one to one and preserves all relations that are considered important 
in a given connection. 
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the corresponding subset C’ is formed by all elements a + 7/8. There is 
a one-to-one correspondence between C and C’ which associates a + 78 
and @ -+ 7’, and this correspondence is evidently a field isomorphism. 
It is thus demonstrated that C and C’ are isomorphic. 

We now define the field of complex numbers to be the subfield C of an 
arbitrarily given F. We have just seen that the choice of F makes no 
difference, but we have not yet shown that there exists a field F with the 
required properties. In order to give our definition a meaning it remains 
to exhibit a field F which contains R (or a subfield isomorphic with R) 
and in which the equation z? + 1 = 0 has a root. 

There are many ways in which such a field can be constructed. The 
simplest and most direct method is the following: Consider all expressions 
of the form a + 78 where a, 6 are real numbers while the signs + and 7 are 
pure symbols (+ does not indicate addition, and ¢ is not an element of a 
field). ‘These expressions are elements of a field F in which addition and 
multiplication are defined by (1) and (2) (observe the two different mean- 
ings of the sign +). The elements of the particular form a + 70 are seen 
to constitute a subfield isomorphic to R, and the element 0 + 71 satisfies 
the equation 2? +1 = 0; we obtain in fact (0 + 71)? = —(1 + 20). 
The field F has thus the required properties; moreover, it is identical with 
the corresponding subfield C, for we can write 


a+ 78 = (a + 20) + BO + 1). 
The existence of the complex-number field is now proved, and we can go 


back to the simpler notation a -+ 76 where the + indicates addition in C 
and 7 is a root of the equation x? + 1 = 0. 


EXERCISES (For students with a background in algebra) 
1, Show that the system of all matrices of the special form 


(3) 


combined by matrix addition and matrix multiplication, is isomorphic to 
the field of complex numbers. 

2. Show that the complex-number system can be thought of as the 
field of all polynomials with real coefficients modulo the irreducible 
polynomial 2? + 1. 


1.4. Conjugation, Absolute Value. A complex number can be 
denoted either by a single letter a, representing an element of the field C, or 
in the form a -+ 76 with real a and 8. Other standard notations are 
g=a+u,5 = '+ %, w = u + w, and when used in this connection it 
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is tacitly understood that z, y, £ 7, u,v are real numbers. The real and 
imaginary part of a complex number a will also be denoted by Re a, Im a. 

In deriving the rules for complex addition and multiplication we used 
only the fact that 2 = —1. Since —7 has the same property, all rules 
must remain valid if ¢ is everywhere replaced by —i. Direct verification 
shows that this is indeed so. The transformation which replaces a + 78 
by a — 48 is called complex conjugation, and a — if is the conjugate of 
a+if. The conjugate of a is denoted by &@ A number is real if and 
only if it is equal to its conjugate. The conjugation is an involutory 
transformation: this means that & = a. 

The formulas 
_a-a@ 

2 


Rea ote, Ima 


express the real and imaginary part in terms of the complex number and 
its conjugate. By systematic use of the notations a and 4 it is hence 
possible to dispense with the use of separate letters for the real and 
imaginary part. It is more convenient, though, to make free use of both 
notations. 

The fundamental property of conjugation is the one already referred 
to, namely, that 


The corresponding property for quotients is a consequence: if ax = b, 
then 4% = 6, and hence (6/a) = b/a@. More generally, let R(a,b,c, . . .) 
stand for any rational operation applied to the complex numbers a, b, c, 


Then 
R(a,b,c,.. .) = RG,b,¢, . . .). 
As an application, consider the equation 
C02" + eye" st ene + on = 02 


If ¢ is a root of this equation, then ¢ is a root of the equation 


Gea" + Ge 4 + Get = 0. 


In particular, if the coefficients are real, ¢ and § are roots of the same equa- 
tion, and we have the familiar theorem that the nonreal roots of an equa- 
tion with real coefficients occur in pairs of conjugate roots. 

The product a@ = «? + 6? is always positive or zero. Its nonnega- 
tive square root is called the modulus or absolute value of the complex num- 
ber a; it is denoted by |aj. The terminology and notation are justified by 
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the fact that the modulus of a real number coincides with its numerical 
value taken with the positive sign. 
We repeat the definition 
ad = |al?, 


where |a| = 0, and observe that |4| = |a|. For the absolute value of a 
product we obtain 


jabl? = ab- ab = abab = aabb = |al*{b|?, 


and hence 
lab| = [al - [o| 


since both are 2 0. In words: 

The absolute value of a product is equal to the product of the absolute 
values of the factors. 

It is clear that this property extends to arbitrary finite products: 


late + - + Gal = [aa]: |ael - + - [onl 
The quotient a/b, b ¥ 0, satisfies b(a/b) = a, and hence we have also 
[bl « |a/b| = lal, or 
a) _ lal. 
b| [Ol 
The formula for the absolute value of asum is not assimple. We find 
la + d? = (a + b)(@ +b) = ad + (ab + ba) + b6 


07) la + Bl? = jal? + [b|? + 2 Re ab. 
The corresponding formula for the difference is 

(7) Ja — b|? = Jal* + |b? — 2 Reab, 
and by addition we obtain the identity 

(8) la +b]? + la — bi? = 2(al? + |b|?). 
EXERCISES 


1, Verify by calculation that the values of 


Poem de: 
2+1 
for z = 2 + iy and z = x — ty are conjugate. 
2. Find the absolute values of 


B+ 4¢)(—1 + 2%) 


—28+ 92+ 4)0+ 9 and (-i-9@-9 
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3. Prove that 
a—b 


t~@\7} 


if either [al = lor |b| = 1. What exception must be made if |a| = |b] = 1? 
4, Find the conditions under which the equation az -+ bz +¢ = 0 
in one complex unknown has exactly one solution, and compute that 
solution. 
5. Prove Lagrange’s identity in the complex form 


| x ad; P = y ja:|? 2, |b,|2 — ; » Jab; — a,b,\?. 


= Si<jgsn 


1.5. Inequalities. We shall now prove some important inequalities 
which will be of constant use. It is perhaps well to point out that there 
is no order relation in the complex-number system, and hence all inequali- 
ties must be between real numbers. 

From the definition of the absolute value we deduce the inequalities 


—|a| < Rea & |al 
) —|a} < Ima S |al. 


The equality Re a = |a| holds if and only if a is real and = 0.~ 
If (9) is applied to (7), we obtain 


la +b)? S (la| + |bl)? 


and hence 
(10) la + 6] S lal + (BI. 


This is called the triangle inequality for reasons which will emerge later. 
By induction it can be extended to arbitrary sums: 


(1) lar tas ++ + +a] S lar] + aol + + - > + lanl 


The absolute value of a sum is at most equal to the sum of the absolute 
values of the terms. 

The reader is well aware of the importance of the estimate (11) in the 
real case, and we shall find it no less important in the theory of complex 
numbers. 

Let us determine all cases of equality in (11). In (10) the sign of 
equality holds if and only if ab = 0 (it is convenient to let c > 0 indicate 
that cis real and positive). If b % 0 this condition can be written in the 
form |b|?(a/b) = 0, and it is hence equivalent to a/b 2 0. In the general 
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case we proceed as follows: Suppose that equality holds in (1); then 


lanl + aol + > - > + lanl = [a + a2) + a3+ - a,| 
S la: + al + asl + --- + Ja,| S BA: + ia +++ + lal. 


Hence |a: + asl = |ay| + ae, and if a2 # 0 we conclude that ai/az = 0. 
But the numbering of the terms is arbitrary; thus the ratio of any two 
nonzero terms must be positive. Suppose conversely that this condition 
is fulfilled. Assuming that a; + 0 we obtain 


lax tart ++ tal = |onf-f1 +S 4 --- +&| 
=lal(i +4 ---+%)= (r+ e+ op iS 
= foal + lao] + - - > + lanl. 


To sum up: the sign of equality holds in (11) ¢f and only if the ratio of any 
two nonzero lerms is positive. 
By (10) we have also 


lal = (a — 6) +b] S ja — bf + [| 


or 
al — |b| S ja — OJ. 


For the same reason |b| — |al S$ |a — b|, and these inequalities can be 
combined to 
(12) la — d| & |la| — (ol. 
Of course the same estimate can be applied to |a + |. 
A special case of (10) is the inequality 
(18) la + 26] S lal + [6 
which expresses that the absolute value of a complex number is at most 
equal to the sum of the absolute values of the real and imaginary part. 


Many other inequalities whose proof is less immediate are also of fre- 
quent use. Foremost is Cauchy’s inequality which states that 


lexbi + ++ + + anbal? S (lai? + + + - + fanl?)(lbil? + ~~ - + [bal?) 


or, in shorter notation, 
(14) |S ab&P s ¥ lap 3 wit 
i=1 res 


tis a convenient summation index and, used as a subscript, cannot be confused 
with the imaginary unit. It seems pointless to ban its use. 
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To prove it, let \ denote an arbitrary complex number. We obtain 
by (7) 


n 


as) fa — rb? = F lad? + ae DS (bl? — 2ReX YS ad 
a=1 i=1 é=1 


tad 


i= 


This expression is 2 0 for all X. We can choose 
> a,b; 
T 
= ‘ 
>: |b? 
1 
for if the denominator should vanish there is nothing to prove. This 
choice is not arbitrary, but-it is dictated by the desire to make the 


expression (15) as small as possible. Substituting in (15) we find, after 
simplifications, 


which is equivalent to (14). 

From (15) we conclude further that the sign of equality holds in (14) 
if and only if the a; are proportional to the 6. 

Cauchy’s inequality can also be proved by means of Lagrange’s 
identity (Sec. 1.4, Ex. 4). 


EXERCISES 
1. Prove that 
a—b 
i—a|<! 


if |a] < 1 and |b| <1. 
2. Prove Cauchy’s inequality by induction. 
3. Ifla| <1, 2 Oforté=1,...,nandithet-- + +=], 
show that 
JArda + Avda Fs Andn| <1. 


4, Show that there are complex numbers z satisfying 
je — al] + lz + a| = 2le| 
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if and only if |a| = |e|._ If this condition is fulfilled, what are the smallest 
and largest values of |z|? 


2. THE GEOMETRIC REPRESENTATION OF 
COMPLEX NUMBERS 


With respect to a given rectangular coordinate system in a plane, the 
complex number a = a + 78 can be represented by the point with coordi- 
nates (a,6). This representation is constantly used, and we shall often 
speak of the point a as a synonym of the number a. The first coordinate 
axis (v-axis) takes the name of real axis, and the second coordinate axis 
(y-axis) is called the imaginary axis. The plane itself is referred to as the 
complex plane. 

The geometric representation derives its usefulness from the vivid 
mental pictures associated with a geometric language. We take the point 
of view, however, that all conclusions in analysis should be derived from 
the properties of real numbers, and not from the axioms of geometry. 
For this reason we shall use geometry only for descriptive purposes, and 
not for valid proof, unless the language is so thinly veiled that the analytic 
interpretation is self-evident. This altitude relieves us from the exigencies 
of rigor in connection with geometric considerations. 


2.1. Geometric Addition and Multiplication. The addition of com- 
plex numbers can be visualized as vector addition. To this end we let a 
complex number be represented not only by a point, but also by a vector 
pointing from the origin to the point. The number, the point, and the 
vector will all be denoted by the same letter ¢. As usual we identify all 
vectors which can be obtained from each other by parallel displacements. 

Place a second vector b so that its initial point coincides with the end 
point ofa. Then a + bis represented by the vector from the initial point 
of a to the end point of 6. To construct: the difference b — a we draw 
both vectors @ and b from the same initial point; then b — a points from 
the end point of a to the end point of b. Observe that a + b and a —b 
are the diagonals in a parallelogram with the sides a and b (Fig. 1). 

An additional advantage of the vector representation is that the length 
of the vector a is equal to |a|. Hence the distance between the points a 
and b is |a — b|. With this interpretation the triangle inequality 
la + b| = |a| + |b] and the identity ja + bo]? + ja — bP = 2(a|? + [b|*) 
become familiar geometric theorems. 

The point a and its conjugate é lie symmetrically with respect to the 
real axis. The symmetric point of a with respect to the imaginary axis is 
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Fte@.1. Vector addition. 


—d. The four points a, —d, —a, & are the vertices of a rectangle which 
is symmetric with respect to both axes. 

In order to derive a geometric interpretation of the product of two 
complex numbers we introduce polar coordinates. If the polar coordinates 
of the point (a,8) are (r,¢), we know that 


a=Tcosy 
B=rsin ¢. 


Hence we can write a = a+ 78 = r(cosy +ising). In this trigo- 
nometric form of a complex number r is always 2 0 and equal to the 
modulus |a|. The polar angle ¢ is called the argument or amplitude of the 
complex number, and we denote it by arg a. 

Consider two complex numbers a1 = 7;(cos g, + 7 sin g)) and 
@ = 72(cos v2 + isin gz). Their product can be written in the from 
a2 = 7y72[ (COs ¢1 COS v2 — sin v1 Sin g2) + i(sin ¢1 Cos ye + COs ¢1 SiN ¢2)]- 
By means of the addition theorems of the cosine and the sine this expres- 
sion can be simplified to 


(16) Qya2 = ryrsfeos (y, + ge) + isin (v1 + ¢2)]- 


We recognize that the product has the modulus rir; and the argument 
¢1 + ¢2. The latter result is new, and we express it through the equation 


(17) arg (a.a2) = arg a, + arg as. 


It is clear that this formula can be extended to arbitrary products, and 
We can therefore state: 

The argument of a product is equal to the swm of the arguments of the 
factors. 

This is fundamental. The rule that we have just formulated gives a 
deep and unexpected justification of the geometric representation of com- 
Plex numbers. We must be fully aware, however, that the manner in 
which we have arrived at the formula (17) violates our principles. In the 
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first place the equation (17) is between angles rather than between num- 
bers, and secondly its proof rested on the use of trigonometry. Thus it 
remains to define the argument in analytic terms and to prove (17) by 
purely analytic means. For the moment we postpone this proof and 
shall be content to discuss the consequences of (17) from a less critical 
standpoint. 

We remark first that the argument of 0 is not defined, and hence (17) 
has a meaning only if a: and a2 are #0. Secondly, the polar angle is 
determined only up to multiples of 360°. For this reason, if we want to 
interpret (17) numerically, we must agree that multiples of 360° shall not 
count. 

By means of (17) a simple geometric construction of the product a,a2 
can be obtained. It follows indeed that the triangle with the vertices 
0, 1, a1 is similar to the triangle whose vertices are 0, az, aiae. The points 
0, 1, a and a, being given, this similarity determines the point asa (Fig. 2). 

In the case of division (17) is replaced by 


(18) arg = arg dz — arg a. 
1 


The geometric construction is the same, except that the similar triangles 
are now 0, 1, a, and 0, a2/ai, a2. 


Remark: A perfectly acceptable way to define angles and arguments 
would be to apply the familiar methods of calculus which permit us to 
express the length of a circular arc as a definite integral. This leads to a 
correct definition of the trigonometric functions, and to a computational 
proof of the addition theorems. 

The reason we do not follow this path is that complex analysis, as 


aya, bt 


nes 


0 1 FIG. 2. Vector multiplication. 
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ed to real analysis, offers a much more direct approach. The clue 
in a direct connection between the exponential function and the | 
Etrigonometric functions, to be derived in Chap. 2, See. 5. Until we 
reach this point the reader is asked to subdue his quest: for complete EG 


© EXERCISES 


1. Find the symmetric points of a with res i i 
: : pect to the | 

bisect the angles between the coordinate axes, bois 
2. Prove that the points 1, Az, G3 are vertices of ay i i 

; ; n equilateral tri 

if and only if a? + a3 + a? = aya, + Q203 + agar. ange 
3. Suppose that a and b are two vertices of as i 

ppose are. 
_ other vertices in all possible cases, Sime ae eee 


4, Find the center and the radius of the circle which circumscribes 
the triangle with vertices @1, G2, 3. Express the result in symmetric form. 


2.2. The Binomial Equation. Fyrom the i 
‘ preceding results we deri 
that the powers of a = r(cos ¢ + isin ¢) are given by le 


(19) a" = r"(cos ny + isin ng). 


This formula is trivially valid for n = 0, and since 


a = r-cos ¢ — isin ¢) = [cos (—¢) + ¢sin (—¢)] 


it holds also when n is a hegative integer. 
For r = 1 we obtain de Moitvre’s formula 


20 23 
(20) (cos » + ésin ¢)" = cos ng + isin ny 


whi . * d sin ng in 
Ovides an extremely simple way to cos NY ge 
ich pr di Pp. y tis express co: and 81 


To find the nth 
equation 


(21) 


root of a complex number @ we have to solve the 


a =a, 

oy : 

| “UPPosing that a x 0 we write @ = r(cos y + isin yg) and 
a 2 = p(cos 6 + isin 6). 
Then (21) takes the form 


5 (22) 
ed p*(cos n8 + isin n8) = r(cos y + ésin ¢). 
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This equation is certainly fulfilled if p* =r and n@ = y. Hence we 
obtain the root 


n yea ¢ 
= 1/r{cos— + isin = 


where </r denotes the positive nth root of the positive number r. 

But this is not the only solution. In fact, (22) is also fulfilled if n6 
differs from ¢ by a multiple of the full angle. If angles are expressed in 
radians the full angle is 27, and we find that (22) is satisfied if and only if 


pe ay cd 
=— +h = 
where k is any integer. However, only the valuesk = 0,1,...,—1 


give different values of z. Hence the complete solution of the equation 
(21) is given by 


ay Y lar .. [¢ _ 2a ce, a3 
c= Vr[cos(£ + #2") + isin(2 +45) k=0,1,...,2—-1. 


There are n nth roots of any complex number # 0. They have the same 
modulus, and their arguments are equally spaced. 

Geometrically, the nth roots are the vertices of a regular polygon 
with 7 sides. 

The case a = 1 is particularly important. The roots of the equation 


2” = 1 are called nth roots of unity, and if we set 


20 


Dis es ‘ 
(23) @ = COs =~ + isin = # 


all the roots can be expressed by 1, w, 7, ..., @"-4 It is also quite 
evident that if ¥/a denotes any nth root of a, then all the nth roots can be 
expressed in the form w+ 4/a,k =0,1,...,2—-1. 


EXERCISES 


1, Express cos 3g, cos 4, and sin 5g in terms of cos ¢ and sin ¢. 

2. Simplify 1+ cos g + cos2g +--+ +cosng and sing + 
sin 2p +--+ +sinny. : 
3. Express the fifth and tenth roots of unity in algebraic form. 

4, If w is given by (23), prove that 


L+ ot + eo + soe + we DA = 0 


for any integer h which is not a multiple of n. 
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5. What is the value of 
1 pine wt + wrk ticit a e + (1) DAP 


2.3. Analytic Geometry. In classical analytic geometry the equation 
of a locus is expressed as a relation between z and y. It can just as well 
be expressed in terms of z and 2, sometimes to distinct advantage. The 
thing to remember is that a complex equation is ordinarily equivalent to 
two real equations; in order to obtain a genuine locus these equations 
should be essentially the same. 

For instance, the equation of a circle is |z — a| =r. In algebraic 
form it can be rewritten as (z ~ a)(2 — d@) = 7%. The fact that this equa- 
tion is invariant under complex conjugation is an indication that it 
represents a single real equation. 

A straight line in the complex plane can be given by a parametric 
equation z = a + bi, where a and 6 are complex numbers and b ¥ 0; the 
parameter ¢ runs through all real values. Two equations z = a + bt and 
z= a’ + b’t represent the same line if and only if a’ — a and b’ are real 
multiples of b. The lines are parallel whenever b’ is a real multiple of b, 
and they are equally directed if b’ is a positive multiple of b. The direc- 
tion of a directed line can be identified with argb. The angle between 
z=a-+ bt and z = a’ + b’t is arg b’/b; observe that it depends on the 
order in which the lines are named. The lines are orthogonal to each 
other if b’/b is purely imaginary. 

Problems of finding intersections between lines and circles, parallel 
or orthogonal lines, tangents, and the like usually become exceedingly 
simple when expressed in complex form. 

An inequality |z — a| < 7 describes the inside of a circle. Similarly, 
a directed line z = a + bt determines a right half plane consisting of all 
points z with Im (z — a)/b < 0 and a left half plane with Im (z — a)/b > 0. 
An easy argument shows that this distinction is independent of the 
parametric representation. 


EXERCISES 


1. When does az + bz +c = 0 represent a line? 
P 2. Write the equation of an ellipse, hyperbola, parabola in complex 
orm, 

3. Prove that the diagonals of a parallelogram bisect each other and 
that the diagonals of a rhombus are orthogonal. 
_ 4 Prove analytically that the midpoints of parallel chords to a circle 
lie on a diameter perpendicular to the chords. 
_ _5. Show that ail circles that pass through a and 1/a intersect the 
cirele |z| = 1 at right angles. 
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For many purposes it is useful to 
by introduction of a symbol © 
th the finite numbers is estab- 


2.4. The Spherical Representation. 
extend the system C. of complex numbers 


to represent infinity. Its connection wi 


lished by setting @ f-osota=@ for all finite a, and 
bio = @° b= @ 
b= wo. It is impossible, however, to define 


b # 0, including 
0- © without violating the laws of arithmetic. By special 


shall nevertheless write a/0 = © fora ~ Oandb/* = 0 


for all 
oo + » and 
convention we 


for b # ©. 

In the plane there is 
can, of course introduce an 
The points in the plane 
extended complex plane. We agree 
through the point at infinity. By contr 


the ideal point. 
{t is desirable to introduce a geometric model in which all points of 


the extended plane have a concrete representative. To this end we con- 
sider the unit sphere S whose equation in three-dimensional space is 
aj abt oh = 1, With every point on S, except (0,0,1), we can associ- 


ate a complex number 


no room for & point corresponding to ©, but we 
“ideal” point which we call the point at infinity. 
together with the point at infinity form the 
that every straight line shall pass 
ast, no half plane shall contain 


(24) 23 ms, 


and this correspondence is one to one. Indeed, from (24) we obtain 


24 a5 1+ 2% 
we = 2S ioe, 
@ — 2s)* 1— 2s 
and hence 
avis? 
mo yi 
Further computation yields 
Pa ee 
T+ 
G8) 2-2 


correspond to (0,0,1), 
sentation of the extended plane 
note that the hemisphere %2 < 0 corresponds to 


system. 
the disk |z| 


d by letting the point at jnfinity 
repre- 
We 
< Land the 
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misphere ts > 0 to its. outside |z| > 1 i 

ue Pay rite sa es . In function theory the sphere 

.. If the complex plane is identitied i 

: ‘ C with the (%1,2%2)-] i 

or and oe corresponding to the real and set pirat in - 

‘the transformation (24) takes on a simple geometric see : Waits y 
- ng 


gaa + ty we can verify that 


0 


gry: —l = xy202:%3 — 1, 


© and this me: that int: 
D strnight eS ecu 
i e cor r tral projection fro: 
cel = aan spel in Fig. 3. It is called a stereographic saan 
anaes fepreeenonem there is no simple interpretatio f 
dition id mul tiplication. Its advantage lies in the fact h ne 
at ae is no longer distinguished. ; pears ci 
is geometrically evident that t i jecti 
pai any line in the pecleapent jae ae ee 
panies - a On): and the converse is also true. More eal : 
es fi a corresponds toa circle or straight line in eae 
se apna iheeeve that a circle on the sphere lies in a plane 
ee ee oe a, Where we can assume that ai toi +05 = 1 
S a . In terms of z and 2 this equation takes chs forty 


ai(z + 2) — agile - 2) + as(lel? — 1) = eo(lel? + 1) 


(ceo — a3) (a? ++ y®) — 2orx — Zory + ao + a = 0. 


For ay is i ie J 
: ¥ et this on equation of a circle, and for ay = as it represents 
a straight line. ‘onversely, the equation of any circle or straight li 
ine 


FIG. 3, Stereographic projection. 
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ean be written in this form. The correspondence is consequently one 


to one. 


projections of z and 2’. 
(21,%2,%3), (v1,24,25), we have first 


(a1 ~ xi)? + @2 — 23)? + a — a4)? = 2 — Beret + wovh + wax). 


From (35) and (36) we obtain after a short computation 


Brey + wer) + Ta} 
_ @ +9 +2) —@- Ae — 7) + (eP - DP-D) 
G+ Pa + ie) 


= a + le) + Iz 19 — le — ze 


It is easy to calculate the distance d(z,z’) between the stereographic 
If the points on the sphere are denoted by 


G+ kG +72 


As a result we find that 


Q\z — 2 
(28) d(zz/) = ——= _ 
V+ kd + 
For z = © the corresponding formula is 
2 


B= rea 


EXERCISES 


1. Show that 2 and 2’ correspond to diametrically opposite points on 


the Riemann sphere if and only if 22’ = —1. 


2. A cube has its vertices on the sphere S and its edges parallel to the 
coordinate axes. Find the stereographic projections of the vertices. 
3. Same problem for a regular tetrahedron in general position. 


4, Let Z, Z’ denote the stereographic projections of z, 2’, and let N be 
Show that the triangles NZZ’ and Nzz’ are similar, and 


the north pole. 
use this to derive (28). 


5. Find the radius of the spherical image of the circle in the plane 


whose center is a and radius R. 


COMPLEX FUNCTIONS 


1. INTRODUCTION To THE CONCE 
PT 
ANALYTIC FUNCTION 


ca cents of functions of a complex variable aims at extending 
¢ - ulus to the complex domain. Both differentiation and inte- 
gration acquire new depth and significance; at the same time the 


of the French “Théori ions” 
“Funktionentheorie,” orie des fonctions” or the German 


oe ¥ = f(x) will be used in a neutral manner with the 
a esi ae that zand y can be either real or complex. When 
te © indicate that a variable is definitely restricted to real 

es, we shall usually denote it byt. By these agreements we 


bee Lema hapa! are shin aware that f stands for the function and f(z) 

. nction. However, anal iti i 
continue to speak of “the function He” : ean eee oan an 
a 


iil 
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do not wish to cancel the earlier convention whereby a notation z = x + iy 
automatically implies that « and y are real. 


It is essential that the law by which a function is defined be formulated , 


in clear and unambiguous terms. In other words, all functions must be 
well defined and consequently, until further notice, single-valued.t 

It is not necessary that a function be defined for all values of the 
independent variable. For the moment we shall deliberately under- 
emphasize the role of point set theory. Therefore we make merely an 
informal agreement that every function be defined on an open set, by 
which we mean that if f(a) is defined, then f(z) is defined for all x suffi- 
ciently close toa. The formal treatment of point set topology is deferred 
until the next chapter. 


1.1. Limits and Continuity. The following basic definition will be 
adopted: 


Definition 1. The function f(x) is said to have the limit A as x tends to a, 
(1) lim f(z) = A, 


af and only if the following is true: 
For every «> 0 there exists a number 5 > 0 with the property that 
\f(a) — Al < ¢ for all values of x such that |x — al < dandz 4a. 


This definition makes decisive use of the absolute value. Since the 
notion of absolute value has a meaning for complex as well as for real 
numbers, we can use the same definition regardless of whether the variable 
a and the function f(z) are real or complex. 

As an alternative simpler notation we sometimes write: f(x) — A for 
Klean) 

There are some familiar variants of the definition which correspond 
to the case where a or A is infinite. In the real case we can distinguish 
between the limits +0 and — ©, but in the complex case there is only 
one infinite limit. We trust the reader to formulate correct definitions 
to cover all the possibilities. 

The well-known results concerning the limit of a sum, a product, and 
a quotient continue to hold in the complex case. Indeed, the proofs 
depend only on the properties of the absolute value expressed by 


lab] = |a|-|b| and = fa + b| S [al + [Ol 


+ We shall sometimes use the pleonastic term single-valued function to underline 
that the function has only one value for each value of the variable. 
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. Condition (1) is evidently equivalent to 
lim f@) = A. 
a 


Brom (1) and (2) we obtain 
: lim Re f(z) = Re A 
(3) lim Im f(z) = Im A. 


F Conversely, (1) is a consequence of (3). 

3 The function f(z) is said to be continuous at a if and only if 
lim f(z) = f@. A continuous function, without further qualification, 
par 


t is one whioh is continuous at all points where it is defined. 

. The sum f(z) + g(x) and the product f(x)g(x) of two continuous func- 
tions are continuous; the quotient f(x)/g(z) is defined and continuous at 
a if and only if g(a) # 0. If f(x) is continuous, so are Re f(x), Im f(a), 
and [f(z)|. 

The derivative of a function is defined as a particular limit and can be 
considered regardless of whether the variables are real or complex. The 
formal definition is 


) F(@) = tim =H), 


The usual rules for forming the derivative of a sum, a product, or a 
quotient are all valid. The derivative of a composite function is deter- 
mined by the chain rule. 

There is nevertheless a fundamental difference between the cases of a 
real and a complex independent variable. To illustrate our point, let 
J@ be a real function of a complex variable whose derivative exists at 
2=a. Then f'(a) is on one side real, for it is the limit of the quotients 


f@ +h) —f@) 
h 


a8 h tends to zero through real values. On the other side it is also the 
limit of the quotients 


fla + ih) — fla) 
th 


3 = 48 such purely imaginary. ‘Therefore f(a) must be zero. Thus a 
function of a complex variable either has the derivative zero, or elge 
: derivative does not exist. 
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The case of a complex function of a real variable can be reduced to the 
real case. If we write z(t) = 2(f) + ty(@ we find indeed 


ZO = 2 + yO, 


and the existence of 2(é is equivalent to the simultaneous existence of 
z'(é) and y’({). The complex notation has nevertheless certain formal 
advantages which it would be unwise to give up. 

In contrast, the existence of the derivative of a complex function of a 
complex variable has far-reaching consequences for the structural proper- 
ties of the function. The investigation of these consequences is the cen- 
tral theme in complex-function theory. 


1.2. Analytic Functions. The class of analytic functions is formed by 
the complex functions of a complex variable which possess a derivative 
wherever the function is defined. The term holomorphic function is used 
with identical meaning. For the purpose of this preliminary investiga- 
tion the reader may think primarily of functions which are defined in the 
whole plane. 

The sum and the product of two analytic functions are again analytic. 
The same is true of the quotient f(z)/g(z) of two analytic functions, pro- 
vided that g(z) does not vanish. In the general case it is necessary to 
exclude the points at which g(z) = 0. Strictly speaking, this very typi- 
cal case will thus not be included in our considerations, but it will be clear 
that the results remain valid except for obvious modifications. 

The definition of the derivative can be rewritten in the form 
fet) —JO, 

h 


f@® = lm 
hO 
As a first consequence f(z) is necessarily continuous. Indeed, from 


S@ +h) — f@) = h- S@ +h) — f@)/h we obtain 
lim G@ +h) — f(@)) = 0-f@ = 0. 


If we write f(z) = u(z) + d(z) it follows, moreover, that w(z) and v(z) 
are both continuous. 
The limit of the difference quotient must be the same regardless of 
the way in which k approaches zero. If we choose real values for h, 
then the imaginary part y is kept constant, and the derivative becomes 
a partial derivative with respect to z. We have thus 
of _ du 


f@= = 5 


av 
ar 
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arly, if we substitute purely imaginary values tk for h, we obtain 


. fe + tk) — {© . af du, av 
Pe) = tm ik “ay +3 tay 


follows that f(z) must satisfy the partial differential equation 
at _ _,af 


vhich resolves into the real equations 


du dv 
6) ax ay’ ay 


FThese are the Cauchy-Riemann differential equations which must be 
satisfied by the real and imaginary part of any analytic function. 

‘. We remark that the existence of the four partial derivatives in (6) is 
i; implied by the existence of f’(z). Using (6) we can write down four 
formally: different expressions for f’(z); the simplest is 


17) . 8U , . dv 
I@ =F tis 


For the quantity |f’(z)|? we have, for instance, 


du\? du\*? du\? dv\? dua du d 
brea = (Se) + (Sey = (SY + (BY = em _ ute 
| ox dy dz) * \ae da dy dy Ox 
The last expression shows that |f’(z)|? is the Jacobian of u and v with 
respect to x and y. 
: We shall prove later that the derivative of an analytic function is 
itself analytic. By this fact u and v will have continuous partial deriva- 


tives of all orders, and in particular the mixed derivatives will be equal. 
Using this information we obtain from (6) 


_ Fu, du 
Au = gat + aye = 0 

8% =, av 

Aya get 
v= 33 t jy = 0 


A function u which satisfies Laplace’s equation Au = 0 is said to be 
The real and imaginary part of an analytic function are thus 
see If two harmonic functions u and v satisfy the Cauchy- 
. “On equations (6), then v is said to be the conjugate harmonic fune- 

t Augustin Cauehy (1789-1857) and Bernhard Riemann (1826-1866) are regarded 


e 
bietri founders of complex-function theory. Riemann’s work emphasized the geo- 
3 @spects in contrast to the purely analytic approach of Cauchy. 
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tion of u. Under the same circumstances u is evidently the conjugate 
harmonic function of —v. 

This is not the place to discuss the weakest conditions of regularity 
which can be imposed on harmonic functions. We wish to prove, how- 
ever, that the function u + i determined by a pair of conjugate har- 
monic functions is always analytic, and for this purpose we make the 
explicit assumption that u and v have continuous first-order partial 
derivatives. It is proved in calculus, under exactly these regularity con- 
ditions, that we can write 


a 38 
ux + hy +k) — u(z,y) =i ta et & 
ov ov, 
v(z + hy +k) — v(z,y) = ag ht yb te 
where the remainders ), ¢: tend to zero more rapidly than h + zk in the 
sense that o:/(h + ik) > 0 and e2/(h + ¢k) > 0 fork +ik—-0. With 
the notation f(z) = u(z,y) + 2(x,y) we obtain by virtue of the rela- 
tions (6) 
E du , .dv F ‘ 
f@ +h + tk) —f@ = (Ge + eZ) a +a +e + tey 


and hence 


fle+h+ ik) — fe) _ du, , a0, 


_ RL ik ac tae 


-bik0 
We conclude that f(z) is analytic. 

The real and imaginary parts of an analytic function are harmonic func- 
tions which satisfy the Cauchy-Riemann differential equations. 

Conversely, if the harmonic functions u and v satisfy these equations, then 
u + w is an analytic function. 

The conjugate of a harmonic function can be found by integration, 
and in simple cases the computation can be made explicit. For instance, 


u = ¢? — y® is harmonic and du/dx = 2z, du/dy = —2y. The conju- 
gate function must therefore satisfy 

ov ev ¢ 

mo 2y, ay 2a. 


From the first equation » = 2zy + ¢(y), where ¢(y) is a function of y 
alone. Substitution in the second equation yields ¢’(y) = 0. Hence 
¢(y) is a constant, and the most general conjugate function of z? — y? is 
2zy + c where c isa constant. Observe that 2? — y? + 2izy = 2. The 
analytic function with the real part 2? — y? is hence 2? + %€. 
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; ‘There is an interesting formal procedure which throws considerable . 
st on the nature of analytic functions. We present this procedure 
fi; an explicit warning to the reader that it is purely formal and does 
} possess any power of proof. 

F- Consider a complex function f(x,y) of two real variables. Introducing 
» complex variable z = x + iy and its conjugate Z = « — iy, we can 
ex=(2e+2),y = —}4( — 2). With this change of variable we 
E., consider f(2,y) as a function of z and Z which we will treat as inde- 
sndent variables (forgetting that they are in fact conjugate to each 
Riher). If the rules of calculus were applicable, we would obtain 


af 3(z iX), af (+ 2) 

de B\ar * dy a D\aa tay} 

These expressions have no convenient definition as limits, but we can 
Pnevertheless introduce them as symbolic derivatives with respect to z 
Sand z. By comparison with (5) we find that analytic functions are char- 
© acterized by the condition 8f/02 = 0. We are thus tempted to say that 
an analytic function is independent of 2, and a function of ¢ alone. 
“This formal reasoning supports the point of view that analytic func- 
: tions are true functions of a complex variable as opposed to functions 
, which are more adequately described as complex functions of two real 
. variables. 

By similar formal arguments we can derive a very simple method 
which allows us to compute, without use of integration, the analytic 
function f(z) whose real part is a given harmonic function u(z,y). We 
remark first that the conjugate function f(2) has the derivative zero with 
respect to z and may, therefore, be considered as a function of 2; we 


denote this function by f(2). With this notation we can write down the 
identity 


ula,y) = f(a + iy) + fle — ay)]. 


-* It is reasonable to expect that this is a formal identity, and then it holds 


@ven when x and y are complex. If w bstitute a = L, 
we bis, p we substitute 2 = 2/2, y = 2/2i, 


7 u(e/2, 2/24) = fe) + FO). 

; — 7 (2) is only determined up to a purely imaginary constant, we may 

sn 7 assume that f(0) is real, which implies f(0) = u(0,0). The func- 
2) can thus be computed by means of the formula 

f(@) = 2ule/2, 2/24) — u(0,0). 


- Prey imaginary constant can be added at will. 
1s form the method is definitely limited to functions u(z,y) which 
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are rational in x and y, for the function must have a meaning for com- 
plex values of the argument. Suffice it to say that the method can be 
extended to the general case and that a complete justification can be 


given. 


Bera the a1, a2, . . . , a, are not necessarily distinct. From the fac- 
jon we conclude that P(z) does not vanish for any value of z 
ent from ai, a2, . . . , a. Moreover, the factorization is uniquely 
ermined except for the order of the factors. 

6 If exactly h of the a; coincide, their common value is called a zero of 


EXERCISES Ke) f the order h. We find th: 
: ; ; (zg) of the ore . e find that the sum of the orders of th 
1. If g(w) and f(z) are analytic functions, show that g(f(z)) is also, plynomial is equal to its degree. More simply, if each Rea 
analytic. many times as its order indicates, a polynomial of degree n has exactly 


2. Verify Cauchy-Riemann’s equations for the functions z? and 23, 
3. Find the most general harmonic polynomial of the form az? + 


A zeros. 
; The order of a zero a can also be determined by consideration of the 
“successive derivatives of P(z) for z = a. Suppose that « is a zero of 
> order h. Then we can write P(z) = (z — o)"P,(2) with Pi(a) = 0. Suc- 
cessive derivation yields P(a) = Pla) = +++ = P¢-Y(a) = 0 while 
P*(a) # 0. In other words, the order of a zero equals the order of the 
first nonvanishing derivative. A zero of order 1 is called a simple zero 
and is characterized by the conditions P(a) = 0, P’'(a) #0. 

aes raha we shall prove the following theorem, known ag 


+ 
bx?y + cay? + dy’. Determine the conjugate harmonic function and the 
corresponding analytic function by integration and by the formal method, 1 
4, Show that an analytic function cannot have a constant absolute’ 
value without reducing to a constant. 
5. Prove rigorously that the functions f(z) and f(® are simultaneously 
analytic. 
6. Prove that the functions u(z) and w(2) are simultaneously harmonic, 
7. Show that a harmonic function satisfies the formal differentiaff 
equation : 
Theorem 1. [fall zeros of a olynomial P le 4 
zeros of the derivative P'e) : be : am shane ee @ half plane, then all 


Ou 
a2 03 ~ © 
1.3. Polynomials. Every constant is an analytic function with tha 
derivative 0, The simplest nonconstant analytic function is z whosd 
derivative is 1. Since the sum and product of two analytic functions ard 
again analytic, it follows that every polynomial 
7) P(z) = ao taz+ +> + ane 
is an analytic function. Its derivative is 
PY) = a1 + 2age + + + naye™h 

The notation (7) shall imply that a, ~ 0, and the polynomial is the! 
said to be of degree n. The constant 0, considered as a polynomial, is it 
many respects exceptional and will be excluded from our considerations. 

For 7 > 0 the equation P(z) = 0 has at least one root. This is t' 
so-called fundamental theorem of algebra which we shall prove later 
If P(ai) = 0, it is shown in elementary algebra that P(z) = (2 — a) Pilz 
where P,(z) is a polynomial of degree n — 1. Repetition of this proces 
finally leads to a complete factorization 
(8) P(@) = a,(z — a1)(z — a2) - - + (@ — an) 


{ For formal reasons, if the constant 0 is regarded as a polynomial, its degree is a 
equal to — », 


From (8) we obtain 


‘9 P’(2) 1 
o) Ba op ict: 


e— Gy 


Suppose that the half plane H is defined as the part of the plane where 


Im (z — a) /b ne 
lie ieee < 0 (see Chap. 1, Sec. 2.3). If a, isin H and z is not, we 


But * . . 
rsd mMaginary parts of reciprocal numbers have opposite sign. 
' e, under the same assumption, Im b(z — a) <0. If this is 
or all k we conclude from (9) that 


bP’ * 
Im &@ = > Im ig <0, 
Pestl 


zz a 


pc 
yy 

PS 

x 


ma Consequently P’(2) 0, 


in ‘ 
ea iin formulation the theorem tells us that the smallest convex 
‘at contains the zeros of P(z) also contains the zeros of P'(z). 
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1.4. Rational Functions. We turn to the case of a rational function 


Pz) 
(10) R) = OG” 
given as the quotient of two polynomials. We assume, and this is essen- 
tial, that P(z) and Q(z) have no common factors and hence no common 
zeros. R(z) will be given the value © at the zeros of Q(z). It must 
therefore be considered as a function with values in the extended plane, 
and as such it is continuous. The zeros of Q(z) are called poles of R(z), 
and the order of a pole is by definition equal to the order of the corre- 
sponding zero of Q(z). 
The derivative 


iy R@ = PAOQ@) -— YOPO 


Q@)? 


exists only when Q(z) # 0. However, as a rational function defined by 
the right-hand member of (11), R’(z) has the same poles as R(z), the order 
of each pole being increased by one. In case Q(z) has multiple zeros, 
it should be noticed that the expression (11) does not appear in reduced 
form, 

Greater unity is achieved if we let the variable z as well as the function 
R(z) range over the extended plane. We may define R(~) as the limit 
of R(z) as z—» ©, but this definition would not determine the order of a 
zero or pole at ©. It is therefore preferable to consider the function 
R(1/z), which we can rewrite as a rational function Ri(z), and set 


R() = R,(0). 


If 2:0) = 0 or &, the order of the zero or pole at © is defined as the 
order of the zero or pole of Ri(z) at the origin. 
With the notation 


Go + aye + + + + ane” 
bo + biz tt + bye 


Rta) 


we obtain 
ae" tag +++ +a, 
Boe™ + bye! Fs On 


where the power z”~* belongs either to the numerator or to the denomi- 
nator. Accordingly, if m > n R(z) has a zero of order m — 7 at ©, if 
m <n the point at © is a pole of order x — m, and ifm =n 


R( ©) = da/bm #0, ©. 


Rig) me 
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We can now count the total number of zeros and poles in the extended 
jane. The count shows that the number of zeros, including those at ©, 


; is equal to the greater of the numbers m and x. The number of poles is 
© the same. This common number of zeros and poles is called the order of 


the rational function. 

If ais any constant, the function R(z) — a has the same poles as F(z), 
and consequently the same order. The zeros of R(z) — a are roots of 
the equation R(z) = a, and if the roots are counted as many times as the 
order of the zero indicates, we can state the following result: 

A rational function R(z) of order p has p zeros and p poles, and every 

ion R(z) = a has exactly p roots. 

A rational function of order 1 is a linear fraction 


az+B 
yet 


with ai — By # 0. Such fractions, or linear transformations, will be 
studied at length in Chap. 3, Sec. 3. For the moment we note merely 
that the equation w = S(z) has exactly one root, and we find indeed 

bw — 6 

—yw +a 


S(z) = 


z= Sw) = 


The transformations S and S~! are inverse to each other. 

* The linear transformation z + a is called a parallel translation, and 
1/z is an inversion. The former has a fixpoint at ©, the latter inter- 
changes 0 and 

Every rational function has a representation by partial fractions. In 
order to derive this representation we assume first. that R(z) has a pole 
at ©. We carry out the division of P(z) by Q(z) until the degree of the 
remainder is at most equal to that of the denominator. The result can 
be written in the form 


(12) R@) = G@) + HE) 
where G(z) is a polynomial without constant term, and H(z) is finite at ©. 
The degree of G(z) is the order of the pole at », and the polynomial G(z) 


is called the singular part of R(z) at ©. 
Let the distinct finite poles of R(z) be denoted by 61, Bs, - - » 5 Be 


The function R By + ; is a rational function of ¢ with a pole at ¢ = &. 


By use of the decomposition (12) we can write 


1 = of 
R(6 +2) - 40 +0) 


{ 
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or with a change of variable 


mor - ofc) (e45) 


Here G; (24) is a polynomial in : ea & without constant term, called 
' 4. 3 


the singular part of R() at 8; The function H; (43) is finite for 


ao B;. 
Consider now the expression 


(13) R® — Ge - y G; (25) 


g=1 


This is a rational function which cannot have other poles than 61, B2, 
..., 8, and ©. At z= 8; we find that the two terms which become 


infinite have difference H; (+ 3) with a finite limit, and the same 


is true at ©. Therefore (11) has neither any finite poles nor a pole at #. 
A rational function without poles must reduce to a constant, and if this 
constant is absorbed in G(z) we obtain 


(14)  R@ =6@ + 2 a(-+,) 


This representation is well known from the calculus where it is used 
as a technical device in integration theory. However, it is only with the 
introduction of complex numbers that it becomes completely successful. 

We shall make a minor application of (14) to the determination of all 
rational functions of order 2. More precisely, we shall determine the 
simplest forms which can be achieved by linear transformations of the 
dependent and independent variable. 

A rational function of order 2 has either one double or two simple 


poles. In the first case we can throw the pole to © by a preliminary | 


linear transformation of 2. The function will then have the form 
by b? 

= 2 -_ - 

w= az" +be+e a(=+5) +e ta 


and by further linear transformations it can be reduced to the normal 


form w = 2%. In the case of two simple poles we may choose the poles 


at z=Oandz= ©. The representation (14) will then have the form 


(15) w= dzr+B4e 
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If we replace z by 2’ = z*~/A/C the coefficients of 2’ and 1/2’ become 
equal, and a further linear change of w will reduce (15) to the form 


w= 3 (2+) 


which we choose as the normal form for a rational function of order 2 
with distinct poles. 


EXERCISES 


1. Use the method of the text to develop 


>=" and -7-~ : : 


2(z + 1)? + 2)* 


in partial fractions. 
2. If Q is a polynomial with distinct roots a, .. . 
polynomial of degree <n, show that 


7%, and if P isa 


P@) _ 5 P(ax) 
Q@) Pv Q' (ax) (2 — on) 


3. Use the formula in the preceding exercise to prove that there exists 
# unique polyriomial P of degree < 7 with given values c, at the points 
o (Lagrange’s interpolation polynomial). 

4. What is the general form of a rational function which has absolute 
value 1 on the circle |z| = 1? In particular, how are the zeros and poles 
related to each other? 

___5. If arational function is real on |z| = 1, how are the zeros and poles 
situated? 


2, ELEMENTARY THEORY OF POWER SERIES 


Polynomials and rational functions are very special analytic functions. 

The easiest way to achieve greater variety is to form limits. For 

fone the sum of a convergent series is such a limit. If the terms are 

pie ses of a variable, so is the sum, and if the terms are analytic func- 
, chances are good that the sum will also be analytic. 

; Of all series with analytic terms the power series with complex 
S0efficients are the simplest. In this section we study only the most 
“mentary properties of. power series. A strong motivation for taking 
f this study when we are not yet equipped to prove the most. general 
= Perties (those that depend on integration) is that we need power series 
Construct the exponential function (Sec. 3). AOS 
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2.1. Sequences. The sequence {a,}f has the limit A if to every « > 0 
there exists an no such that |a, — Al < eforn 2 mo. A sequence witha 
finite limit is said to be convergent, and any sequence which does not con- 
verge is divergent. If lim,s. dn = ©, the sequence may be said to 
diverge to infinity. 

Only in rare cases can the convergence be proved by exhibiting the limit, 
so it is extremely important to make use of a method that permits proof 
of the existence of a limit even when it cannot be determined explicitly. 
The test that serves this purpose bears the name of Cauchy. A sequence 
will be called fundamental, or a Cauchy sequence, if it satisfies the follow- 
ing condition: given any ¢ > 0 there exists an 7 such that |¢n — An| < 
whenever n = mo and m 2 no. The test reads: 

A sequence is convergent if and only if it is a Cauchy sequence. 

The necessity is immediate. If a,— A we can find no such that 
la, ~ Al < e/2 for n 2 no. For m,n 2 no it follows by the triangle 
inequality that la, — dnl S jan — Al + lan — Al <«. 

The sufficiency is closely connected with the definition of real num- 
bers, and one way in which real numbers can be introduced is indeed to 
postulate the sufficiency of Cauchy’s condition. However, we wish to use 
only the property that every bounded monotone sequence of real num- 
bers has a limit. 

The real and imaginary parts of a Cauchy sequence are again Cauchy 
sequences, and if they converge, so does the original sequence. For this 
reason we need to prove the sufficiency only for real sequences. We use 
the opportunity to recall the notions of limes superior and limes inferior. 
Given a real sequence {a,}? we shall set a, = max {a1,..., an}, that 
is, d, is the greatest of the numbers ai, . . . , an. The sequence {a,}? is 
nondecreasing; hence it has a limit A1 which is finite or equal to +. 
The number A, is known as the least upper bound or supremum (l.u.b. or 
sup) of the numbers o,; indeed, it is the least number which is 2 all an. 
Construct in the same way the least upper bound A; of the sequence 
{an} obtained from the original sequence by deleting o1, . . . , Or-1- 
It is clear that {A,} is a nonincreasing sequence, and we denote its limit 
by A. It may be finite, +,or —«. In any case we write 


A = lim sup ap. 
ne 
It is easy to characterize the limes superior by its properties. If A is 
finite and ¢ > 0 there exists an mp such that A,, < A + ¢, and it follows 
that an S An, <A+e for n 270. In the opposite direction, if 
cn £ A—e for n =n, then A,, S$ A — , which is impossible. In 
other words, there are arbitrarily large n for which oa, > A-«e If 
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ig 4+ there are arbitrarily large a,, and A = — © if and only if an 
In all cases there cannot be more than one number A with 


lim a + lim By S lim (a, + Bx) S lim a, + Tim B, 
ea 


lim a, + lim 6, S lim (an + 6,) $ lim o,, + Tim B,. 


Now we return to the sufficiency of Cauchy’s condition. From 
Jan — an | < ewe obtain jan| < Jeng] - ¢ for x 2 mo, and it follows that 
A = Im a, and a = lim a, are both finite. If a # A choose 
_(A-a@. 

=o 

and determine a corresponding no. By definition of a and A there exists 
an a, <@+e and an am > A—e with mn 2 mo. It follows that 
A—a=(A — am) + (am — On) + (an — a) < 8, contrary to the choice 
of «. Hence a = A, and the sequence converges. 


€ 


2.2, Series. A very simple application of Cauchy’s condition permits 
us to deduce the convergence of one sequence from that of another. If it 
is true that |bm — bal S lam — @n| for all pairs of subscripts, the sequence 
{b.} may be termed a contraction of the sequence {d,} (this is not a 
standard term). Under this condition, if {aq} is a Cauchy sequence, so is 
{b,}. Hence convergence of {a,} implies convergence of {b,}. 

An infinite series is a formal infinite sum 


ee 


Associated with this series is the sequence of its partial sums 


8. = Git aet ss +4 


(16) 


The series is said to converge if and only if the corresponding sequence is 
convergent, and if this is the case the limit of the sequence is the sum of 
q the series. 

___ Applied to a series Cauchy’s convergence test yields the following 
q condition: The series (16) converges if and only if to every < > 0 there 
.. ®xists an ny such that |an + dagi + + °° + Gnepl < efor all m > no and 
. P20. For p = 0 we find in particular that |a,| <« Hence the gen- 
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eral term of a convergent series tends to zero. This condition is necessary, 
but of course not sufficient. 

If a finite number of the terms of the series (16) are omitted, the new 
series converges or diverges together with (16). In the case of conver- 
gence, let R, be the sum of the series which begins with the term @n4;. 
Then the sum of the whole series is S = s, + Ry. 

The series (16) can be compared with the series 


(17) Jarl + fae] +--+ - + lal to: 


formed by the absolute values of the terms. The sequence of partial 
sums of (16) is a contraction of the sequence corresponding to (17), for 
lan + drat boot + Gntp| S lanl + l@nsal + °° + + l@ngol- There- 
fore, convergence of (17) implies that the original series (16) is convergent. 
A series with the property that the series formed by the absolute values 
of the terms converges is said to be absolutely convergent. 


2.3. Uniform Convergence. Consider a sequence of functions f,(z), 
all defined on the same set E. If the sequence of values {f,(x)} con- 
verges for every x that belongs to E, then the limit f(x) is again a function 
on E. By definition, if ¢ > 0 and x belongs to EF there exists an no such 
that |fn(x) — f(x)| < ¢ for n 2 mo, but no is allowed to depend on x. 
For instance, it is true that 


A 1 
tim (1+ 2)2=« 


for all x, but in order to have |(1 + 1/n)x — 2| = |z|/n < for n 2 no 
it is necessary that 9 > |z|/s. Such an mo exists for every fixed x, but 
the requirement cannot be met simultaneously for all «. 

We say in this situation that the sequence converges pointwise, but 
not uniformly. In positive formulation: The sequence {fn(x)} converges 
uniformly to f(x) on the set E if to every ¢ > 0 there exists an nu such that 
(fala) — f(@)| < ¢ for all n = m and all x in E. 

The most important consequence of uniform convergence is the 
following: 

The limit function of a uniformly convergent sequence of continuous 
functions is itself continuous. 

Suppose that the functions f,,(z) are continuous and tend uniformly 
to f(z) on the set ZH. For any ¢ > 0 we are able to find an m such that 
\fa(z) — f(a)| < ¢/8 for allzin E. Let x be a point in E. Because f,,(2) 
is continuous at 2, we ean find 8 > Osuch that |fa(z) — fa(xo)| < 2/3 for all 
xin EB with lc — 20o| < 8. Under the same condition on 2 it follows that 


f(z) — fed S \f@) — fal) + fale) — Jaleo + Lfaleo) — FEAL < s, 


and we have proved that f(z) is continuous at xo. 
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In the theory of analytic functions we shall find uniform convergence 
much more important than pointwise convergence. However, in most 


* eases it will be found that the convergence is uniform only on a part of 


the set on which the functions are originally defined. 

Cauchy’s necessary and sufficient condition has a counterpart for 
uniform convergence. We assert: 

The sequence {f,(x)} converges uniformly on E if and only if to every 
e > O there exists an no such that |fn(x) — f.(x)| < efor all mn 2 no and all 
gin E. 

The necessity is again trivial. For the sufficiency we remark that 
the limit function f(z) exists by the ordinary form of Cauchy’s test. In 
the inequality |fn(z) — fa(x)| < e we can keep n fixed and let m tend to 
eo. It follows that |f(x) — f.(x)| S$ efor n 2 no and allawin EB. Hence 
the convergence is uniform. 

For practical use the following test is the most applicable: If a 
sequence of functions {f,(x)} is a contraction of a convergent sequence of 
constants {a,}, then the sequence {f,(x)} is uniformly convergent. The 
hypothesis means that |fn(z) — fa(x)| S |a@n — dnl on E, and the con- 
clusion follows immediately by Cauchy’s condition. 

In the case of series this criterion, in a somewhat weaker form, becomes 
particularly simple. We say that a series with variable terms 


Pilz) + fola) +--+ +fi@) +++ 


has the series with positive terms 


m+d2- ++ +a eee 


for a majorant if it is true that |f,(x)| S Ma, for some constant M and 
for all sufficiently large n; conversely, the first series is a minorant of the 
second. In these circumstances we have 


Wns) + farsa) +--+ +Fnen(a)| S Man + anya + + + Gaye). 


Therefore, if the majorant converges, the minorant converges uniformly. 
This condition is frequently referred to as the Weierstrass M test. It has 
the slight weakness that it applies only to series which are also absolutely 
Convergent. The general principle of contraction is more complicated, 
but has a wider range of applicability. 


EXERCISES 


1. Prove that a convergent sequence is bounded. 
2 If lim z, = A, prove that 


nae 


fines (ee aoe +++ +h Zz.) = Ae 


nae 
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3. Show that the sum of an absolutely convergent series does not 
change if the terms are rearranged. 

4 Discuss completely the convergence and uniform convergence of 
the sequence {nz"}9. 

5. Discuss the uniform convergence of the series 


pe ees 
2, nl + na?) 


for real values of x. : 

6 If Us=utuwte es, Ve=ovteoe+ +: are convergent 
series, prove that UV = ui + (uwe + ues) + (us + uve + usi) +o 
provided that at least one of the series is absolutely convergent. (It is 
easy if both series are absolutely convergent. Try to arrange the proof so 
economically that the absolute convergence of the second series is not 
needed.) 


2.4, Power Series. A power series is of the form 


(18) ss hag poe 


Qo + Giz + ane? + - 


where the coefficients a, and the variable z are complex. A little more 


generally we may consider series 


© 


Y an(e — 20)" 


n=0 


which are power series with respect to the center 29, but the difference is so 
slight that we need not do so in a formal manner. 
As an almost trivial example we consider the geometric series 


L+eetete stot: 


whose partial sums can be written in the form 


Loezeteors fer t= 


Since 2" 0 for |z| <1 and |z"| = 1 for |z| 2 1 we conclude that the 
geometric series converges to 1/(1 — z) for |z| < 1, diverges for |z| 2 1. 

It turns out that the behavior of the geometric series is typical. 
Indeed, we shall find that every power series converges inside a circle and 
diverges outside the same circle, except that it may happen that the 
series converges only for z = 0, or that it converges for all values of z. 
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More precisely, we shall prove the following theorem due to Abel: 


Theorem 2. For every power series (18) there exists a number R, 0 S 
RS @, called the radius of convergence, with the following properties: 

(i) The series converges absolutely for every z with |2| <R. If OS 
< R the convergence is uniform for |z| S p. 

Gi) If \z| > BR the terms of the series are unbounded, and the series is 
consequently divergent. 
(iii) In |z| < RB the sum of the series is an analytic function. The 
derivative can be obtained by termwise differentiation, and the derived series 
has the same radius of convergence. 


The circle |z| = F is called the circle of convergence; nothing is claimed 
about the convergence on the circle. We shall show that the assertions in 
the theorem are true if RF is chosen according to the formula 


(19) 1/R = lim sup V/anl. 


This is known as Hadamard’s formula for the radius of convergence. 

If |z| < R we can find p so that |z| <p <R. Then 1/p > 1/R, and 
by the definition of limes superior there exists an m such that |a,|/" < 1/p, 
lan] < 1/p"forn 2 no. It follows that |a,2"| < (\2|/p)" for large n, so that 
the power series (18) has a convergent geometric series as a majorant, 
and is consequently convergent. To prove the uniform convergence for 
lel S p < R we choose a p' with p < p’ < F and find |anz"| S (p/p’)” for 
nZ mn. Since the majorant is convergent and has constant terms we 
conclude by Weierstrass’s M test that the power series is uniformly 
convergent. 

If |z| > B we choose p so that R < p < |z|. Since 1/p < 1/R there 
are arbitrarily large n such that |a,|/" > 1/p, |a,| > 1/p". Thus 
lan2"| > (\z\/e)" for infinitely many n, and the terms are unbounded. 


«© 


The derived series )) na,z"-? has the same radius of convergence, 
T 


because ¥/n — 1. Proof: Set ¥/n = 1+ 8,. Then 6, > 0, and by use 
of the binomial theorem n = (1 + 5,)" > 1+ 4 n(n — 18. This gives 
5, < 2/n, and hence 8, —> 0. 

For |z| < R we shall write 


f@®= Sone = s,(2) + Rn(z) 


ee 
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where 


° 


y yz", 


k=n 


sn(2) = Go + az +--+ + an, Ra(z) = 


and also 
fh = » na, zg) = lim si(z). 
LT noe 
We have to show that f’(z) = fiz). 
Consider the identity 
(20) S@)_— $0) oe (22 — 8&n(20) 


Z—- 2 z— 2 


= x) + (wh(20) — fulee)) 
4 (& (2) — Ra(Z0)\, 


where we assume that z ¥ zo and |z|, |e) < op < R. The last term can be 


rewritten as 


y ax(zt? fe gh-2zq + sone + zk? -f Bet), 


ken 
and we conclude that 


Raz) — Rn(20) 


za 20 


SY) Hasler 


kan 


The expression on the right is the remainder term in a convergent series. 
Hence we can find mo such that 


R.@ — R,.(20) 
z— 20 


for n 2 no. 
There is also an m such that |s‘,(zo) — fi(eo)| < 2/3 for n 2 m. 
Choose a fixed n = no, m1. By the definition of derivative we can find 


6 > O such that 0 < |z — zol < 4 implies 


GS BG) (20) 
z= 2g . 


When all these inequalities are combined it follows by (20) that 
12) = $2) _ peep 


z— 2 


We have proved that f’(zo) exists and equals 


when 0 < |z ~ aol < 6. 
Ji(z0). 
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Since the reasoning can be repeated we have in reality proved much 
more: A power series with positive radius of convergence has derivatives 
of all orders, and they are given explicitly by 

f@) = Got az tae +--- 

f'(2) = a1 + Qacz + Bagz?=+--> 

f''(@ = 2a + Gage + 12az+--- 


G+ Dt, eal, 


FO = hla + wet 
In particular, if we look at the last line we see that a, = f(0)/k!, and 
the power series becomes 
10) (n) 
f@) = (0) + /'0)2 +L 2 eo. EO ny 

This is the familiar Taylor-Maclaurin development, but we have proved it 
only under the assumption that f(z) has a power series development. We 
do know that the development is uniquely determined, if it exists, but 
the main part is still missing, namely that évery analytic function has a 
Taylor development. 


EXERCISES 
1. Expand Ma — 2)"™, m a positive integer, in powers of z. 


2. Expand — tei What is the radius of 


in powers of z—1. 


convergence? 
3. Find the radius of convergence of the following power series: 


y nP2r, y =, bY niz”, bY ge"(lql < 1), by ant 


4. If Za,z" has radius of convergence R, what is the radius of con- 
Vergence of Ya,z°"? of Zaz"? 

’ 5. If f(z) = Zanz", what is Dn*a,2"? 

&. If Za,z" and bz" have radii of convergence R; and Ro, show that 

€ radius of convergence of Za,bn2" is at least RiRs. 

7 Tf limn+6 |an|/\enu1| = R, prove that Za,2" has radius of con- 


*Tgence Ff. 
8. For what values of z is 
c=) 
1l+z 


ofh48 
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9. Same question for KPONENTIAL AND TRIGONOMETRIC FUNCTIONS 


Phe person who approaches calculus exclusively from the Point of view of 


2 1 ay 


2.5. Abel’s Limit Theorem. There is a second theorem of Abel’s 
which refers to the case where a power series converges at a point of the 
circle of convergence. We lose no generality by assuming that R = 1 
and that the convergence takes place at z = 1. 


With the preparation given in the preceding section it will be easy to 
F define e*, cos z and sin z for complex 2, and to derive the relations between 
these functions. At the same time we can define the logarithm as the 


Theorem 3. If bY @, converges, then f(z) = D ane" tends to f(1) as z | 
6 o 
approaches | in such a way that [1 — al/(1 — |zl) remains bounded. 


Remark. Geometrically, the condition means that z stays in an angle 
<180° with vertex 1, symmetrically to the part (— ©,1) of the real axis, 
It is customary to say that the approach takes place in a Stolz angle. 


E fancion na ee emerial. the aitexen at By defining pe Babes 
(21) S® =f 
with the initial value f(0) = 1, We solve it by setting 
f@=at+az+--. Faz" oes 
I@ =a +2az4... Final ip... 


If (21) is to be satisfied, we must have G—-1 = NGn, and the initial condition 
Blvesao= 1. It follows by induction that O, = T/nt, 
The solution is denoted by e* or exp ¢ i 
: oluti : P 2, depending on Purely typo- 
graphical considerations. We must show of course that the series 


Proof. We may assume that > a = 0, for this can be attained by adding 

0 3 
8 constant to @. We write s, = ao + a+ +++ +4, and make use of i 
the identity (summation by parts) 


8a(2) = ao baw + +++ fayen = 80 + (81 — 8)z-F ++ + + (5, — Bya)2 
= 801 — 2) + aile— 2) 0. Sn—1(2""! — 2") + 5,2" 
= (l= 2)(s + aye f ee 4 Sn") + 8 p2”, 


But 8,2" 0, so we obtain the representation 


fae) =G-—2 D SZ”, 


1 2 f si 
We are assuming that ll-2| < KQ — [2), say, and that s, > 0. (22) é sltatit ee aid BE M2 
Choose m so large that Isl < forn =m. The remainder of the 


Series Zs,2", from = m on, is then dominated by the geometric series 


>) lel" = elelm/(. — lel) < e/(1 — |el). It follows that 


converges, i nt 
ae i It does so in the whole plane, for Vn! + © (proof by the 


Itisa consequence of the differenti, i . 
Oddity, al equation that e ' 
ition theorem, q at é* satisfies the 


mond 
@| s [1 - |] X szt| + Ke. eH = goes, 
; 3 
The first term on the right can be made arbitrarily small by choosing z agi we find that Dee + e-2) = @- oF bere ( e*) = 0. Hence 
sufficiently close to 1, and we conclude that f@) > Owhenz—> 1 subject to 4 We 8aconstant. The value of the constant is found by setting z = 0, 
the stated restriction, q Conclude that e+ ee — e, and (23) follows forz=a,c=4a4 +b, 


a4 COMPLEX ANALYSIS 


Remark: We have used that f(z) is constant if f’(z) is identically zero. 


This is certainly so if f is defined in the whole plane. Foriff = u + wwe 
obtain m = SS = = = O, and the real version of the theorem shows 


that f is constant on every horizontal and every vertical line. 

Asa particular case of the addition theorem e*-e~* = 1, This shows 
that e* is never zero. For real x the series development (22) shows that 
e* > lfor xz > 0, and since e* and e~* are reciprocals, 0 < e* < lforz < 0. 
The fact that the series has real coefficients shows that exp Zis the complex 
conjugate of exp z. Hence |e'¥|? = e# + ev = 1, and |e**| = e*. 


3.2. The Trigonometric Functions. The trigonometric functions are 
defined by 
ew + ev e# as e*. 


(24) cos 2 go? sin z 


Substitution in (22) shows that they have the series developments 


2 4 

cose = 1-45 

(25) : 2. 2 
sinzg=z2—-gtR- 


For real z they reduce to the familiar Taylor developments of cos z and 
sin 2, with the significant difference that we have now redefined these 
functions without use of geometry. 

From (24) we obtain further Euler’s formula 


(26) e* = cosz +i sinz 

as well as the identity 

(27) cos? z + sin? z = 1, 

Tt follows likewise that 

(28) D cosz = — sin z, D sin z = cos z. 
The addition formulas 


cos (a + b) = cos a cos b — sin a sin b 
sin (a + b) = cos a sin b + sin a cos b 


are direct consequences of (24) and the addition theorem for the exponen- 
tial function. 

The other trigonometric functions tan z, cot z, sec z, cosec z are of 
secondary importance. They are defined in terms of cos z and sin ¢ in the 
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‘customary manner. We find for instance 
: .# — em 
tanzg= -2 epee 


Observe that all the trigonometric functions are rational functions of e**. 


EXERCISES 


1. Find the values of sin z, cos 7, tan (1 + 7). 

2. The hyperbolic cosine and sine are defined by coshz = (e* +- e~*)/2, 
sinh z = (e7 — e~*)/2._ Express them through cos iz, sin zz. Derive the 
addition formulas, and formulas for cosh 2z, sinh 22. 

3. Use the addition formulas to separate cos ( + zy), sin (x + zy) in 
real and imaginary parts. 

4. Show that 


|cos 2|? = sinh? y + cos? = cosh? y — sin?a = 5 (cosh 2y + cos 2x) 
and 


|sin 2|? = sinh? y + sin?z = cosh? y — cos*z = ; (cosh 2y — cos 2z). 


3.3. The Periodicity. We say that f(z) has the period cif f(z + ©) = f(z) 
for allz, Thus a period of e* satisfies e’+¢ = e*, ore’ = 1. It follows that 
¢ = w with real w; we prefer to say that w is a period of e*. We shall 
show that there are periods, and that they are all integral multiples of a 
Positive period wo. 

Of the many ways to prove the existence of a period we choose the 
following: From D sin y = cos y S 1 and sin 0 = 0 we obtain sin y < y 
for y > 0, either by integration or by use of the mean-value theorem. In 
the same way D cosy = — siny > —y and cos0 = 1 gives cosy > 1 — 
y’/2, which in turn leads to sin y > y — y?/6 and finally to cos y <1 — 
y?/2 + y1/24. This inequality shows that cos+/3 <0, and therefore 
there is a yo between 0 and +/3 with cos yo = 0. Because 


cos? yo + sin? yo = 1 


We have sin yo = +1, that is, e” = + 7, and hence et» = 1. We have 
shown that 4yo is a period. 

Actually, it is the smallest positive period. To see this, take 0 < y 
<ye Then sin y > y(1 — y?/6) > y/2 > 0, which shows that cos y is 
Strictly decreasing. Because sin y is positive and cos? y + sin?y = 1 it 
follows that sin y is strictly increasing, and hence sin y < sin yo = 1. 
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The double inequality 0 < sin y < 1 guarantees that e” is neither +i nor 
aé. Therefore e*” 3 1, and 4yo is indeed the smallest positive period. 
We denote it by wo. 

Consider now an arbitrary period w. There exists an integer n such 
that noo S$ wo < (n+ 1)oo. If w were not equal to nwo, then w — nwo 
would be a positive period < @». Since this is not possible, every period 
must be an integral multiple of wo. 


The smallest positive period of e* is denoted by 2x. 
In the course of the proof we have shown that 


eri? = j, et = —1, eri = 1, 
These equations demonstrate the intimate relationship between the num- 
bers e and 7. . 

When 7 increases from 0 to 2z, the point w = e” describes the unit circle 
|w| = 1 in the positive sense, namely from 1 over 7 to —1 and back over 
—é tol. For every w with |w| = 1 there is one and only one y from the 
half-open interval 0 $ y < 2r such that w = e”. All this follows readily 
from the established fact that cos y is strictly decreasing in the “first 
quadrant,” that is, between 0 and 7/2. 

From an algebraic point of view the mapping w = e'” establishes a 
homomorphism between the additive group of real numbers and the 
multiplicative group of complex numbers with absolute value 1. The 
kernel of the homomorphism is the subgroup formed by all integral 
multiples 2a. 


3.4. The Logarithm. Together with the exponential function we must 
also study its inverse function, the logarithm. By definition, z = log w is 
a root of the equation e* = w. First of all, since e* is always 0, the 
number 0 has no logarithm. For w # 0 the equation e**” = w is equiva- 
lent to 


(29) e = |r, ev = w/|w. 
The first equation has a unique solution x = log |w|, the real logarithm of 
the positive number |w|. The right-hand member of the second equation 
(29) is 8 complex number of absolute value 1. Therefore, as we have just 
seen, it has one and only one solution in the interval 0 S$ y < 2x. Inaddi- 
tion, it is also satisfied by all y that differ from this solution by an integral 
multiple of 2x. We see that every complex number other than 0 has infinitely 
many logarithms which differ from each other by multiples of 2xt. 

The imaginary part of log w is also called the argument of w, arg w, and 
it is interpreted geometrically as the angle, measured in radians, between 
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sitive real axis and the half line from 0 through the point w. Accord- 
Ro this definition the argument has infinitely many values which differ 
tiples of 2x, and 


log w = log |w| + ¢ arg w. 


a change of notation, if |z| = r and arg z = 6, then z = re, ‘This 
ion is so convenient that it is used constantly, even when the expo- 
stial function is not otherwise involved. 

By convention the logarithm of a positive number shall always mean 
» real logarithm, unless the contrary is stated. The symbol a®, where 
‘and b are arbitrary complex numbers except for the condition a Q, is 
yays interpreted as an equivalent of exp (blog a). If a is restricted to 
ive numbers, log a shall be real, and a’ has a single value. Otherwise 
ais the complex logarithm, and a’ has in general infinitely many values 
which differ by factors e’"*, There will be a single value if and only if b 
an integer n, and then a? can be interpreted as a power of aora~'. If bis 
_wrational number with the reduced form p/q, then a’ has exactly ¢ values 
Pend can be represented as ¥/a?. 

The addition theorem of the exponential function clearly implies 


log (z:z2) = log 21 + log zz 
arg (122) = arg 21 + arg 22, 


- but only in the sense that both sides represent the same infinite set of 
‘eomplex numbers. If we want to compare a value on the left with a value 
. on the right, then we can merely assert that they differ by a multiple of 
& 2xi (or 2x). (Compare with the remarks in Chap. 1, Sec. 2.1.) 


g Finally we discuss the inverse cosine which is obtained by solution of 
=. the equation 


COs Zz = 5 (ce? + e#) = w. 


’ This is a quadratic equation in e* with the roots 


_ ew =wt Vwi, 
aa consequently 


2 =are cos w = —i log (w + ~/w* — 1). 
F © Can also write these values in the form 
are cos w = + é log (w+ Vw: — 1), 


é ees 
+ Vu? 7 and w — Vw? —1 are reciprocal numbers. The 
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ANALYTIC FUNCTIONS 
AS MAPPINGS 


infinitely many values of are cos w reflect the evenness and periodicity4 
cos z. ‘The inverse sine is most easily defined by wi 


are sin w =57 are COS Ww. 

It is worth emphasizing that in the theory of complex analytic fux 
tions all elementary transcendental functions can thus be expressé 
through e* and its inverse logz. In other words, there is essentially om 
one elementary transcendental function. 


EXERCISES 


1. For real y, show that every remainder in the series for cos y 8 
sin y has the same sign as the leading term (this generalizes the inequa 
ties used in the periodicity proof, Sec. 3.3). 

2. Prove, for instance, that 3 <7 < 27/3. 


3. Find the value of e* for 2 = — 97473 ai. ‘ 
riage eli A function w = f(z) may be viewed as a mapping which repre- 


sents a point zby its image w. The purpose of this chapter is to 
study, in a preliminary way, the special properties of a mapping 
that is defined by an analytic function. 
In order to carry out this program it is desirable to develop 
the underlying concepts with sufficient generality, for otherwise 
we would soon be forced to introduce a great number of ad hoc 
definitions whose mutual relationship would be far from clear, 
Since present-day students are exposed to abstraction and pie 
erality at quite an early stage, no apologies are needed. It is 
perhaps more appropriate to sound a warning that greatest possi- 
ble generality should not become a purpose. 
oes the section we develop the fundamentals of point set 
ioe ‘aa = metric spaces. There is no need to go very far, for 
ee oe is with the properties that are essential for the 
wee ny idee nanaciore Tf the student feels that he is already 
pale with this material, he should read it only for 
ieee believes that proficiency in the study of analytic 
pli aa kc a mixture of geometric feeling and computa- 
eeu tes Pe ; e second and third sections, only loosely connected 
“ty aay ba ; a expressly designed to develop geometric feeling 

aces ee ed study of elementary mappings. At the same 
wie was Arley siesiseu geometric thinking, to the point 
Paani age becomes the guide but not the founda- 


4. For what values of z is e” equal to 2, —1, 4, —i/2, -1-i,1+ 
5. Find the real and imaginary parts of exp (¢’). : 

: 6. Determine all values of 2", #, (—1)*. 

‘ 7. Determine the real and imaginary parts of 2’. 

: 8. Express arc tan w in terms of the logarithm. 

9. Show how to define the “angles” in a triangle, bearing in mind th 
they should lie between Qandz. With this definition, prove that the suf 
of the angles is 7. : 

40. Show that the roots of the binomial equation z* = a are the vé 
tices of a regular polygon (equal sides and angles). f 


4 


as 
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1. ELEMENTARY POINT SET TOPOLOGY 


The branch of mathematics which goes under the name of topology is con- 
cerned with all questions directly or indirectly related to continuity. The 
term is traditionally used in a very wide sense and without strict limits. 
Topological considerations are extremely important for the foundation of 
the study of analytic functions, and the first systematic study of topology 
was motivated by this need. 

The logical foundations of set theory belong to another discipline. 
Our approach will be quite naive, in keeping with the fact that all our 
applications will be to very familiar objects. In this limited framework no 
logical paradoxes can occur. 


1.1. Sets and Elements. In our language a seé will be a collection of 
identifiable objects, its elements. The reader is familiar with the notation 
x € X which expresses that 2 is an element of X (asa rule we denote sets 
by capital letters and elements by small letters). Two sets are equal if 
and only if they have the same elements. X is a subset of Y if every ele- 
ment of X is also an element of Y, and this relationship is indicated by 
X C Yor Y DX (we do not exclude the possibility that X = Y). The 
empty set is denoted by 0 (the possibility of confusion with the number 0 
is very remote). 

‘A set can also be referred to as a space, and an element as a point. 
Subsets of a given space are usually called point sets. This lends a 
geometric flavor to the language, but should not be taken too literally. 
For instance, we shall have occasion to consider spaces whose elements are 
functions; in that case a “point” is a function. 

The intersection of two sets X and Y, denoted by X 1 Y, is formed by 
all points which are elements of both X and Y. The union X U Y con- 
sists of all points which are elements of either X or Y, including those which 
are elements of both.t One can of course form the intersection and union 
of arbitrary collections of sets, whether finite or infinite in number. 

The complement of a set X consists of all points which are not in X; 
it will be denoted by ~X. We note that the complement depends on the 
totality of points under consideration. For instance, a set of real numbers 
has one complement with respect to the real line and another with respect 
to the complex plane. More generally, if X C Y we can consider the 
relative complement Y ~ X which consists of all points that are in Y but 
not in X (we find it clearer to use this notation only when X C Y). 


} The notations XY for intersection and X + Y for union are obsolete. 


. the 


» Obyj, 
ously fulfilled. An example of a function space is given by C[a,b]. 
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It is helpful to keep in mind the distributive laws 


XUYOAD=(KUYNKUD 
XOVUZ) =(KNYU(KNAZ) 


and the De Morgan laws 


A(XUY) =AX NAY 
MX ¥) = AX UAY, 


These are purely logical identities, and the i izati 
; Ble: y have obviou ' 
to arbitrary collections of sets. , ar 


1.2. Metric Spaces. For all considerations of limits and continuity it 
is essential to give a precise meaning to the terms “sufficiently near” and 
“arbitrarily near.” In the spaces R and C of real and complex numbers, 
respectively, such nearness can be expressed by a quantitative condition 
|z - y| <.«. For instance, to say that a set X contains all x sufficientl; 
near to y means that there exists an « <0 such that ce X iene 
je —y|<e. Similarly, X contains poinis arbitrarily near to y if to eve 
¢ > 0 there exists an x € X such that |x — y| < ¢, ae 
; What we need to describe nearness in quantitative terms is obvioust: 
a distance (x,y) between any two points. We say that aset Sis a shee 
space if there is defined, for every pair a € S, y € S, a nonnegative real num- 
ber d(z,y) in such a way that the following conditions are fulfilled: 
1. d(z,y) = 0 if and only if x = y. ; 
2. d(y,x) = d(x,y). 
3. d(@a,z) S$ d(a,y) + d(y,2). 
The last condition is the triangle inequality. 
a For instance, R and C are metric spaces with d(z,y) = |x — yl. 
n-dimensional euclidean space R” is the set of real n-tuples 


z= (Gy, . yen) 


si a distance defined by d(z,y)? = »» (zi — y.)*. We recall that we 
ve defined a distance in the extended complex plane by 


d(z,2z’) = 2 =e 2. 

VO+ eG +e 

ane 1, Sec. 2.4) ; Since this represents the euclidean distance between 
eographic images on the Riemann sphere, the triangle inequality is 
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the set of all continuous functions defined on the intervala <2 <b. Tt 
becomes a metric space if we define distance by d(f,g) = max |f(x) — g(x)|. 

In terms of distance we introduce the following terminology: The set 
N,(y) of all points x € S with d(a,y) < 6 is called the &neighborhood of y. 
More essential still is the definition of an arbitrary neighborhood: 


Definition 1. A set N C S is called a neighborhood of y if it contains a 
5-neighborhood N(y). 


In other words, a neighborhood of y is a set which contains all points 
sufficiently near to y. We use the notion of neighborhood to define open 
set: 


Definition 2. A set 7s an open set if it is a neighborhood of each of its 
elements. 


The definition is interpreted to mean that the empty set is open (the 
condition. is fulfilled because the set has no elements). The following is 
an immediate consequence of the triangle inequality: 

Livery 5-neighborhood is an open set. 

Indeed, if z € Ns(y), then 8’ = 6 — d(y,z) > 0. The triangle inequal- 
ity shows that Ny (2) C Na(y), for d(z,z) < 8’ gives 


d(z,y) < 8 + d(y,z) = 8. 


Hence N;3(y) is a neighborhood of z, and since z was any point in N3(y), 
we conclude that Ns(y) is an open set. 

For instance, in the complex plane a neighborhood N;(zo) is an 
open disk with center zp and radius 6; it consists of all complex numbers z 
which satisfy the inequality |z — zo| < 6.1 We have just proved that it 
is an open set, and the reader is urged to interpret the proof in geometric 
terms. 

It is convenient to consider not only open sets, but also closed sets. 
From a logical point of view this contributes nothing new, for by defini- 
tion a set is closed if its complement is open. In positive formulation, X 
is closed if it contains all points x with the property that every N(x) inter- 
sects X. 

The reader should beware of a false impression that the terminology 
could easily convey: the terms “open” and “closed” are not contradictory. 


+ The standard notation is to write Na(zo) = {z;|z — zo) < 8}. We shall use 
this notation very sparingly. Even if the practice is slightly objectionable, we shall 
not hesitate to speak of “the disk |z — zo] < 6’ It is to be clearly distinguished from 
“the circle |z — zol = 8.” 
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The empty set 0 and the whole space S are at the same time open-and 
closed, and there may be other sets with the same property. : 

The following properties of open and closed sets are fundamental: 

The intersection of a finite number of open sets is open. : 

The union of any collection of open sets is open. 

The union of a finite number of closed sets is closed. 

The intersection of any collection of closed sets is closed. 

The proofs are so obvious that they can be left to the reader. It 
should be noted that the last two statements follow from the first two by 
use of the De Morgan laws. : 

There are many terms in common usage which are directly related to 
the idea of open sets. A complete list would be more confusing than 
helpful, and we shall limit ourselves to the following: interior, closure, 
boundary, exterior. 

(i) The interior of a set X is the largest open set contained in X. It 
exists, for it may be characterized as the union of all open sets CX. It 
can also be described as the set of all points of which X is a neighborhood. 
We denote it by Int X. 

(ii) The closure of X is the smallest closed set which contains X, or 
the intersection of all closed sets DX. A point belongs to the closure of 
X if and only if all its neighborhoods intersect X. The closure is usually 
denoted by X-, infrequently by Cl X. 

. (iii) The boundary of X is the closure minus the interior. A point 
belongs to the boundary if and only if all its neighborhoods intersect both 
X and ~X. Notation: Bd X or aX. 

(iv) The exterior of X is the interior of ~X. It is also the comple- 
ment of the closure. As such it can be denoted by ~X~. 

Observe that Int X C X C X- and that X is open if Int X = X, 
closed if X- = X. Also, X C Y implies Int X C Int ¥,X- C ¥~. For 
added convenience we shall also introduce the notions of isolated point 
and accumulation point. We say that x € X is an isolated point of X if x 
has a neighborhood whose intersection with X reduces to the point 2. 
An accumulation point is a point of X~ which is not an isolated point. 
It is clear that x is an accumulation point of X if and only if every 
neighborhood of z contains infinitely many points from X. 


EXERCISES 


__ 1 If S is a metric space with distance function d(z,y), show that S 
with the distance function 4(z,y) = d(z,y)/{1 + d(z,y)] is also a metric 
Space. The latter space is bounded in the sense that all distances lie 
under a fixed bound. 

2, Suppose that there are given two distance functions d(z,y) and 


: 
i 
{ 
| 
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d,(z,y) on the same space S. They are said to be equivalent if they deter- 
mine the same open sets. Show that d and d; are equivalent if to every 
e > O there exists a 5 < 0 such that d(z,y) < 6 implies di(z,y) < ¢, and 
vice versa. Verify that this condition is fulfilled in the preceding exercise. 

3. Show by strict application of the definition that the closure of 
lz — zal < Sis le — aol S 8 . 

4, If X is the set of complex numbers whose real and imaginary parts 
are rational, what is Int X, X~, aX? 

5. It issometimes typographically simpler to write X’ for ~X. With 
this notation, how is X’~’ related to X? Show that X-/-/-'! = X-". 

6. A set is said to be discrete if all its points are isolated. Show that 
a discrete set in R or C is countable. 

7. Show that the accumulation points of any set form a closed set. 


1.3. Connectedness. If E is any nonempty subset of a metric space S 
we may consider Z as a metric space in its own right with the same dis- 
tance function d(z,y) as on all of S. Neighborhoods and open sets on E 
are defined as on any metric space, but an open set on E need not be open 
when regarded as a subset of S. To avoid confusion neighborhoods and 
open sets are often referred to as relative neighborhoods and relatively 
open sets, As an example, if we regard the closed interval 0 < x S las 
a subspace of R, then the semiclosed interval 0 S$ x < Lis relatively open, 
but not open in R. Henceforth, when we say that a subset Z has some 
specific topological property, we shall always mean that it has this prop- 
erty asa subspace, and its subspace topology is called the relative topology. 

Intuitively speaking, a space is connected if it consists of a single 
piece. This is meaningness unless we define the statement in terms of 
nearness. ‘The easiest way is to give a negative characterization: S is not 
connected if there exists a partition S = AUB into open subsets A and B. 
It is understood that A and B are disjoint and nonempty. The connected- 
ness of a space is often used in the following manner: Suppose that we are 
able to construct two complementary open subsets A and B of S; if 8 is 
connected, we may conclude that either A or B is empty. 

‘A subset E C S is said to be connected if it is connected in the rela- 
tive topology. At the risk of being pedantic we repeat: 


Definition 3. A subset of a metric space is connected af it cannot be repre- 
sented as the union of two disjoint relatively open sets none of which is empty. 


If E is open, a subset of E is relatively open if and only if it is open. 
Similarly, if Z is closed, relatively closed means the same as closed. We 
can therefore state: An open set is connected if it cannot be decomposed into 


ANALYTIC FUNCTIONS AS MAPPINGS 55 


two open seis, and a closed set is connected if it cannot be decomposed into two 
closed sets, Again, none of the sets is allowed to be empty. 

Trivial examples of connected sets are the empty set and any set 
that consists of a single point. 

In the case of the real line it is possible to name all connected sets. 
The most important result is that the whole line is connected, and this is 
jndeed one of the fundamental properties of the real-number system, 

An interval is defined by an inequality of one of the four types: 
a<zx<b, asSa<b, a<asb, asxsb.j For a=—o ar 
b = + this includes the semi-infinite intervals and the whole line. 


Theorem 1. The nonempty connected subsets of the real line are the 
intervals, 


We reproduce one of the classical proofs, based on the fact that any 
monotone sequence has a finite or infinite limit. 

Suppose that the real line R is represented as the union R = A \U B 
of two disjoint closed sets. If neither is empty we can find a,¢A and 
b€B; we may assume that a; <b;. We bisect the interval (a;,b:) and 
note that one of the two halves has its left end point in A and its neki end 
point in B. We denote this interval by (a2,bz) and continue the process 
indefinitely. In this way we obtain a sequence of nested intervals 
(an,bn) with a, €A,b,€B. The sequences {a,} and {b,} have a common 
ae . Bath A and B are closed ¢ would have to be a common point of 

nd B. re . : 
ne ae ene shows that either A or B is empty, and 

With minor modifications the same proof applies to any interval. 

Before proving the converse we make an important remark. Let E 
be an arbitrary subset of R and call a a lower bound of E if a $ x for all 
zs ie = Consider the set A of all lower bounds. It is evident that the 
ecm of A is open. As to A itself it is easily seen that A is open 
ee a it does not contain any largest number. Because the line is 
eee — , A and its complement cannot both be open unless one of them 
bie ‘ There are thus three possibilities: either A is empty, A con- 
rie —. ar or A is the whole line. The largest number a of 
ee s : is cal led the greatest lower bound of E; it is commonly 
ea as g. -b. © or inf z for ze EH, If A is empty, we agree to set 
Witien 2 and if A is the whole line we set a = +. With this con- 
fies Sele ae set of real numbers has a uniquely determined greatest 

‘ und; it is clear that a = + if and only if the set is empty. 
by kar 4s common usage to denote the open interval by (a,b) and the closed interval 


56 COMPLEX ANALYSIS 


The least upper bound, denoted as |.u.b. x or sup x for z € Z, is defined in 
a corresponding manner.f 


Returning to the proof we assume that FE is a connected set with the” 


greatest lower bound a and the least upper bound b. All points of F lie 
between a and b, limits included. Suppose that a point £ from the inter- 
val a < § < b did not belong to HE. Then the open setsz < tandx > & 
would cover E, and because E is connected one of them must fail to inter- 
sect EH, Suppose, for instance, that no point of # lies to the left of §& In 
this case & would be a lower bound in contradiction with the fact that a 
was the greatest lower bound. The opposite assumption would lead to a 
similar contradiction, and we conclude that must belong to E. Hence 


E is identical with one of the four intervals (a,b), and the proof is 


completed. 

In the course of the proof we have introduced the notions of greatest 
lower bound and least upper bound. If the set is closed and if the bounds 
are finite, they must belong to the set, in which case they are called the 
minimum and the maximum. In order to be sure that the bounds are 
finite we must know that the set is not empty and that there is some 
finite lower bound and some finite upper bound. In other words, the set 
must lie in a finite interval; such a set is said to be bounded. We have 
proved: 


Theorem 2. Any closed and bounded nonempty set of real numbers has 
a minimum and a maximum. 


The structure of connected sets in the plane is not nearly so simple as 
in the case of the line, but the following characterization of open con- 
nected sets contains essentially all the information we shall need. 


Theorem 3. A nonempty open set in the plane is connected if and only 
af any two of its points can be joined by a polygon which lies in the set. 


The notion of a joining polygon is so simple that we need not give a 
formal definition. 

We prove first that the condition is necessary. Let A be an open con- 
nected set, and choose a point ae A. We denote by A, the subset of A 
whose points can be joined to a by polygons in A, and by Ag the subset 
whose points cannot be so joined. Let us prove that A; and A: are both 
open. First, if a; € Ai there exists a neighborhood |z — a;| < ¢ contained 
in A. All points in this neighborhood can be joined to a; by a line seg- 
ment, and from there to a by a polygon. Hence the whole neighborhood 

+The supremum of a sequence was introduced already in Chap. 2, Sec. 2.1. 
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is contained in Aj, and A, is open. Secondly, if ae € A», let |z — a2] < « 
be a neighborhood contained in A. If a point in this neighborhood could 
be joined to a by a polygon, then az could be joined to this point by a line 
segment, and from there to a. This is contrary to the definition of A:, 
and we conclude that A» is open. Since A was connected either A, or 
A, must be empty. But A; contains the point a; hence Az is empty, and 
all points can be joined toa. Finally, any two points in A can be joined 
by way of a, and we have proved that the condition is necessary. 

For future use we remark that it is even possible to join any two points 
by a polygon whose sides are parallel to the coordinate axes. The proof 
is the same. 

In order to prove the sufficiency we assume that A has a representa- 
tion A = A, U Aas the union of two disjoint open sets. Choose ai € Ai, 
a, € Az and suppose that these points can. be joined by a polygon in A. 
One of the sides of the polygon must then join a point in A; to a point in 
Az, and for this reason it is sufficient to consider the case where a, and az 
are joined by a line segment. This segment has a parametric representa- 
tion z = ai + t(@2 — a) where ¢ runs through the interval 0 < ¢ < 1. 
The subsets of the interval 0 < ¢ < 1 which correspond to points in A; 
and Ae, respectively, are evidently open, disjoint, and nonvoid. ‘This 
contradicts the connectedness of the interval, and we have proved that 
the condition of the theorem is sufficient. 

The theorem generalizes easily to R" and C*, 


Definition 4. A nonempty connected open set is called a region. 


By Theorem 3 the whole plane, an open disk |z — a| < p, and a half 
Plane are regions. The same is true of any é-neighborhood in R". A 
region is the more-dimensional analogue of an open interval. ‘The closure 
of a region is called a closed region. It should be observed that different 
Tegions may have the same closure. 

_ It happens frequently that we have to analyze the structure of sets 
which are defined very implicitly, for instance in the course of a proof. 
In such cases the first step is to decompose the set into its maximal con- 
nected components. As the name indicates, a component of a set is a 
Connected subset which is not contained in any larger connected subset. 


Theorem 4, Every set has a unique decomposition into components. 
If E is the given set, consider a point a € E and let C(a) denote the 


petal all connected subsets of FE that contain a. Then C(a) is sure to 
ntain a, for the set consisting of the single point a is connected. If we 
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can show that C(a) is connected, then it is 2 maximal connected set, in 
other words a component. It would follow, moreover, that any two 
components are either disjoint or identical, which is precisely what we 
want to prove. Indeed, if ce C(a)  C(b), then C(a) C C(c) by the 
definition of C(c) and the connectedness of C(a). Hence a € C(c), and by 
the same reasoning C(c) C C(a), so that in fact C(a) = C(c). Similarly 
C(b) = C(c), and consequently C(a) = Cb). We call C(a) the com- 
ponent of a. 

Suppose that C(a) were not connected. Then we could find relatively 
open sets A, B # 0 such that C(a) = AUB, ANB =0. We may 
assume that ae¢A while B contains a point b. Since b € C(a) there is a 
connected set Eo CE which contains a and b. The representation 
Ey = (By C\ A) U (Eo B) would be a decomposition into relatively 
open subsets, and since a¢ Ey (\ A, be Eo OB neither part would be 
empty. This is a contradiction, and we conclude that C(a) is connected. 


Theorem 5. In R® the components of any open set are open. 


This is a consequence of the fact that the é-neighborhoods in R” are 
connected. Consider ae C(a) C E. If E is open it contains an N;(a), 
and because N,(a) is connected N;(a) C C(a). Hence C(a) is open. A 
little more generally the assertion is true for any space S which is locally 
connected, By this we mean that any neighborhood of a point a contains 
a connected neighborhood of a. The proof is left to the reader. 

In the case of R" we can conclude, furthermore, that the number of 
components is countable. To see this we observe that every open set 
must contain a point with rational coordinates. The set of points with 
rational coordinates is countable, and may thus be expressed as a sequence 
{px}. For each component C(a), determine the smallest k such that 
pe€C(a). To different components correspond different k. We con- 
clude that the components are in one-to-one correspondence with a 
subset of the natural numbers, and consequently the set of components is 
countable. 

For instance, every open subset of R is a countable union of disjoint 
open intervals. 

Again, it is possible to analyze the proof and thereby arrive at a 
more general result. We shall say that a set EF is dense in S if E- = S, 
and we shall say that a metric space is separable if there exists a countable 
subset which is dense in S. We are led to the following result: 

In a locally connected separable space every open set is a countable union 
of disjoint regions, 
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EXERCISES 


1. If X CS, show that the relatively open (closed) subsets of X are 
precisely those sets that can be expressed as the intersection of X with an 
open (closed) subset of 8. 

2. Show that the union of two regions is a region if and only if they 
have a common point. 

3. Prove that the closure of a connected set is connected. 

4. Let A be the set of points (z,y) ¢ R? with « = 0, |y| S 1, and let B 
be the set with z > 0, y = sin1/z. Is A \U B connected? 

5. Let E be the set of points (z,y) € R? such that 0 S$ x S 1 and either 
y = 0 or y = 1/n for some positive integer n. What are the com- 
ponents of Z? Are they all closed? Are they relatively open? Verify 
that F is not locally connected. 

6. Prove that the components of a closed set are closed (use Ex. 3). 

7. A set is said to be discrete if all its points are isolated. Show that a 
discrete set in a separable metric space is countable. 


1.4. Compactness. The notions of convergent sequences and Cauchy 
sequences are obviously meaningful in any metric space. Indeed, we 
would say that z,—> x if d(x,,7) > 0, and we would say that {z,} is a 
Cauchy sequence if d(21,tm) > 0 as n and m tend to ». It is clear that 
every convergent sequence is a Cauchy sequence. For R and C we have 
proved the converse, namely that every Cauchy sequence is convergent 
(Chap. 2, Sec. 2.1), and it is not hard to see that this property carries over 
to any R". In view of its importance the property deserves a special 
name, 


Definit‘on 5. A metric space is said to be complete if every Cauchy 
sequence is convergent. 


A subset is complete if it is complete when regarded as a subspace. 
The reader will find no difficulty in proving that a complete subset of a 
metric space is closed, and that a closed subset of a complete space is complete. 

We shall now introduce the stronger concept of compactness. It is 
Stronger than completeness in the sense that every compact space or set 
38 complete, but not conversely. As a matter of fact it will turn out that 

© compact subsets of R and C are the closed bounded sets. In view of 
this result it would be possible to dispense with the notion of compactness, 
at least for the purposes of this book, but this would be unwise, for it 
Would mean shutting our eyes to the most striking property of bounded 
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and closed sets of real or complex numbers. The outcome would be that 
we would have to repeat essentially the same proof in many different 
connections. 

There are several equivalent characterizations of compactness, and it 
is a matter of taste which one to choose as definition. Whatever we do the 
uninitiated reader will feel somewhat bewildered, for he will not be able to 
discern the purpose of the definition. This is not surprising, for it took 
a whole generation of mathematicians to agree on the best approach. 
The consensus of present opinion is that it is best to focus the attention 
on the different ways in which a given set can be covered by open sets. 

Let us say that a collection of open sets is an open covering of aset X if 
X is contained in the union of the open sets. A subcovering is a subcollec- 
tion with the same property, and a finite covering is one that consists of a 
finite number of sets. The definition of compactness reads: 


Definition 6. A sei X is compact if and only if every open covering of X 
contains a finite subcovering. 


In this context we are thinking of X as a subset of a metric space S, 
and the covering is by open sets of S. But if U is an open set in S, then 
UC\X is an open subset of X (a relatively open set), and conversely 
every open subset of X can be expressed in this form (Sec. 1.3, Ex. 1). 
For this reason it makes no difference whether we formulate the definition 
for a full space or for a subset. 

The property in the definition is frequently referred to as the Heine- 
Borel property. Its importance lies in the fact that many proofs become 
particularly simple when formulated in terms of open coverings. 

We prove first that every compact space is complete. Suppose that 
X is compact, and let {z,} be a Cauchy sequence in X. If y is not the 
limit of {x,} there exists an ¢ > 0 such that d(z,,y) > 2¢ for infinitely 
many. Determine no such that d(am,¢,) < eform,n 2 no. We choose 
a fixed n 2 nofor which d(z,,y) > 2e. Then d(xm,y) 2 d(en,y) — d(®m,2n) 
> ¢ for all m 2 mo. It follows that the «neighborhood N,(y) contains 
only finitely many z, (better: contains x, only for finitely many 7). 

Consider now the collection of all open sets U which contain only 
finitely many x,. If {z,} is not convergent, it follows by the preceding 
reasoning that this collection is an open covering of X. Therefore it 
must contain a finite subcovering, formed by Ui, ... , Un. But that is 
clearly impossible, for since each U; contains only finitely many z, it 
would follow that the given sequence is finite. 

Secondly, a compact set is necessarily bounded (a metric space is 
bounded if all distances lie under a finite bound). To see this, choose a 
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int zo and consider all neighborhoods N,(z0)t. Thisis an open covering, 
and if X is compact it contains a finite subcovering; in other words, 
XCN,a0) U + -- UN,,(¢0) which means the same as’X C N,,(a0) 
with p = max (91, . . . , Pm). For any 2, y € X it follows that d(z,y) S$ 
d(z,t0) + d(y,%0) < 2p, and we have proved that X is bounded. 
But boundedness is not all we can prove. It is convenient to define 
a stronger property, called total boundedness: 


Definition 7. A sei X is totally bounded if, for every « > 0, X can be 
covered by finitely many e-neighborhoods. 


This is certainly true of any compact set. For the collection of all 
e-neighborhoods is an open covering, and the compactness implies that 
we can select finitely many that cover X. We observe that a totally 
bounded set is necessarily bounded, for if X C N.(a1) U > + + UN. (atm) 
then any two points of X have a distance <2e + max d(a,,a;). (The 
preceding proof that any compact set is bounded becomes redundant; it 
was included because of its elementary nature.) 

We have now proved one part of the following theorem: 


Theorem 6. A set is compact if and only if it is complete and totally 
bounded. 


To prove the other part, assume that the metric space S is complete 
and totally bounded. Suppose that there exists an open covering which 
does not contain any finite subcovering. Set ¢, = 2-". We know that S 
can be covered by finitely many ¢:-neighborhoods. If each had a finite 
subcovering the same would be true of S; hence there exists an N., (#1) 
which does not admit a finite subcovering. Because N,,(c1) is itself 
totally bounded we can find an x2 € N,,(t1) such that N,,(a2) has no finite 
subcovering.{ It is clear how to continue the construction: we obtain a 
Sequence {z,} with the property that N.,(z,) has no finite subcovering and 
*n41€N..(tn). The second property means that d(tn,tn41) < &, and 
hence d(an,2nsn) <tr + ear + Entp1 < 2-"+1, It follows that 
{rn} isa Cauchy sequence. It converges to a limit y, and this y belongs to. 
One of the open sets U in the given covering. Because U is open it contains 


_ .1 We are used to consider only small neighborhoods, but here we must include the 
Neighborhoods with large p. From this point of view the name “p-spheroid” would 
Preferable. 
tT Here we are using the fact that any subset of a totally bounded set is totally 
bounded. The reader should prove this. 
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an N;(y). Choose n so large that d(«,,y) < 5/2 and «, < 5/2. Then 
N., (a) C No(y), for d(z,tn) < & implies d(z,y) S d(a,tn) + d(an,y) < 4. 
Therefore N,,(x,) admits a finite subcovering, namely by the set U. This 
is a contradiction, and we conclude that S has the Heine-Borel property. 


Corollary. A subset of R or C is compact if and only if it is closed and 
bounded. 


We have already mentioned this particular consequence. In one 
direction the conclusion is immediate: We know that a compact set is 
bounded and complete; but R and C are complete, and complete subsets 
of a complete space are-closed. For the opposite conclusion we need to 
show that every bounded set in R or C is totally bounded. Let us take 
the case of C. If X is bounded it is contained in a disk, and hence in a 
square. The square can be subdivided into a finite number of squares 
with arbitrarily small side, and the squares can in turn be covered by disks 
with arbitrarily small radius. This proves that X is totally bounded, 
except for a small point that should not be glossed over. When Definition 
7 is applied to a subset X CS it is slightly ambiguous, for it is not clear 
whether the e-neighborhoods should be with respect to X or with respect 
to S; that is, it is not clear whether we require their centers to lie on X. 
It happens that this is of no avail. In fact, suppose that we have covered 
X by e-neighborhoods whose centers do not necessarily lie on X. If such 
a neighborhood does not meet X it is superfluous, and can be dropped. If 
it does contain a point from X, then we can replace it by a 2e-neighborhood 
around that point, and we obtain a finite covering by 2e-neighborhoods 
with centers on X. For this reason the ambiguity is only apparent, and 
our proof that bounded subsets of C are totally bounded is valid. 

There is a third characterization of compact sets. It deals with the 
notion of limit point (sometimes called cluster value): We say that y is a 
limit point of the sequence {z,} if there exists a subsequence {2,,} that 
converges to y. A limit point is almost the same as an accumulation point 
of the set formed by the points x,, except that a sequence permits repeti- 
tions of the same point. If y is a limit point, every neighborhood of y 
contains infinitely many x,. The converse is also true. Indeed, suppose 
that ¢,—»0. If every N,,(y) contains infinitely many z, we can choose 
subscripts n,, by induction, in such a way that z,, € N.,{y) and my1 > Me. 
It is clear that {z,,} converges to y. 


Theorem 7. A metric space is compact if and only if every infinite 
sequence has a limit point. 
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This theorem is usually referred to as the Bolzano-W eierstrass theorem. 
The original formulation was that every bounded sequence of complex 
numbers has a convergent subsequence. It came to be recognized as an 
important theorem precisely because of the role it plays in the theory of 
analytic functions. 

The first part of the proof is a repetition of an earlier argument. If 
y is not a limit point of {z,]} it has a neighborhood which contains only 
finitely many z, (abbreviated version of the correct phrase). If there were 
no limit points the open sets containing only finitely many x, would form 
an open covering. In the compact case we could select a finite subcover- 
ing, and it would follow that the sequence is finite. The previous time we 
used this reasoning was to prove that a compact space is complete. We 
showed in essence that every sequence has a limit point, and then we 
observed that a Cauchy sequence with a limit point is necessarily con- 
vergent. For strict economy of thought it would thus have been better to 
prove Theorem 7 before Theorem 6, but we preferred to emphasize the 
importance of total boundedness as early as possible, 

It remains to prove the converse. In the first place it is clear that the 
Bolzano-Weierstrass property implies completeness. Indeed, we just 
pointed out that a Cauchy sequence with a limit point must be convergent. 
Suppose now that’the space is not totally bounded. ‘Then there exists an 
e > 0 such that the space cannot be covered by finitely many e-neighbor- 
hoods. We construct a sequence {z,} as follows: 2: is arbitrary, and when 
X41, ... , tn have been selected we choose xn41 80 that it does not lie in 
Nm) U +++ UN,(a,). This is always possible because these neigh- 
borhoods do not cover the whole space. But it is clear that {x,} has no 
convergent subsequence, for d(tm,t,) > ¢ for all m and n. We conclude 
that the Bolzano-Weierstrass property implies total boundedness. In 
view of Theorem 6 that is what we had to prove. 

The reader should reflect on the fact that we have exhibited three 
characterizations of compactness whose logical equivalence is not at all 
trivial. It should be clear that results of this kind are particularly valua- 
ble for the purpose of presenting proofs as concisely as possible. 


EXERCISES 


1, Give an alternate proof of the fact that every bounded sequence of 
complex numbers has a convergent subsequence (for instance by use of the 
limes inferior). 

2. Show that the Heine-Borel property can also be expressed in the 
following manner: Every collection of closed sets with an empty intersec- 
tion contains a finite subcollection with empty intersection. 
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3. Use compactness to prove that a closed bounded set of real num- 


bers has a maximum. 
4.1f F:DE2DE:D° °° js a decreasing sequence of nonempty 


compact sets, then the intersection oO E,, is not empty (Cantor’s lemma). 


Show by example that this need not be true if the sets are merely closed. 

5. Let S be the set of all sequences x = {z,} of real numbers such 
that only a finite number of thea, are # 0. Define d(z,y) = max |tn — Ynl- 
Is the space complete? Show that the neighborhoods are not totally 


bounded. 


1.5. Continuous Functions. We shall consider functions f which are 
defined on a metric space S and have values in another metric space S’. 
Functions are also referred to as mappings: we say that f maps S into 8% 
and we write f:S— 5’. Naturally, we shall be mainly concerned with 
real- or complex-valued functions; occasionally the latter are allowed 
to take values in the extended complex plane, ordinary distance being 
replaced by distance on the Riemann sphere. 

The space S is the domain of the function. We are of course free to 
consider functions f whose domain is only a subset of S, in which case the 
domain is regarded as a subspace. In most cases it is safe to slur over the 
distinction: a function on S and its restriction to a subset are usually 
denoted by the same symbol. IfX CS the set of all values f(x) for z € 8S 
is called the dmage of X under f, and it is denoted by f(X). The inverse 
image f-(X') of Xx’ C 8" consists of all « € Ssuch that f(z) € X’. Observe 
that fF2(X) © X', and f-Uf(X)) D x. 

The definition of a continuous function needs practically no modifica- 
tion: f is continuous at a if to every ¢ > 0 there exists 6 > 0 such that 
d(a,a) < 6 implies d' (f(a), f(@) <« We are mainly concerned with 
functions that are continuous at all points in the domain of definition. 
‘The following characterizations are immediate consequences of the 
definition: 

A function is continuous if and only if the inverse image of every open 
sel is open. 

A function is continuous if and only if the inverse image of every closed 
set 7s closed. 

If f is not defined on all of S, the words “open” and “closed,’”’ when. 
referring to the inverse image, should of course be interpreted relatively 
to the domain of f. It is very important to observe that these properties 
hold only for the inverse image, not for the direct image. For instance 
the mapping f(z) = 22/(1+2%) of R into R has the image f(R) = 

{y; 0S y < 1} which is neither open nor closed. In this example f® 


ANALYTIC FUNCTIONS AS MAPPINGS 6S 


fails to be closed because R i 
oe is not compact. In fact, the following is 


Theorem 8 Under a continuous i 
1 map; the is } 
is compact, and consequently closed. ee eee a i 


Suppose that f is defined and i 

: ; continuous on the compact 

sansa cialis of IX) by open sets U. The inverse eae pis 

a : ‘si orm a covering of X. Because X is compact we can select 

oes hares XCHUUDU - ++ Uf-(U,). It follows ee 
1 ++ UU, and we have proved that f(X) is compact. 


ye 5 
rouar continuous real-valu ction on a compact set has a maxi: 
Coroll, A cont alued functio 

mum and a minimum. - 


The image-is a closed bo 
: unded subset i 
maximum and a minimum follows by ens identi nice 


Theorem 9. Under a conti i i 
as inuous mapping the image of any connected set 
7 ’ + 
P ee 3 bird assume that f is defined and continuous on the whole spac: 
a at, SS) is all of S’.. Suppose that 8S’ = A \U B where A and B 
: ee meee Then S = f-'(A) U f-(B) is a representation of 
pose - ‘ syne a sets. If S is connected either fA) = Oor 
= en = = 
Pina ; ce 0 or B=0. We conclude that 8S’ is 
es a application is the assertion that a real-valued function 
pheno baronies and never zero on a connected set is either always 
acta al sd negative. In fact, the image is connected, and hence 
. But an interval whi i iti ati 
ee al which contains positive and negative num- 
A mapping f :S — S’ is sai 
may 4 said to be one to one if f(x) = 
Ries : ; a) = f(y) only for 
. eS a to be onto if f(S) = S’.t A mapping with both Teas 
FOG) een inverse i, defined on S’; it satisfies f-1(f(z)) = x and 
ed Geis a’. In this situation, if f and f-! are both continuous we 
oro fe besa oe or ahemeomorphism. A property of a 
J y all topological images is call i 
: ges is called a topological 
Saarrateata we have proved that compactness and Aaa ipss 
gical properties (Theorems 8 and 9). In this connection it is per- 


Th inguisti 
ie ee as clumsy terms can be replaced by injective (for one to one) 
onto), A mapping with both properties is called bijective. 
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haps useful to point out that the property of being an open subset is not 
topological. If X C Sand Y C S' and if X ishomeomorphic to ¥ there is 
no reason why X and Y should be simultaneously open. It happens to be 
true if S = S’ = R” (invariance of the region), but this is a deep theorem 
that we shall not need. 

The notion of uniform continutty will be in constant use. Quite 
generally, a condition is said to hold uniformly with respect to a parameter 
if it can be expressed by inequalities which do not involve the parameter. 
Accordingly, a function f is said to be uniformly continuous on X if, to 
every ¢ > 0, there exists a 8 > 0 such that d'(f(x1),f(z2)) < ¢ for all 
pairs (71,22) with d(1,¢2) < 8 The emphasis is on the fact that 3 is not 
allowed to depend on 2. 


Theorem 10. On a compact set every continuous function is uniformly 
continuous. 


The proof is typical of the way the Heine-Borel property can be used. 
Suppose that f is continuous on a compact set X. Every y¢X has a 
neighborhood N,(y) such that d’(f(z),f(y)) < ¢/2 for xe N,(y); here p 
may depend ony. Consider the open covering of X by the smaller neigh- 
borhoods N,j2(y). We can find a finite subcovering: X C Nyva(yx) U 
+++ UN,,i2m). Let & be the smallest of the numbers p:/2,... , 
pm/2. Consider a pair (21,22) with d(x1,22) <8. There exists a yy 
with d(xi,yx) < p./2, and we obtain d(x2,yx) < px/2 +8 S pr. Hence 
a(F@), FG) < ¢/2 and d’(f(a2), flys) < &/2 so that d’(f(e1),f(@)) < e 
as desired. 

On sets which are not compact some continuous functions are uni- 
formly continuous and others are not. For instance, the function z is 
uniformly continuous on the whole complex plane, but the function z* 
is not. 


EXERCISES 


1, Construct a topological mapping of the open disk |z| < 1 onto the 
whole plane. 

2. Prove that a subset of the real line which is topologically equiva- 
lent to an open interval is an open interval. (Consider the effect of 
removing a point.) 

3. Prove that every continuous one-to-one mapping of a compact 
space is topological. (Show that closed sets are mapped on closed sets.) 

4. Let X and Y be closed sets in a complete metric space, at least one 
of them compact. Prove that there exist x ¢ X, ye Y such that d(x,y) 
is a minimum. 
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5 Which of the following functions are uniformly continuous on the 
whole real line: sin x, x sin x, x sin (2), ||} sin x? 


1.6. Topological Spaces. It is not necessary, and not always con- 
venient, to express nearness in terms of distance. The observant reader 
will have noticed that most results in the preceding sections were formu- 
lated in terms of open sets. True enough, we used distances to define 
open sets, but there is really no strong reason to do this. If we decide to 
consider the open sets as the primary objects we must postulate axioms 
that they have to satisfy. The following axioms lead to the commonly 
accepted definition of a topological space: 


Definition 8. A topological space is a set T together with a collection of its 
subsets, called open sets. The following conditions have to be fulfilled: 

(i) The empty set 0 and the whole space T are open. sets. 

Gi) The intersection of any two open sets is an open set. 

Gii) The union of an arbitrary collection of open sets is an open set. 


We recognize at once that this terminology is consistent with our 
earlier definition of an open subset of a metric space. Indeed, properties 
Gi) and (iii) were strongly emphasized, and (i) is trivial. 

Closed sets are the complements of open sets, and it is immediately 
clear how to define interior, closure, boundary, and so on. Neighbor- 
hoods could be avoided, but they are rather convenient: N isa neighbor- 
hood of x if there exists an open set U such that x ¢U and U CN. 

Connectedness was defined purely by means of open sets. Hence the 
definition carries over to topological spaces, and the theorems remain 
true. The Heine-Borel property is also one that deals only with open 
sets. Therefore it makes perfect sense to speak of a compact topological 
space. However, Theorem 6 becomes meaningless, and Theorem 7 
becomes false. 

As a matter of fact, the first serious difficulty we encounter is with 
convergent sequences. The definition is clear: we say that z, 2 if 
every neighborhood of x contains all but a finite number of the z,. But 
if x, > x and x, — y we are not able to prove that z = y. This awkward 
situation is remedied by introducing a new axiom which characterizes the 
topological space as a Hausdorff space: 


Definition 9. A topological space is called a Hausdorff space if any two 
distinct points are contained in disjoint open sets. 


In other words, if « * y we require the existence of open sets U, V 
such that xe U, ye Vand UV = 0. In the presence of this condition 
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it is obvious that the limit of a convergent sequence is unique. We shall 
never in this book have occasion to consider a space that is not a Hausdorff 
space. 

This is not the place to give examples of topologies that cannot be 
derived from a distance function. Such examples would necessarily be 
very complicated and would not further the purposes of this book. The 
point is that it may be unnatural to introduce a distance in situations 
when one is not really needed. The reason for including this section has* 
been to alert the reader that distances are dispensable. 


2 CONFORMALITY 


We now return to our original setting where all functions and variables are 
restricted to real or complex numbers. The role of metrie spaces will 
seem disproportionately small: all we actually need are some simple 
applications of connectedness and compactness. 

The whole section is mainly descriptive. It centers on the geometric 
consequences of the existence of a derivative. 


2.1. Ares and Closed Curves. The equation of an arc y in the plane 
is most conveniently given in parametric form x = x(t), y = y(t) where t 
runs through an interval a St S 6 and x(t), y(t) are continuous func- 
tions. We can also use the complex notation z = z(t) = x(t) + iy(d) 
which has several advantages. 

Considered as point set an are is thus the image of a closed finite 
interval under a continuous mapping. As such it is compact and con- 
nected. However, an arc is not merely a set of points, but very essen- 
tially also a succession of points, ordered by increasing values of the 
parameter. If a nondecreasing function ¢ = g(r) maps an interval 
a’ S7 SB ontoa St S B, then z = 2(y(z)) defines the same succession 
of points as z = z(t). We say that the first equation arises from the sec- 
ond by a change of parameter. The change is reversible if and only if ¢(z) 
is strictly increasing. For instance, the equation z = @ + i#4,0<t<1 
arises by a reversible change of parameter from the equation z = t + 222, 
O0<ts1. A change of the parametric interval (a,8) can always be 
brought about by a linear change of parameter, which is one of the form 
t=ar+b,a>0. 

Logically, the simplest course is to consider two ares as different as 
soon as they are given by different equations, regardless of whether one 
equation may arise from the other by a change of parameter. In follow- 
ing this course, as we will, it is important to show that certain properties of 
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ares are invariant under a change of parameter. For instance, the initial 
and terminal point of an are remain the same after a change of parameter. 

If the derivative z'(t) = x'(f) + iy'(@ exists and is +0, the arc 7 has 
a tangent whose direction is determined by arg z’(t). We shall say that 
the arc is differentiable if z'(1) exists and is continuous (the term con- 
tinuously differentiable is too unwieldy); if, in addition, z’(1) ~ 0 the arc 
is said to be regular. An arc is piecewise differentiable or piecewise regular 
if the same conditions hold except for a finite number of values #; at these 
points 2(é) shall still be continuous with left and right derivatives which 
are equal to the left and right limits of z’(1) and, in the case of a piecewise 
regular are, #0. 

The differentiable or regular character of an arc is invariant under the 
change of parameter t = ¢(r) provided that ¢’(z) is continuous and, for 
regularity, ~0. When this is the case, we speak of a differentiable or 
regular change of parameter. 

An are is simple, or a Jordan arc, if z(t1) = z(t2) only for ty = t. An 
are is a closed curve if the end points coincide: z(a) = 2(8). For closed 
curves a shift of the parameter is defined as follows: If the original equa- 
tion isz = 2(1), a S t S B, we choose a point ty from the interval (@,8) and 
define a new closed curve whose equation is z = z(t) for fo < tS 6 and 
z=2t—6+a)for8 StSt)+8—a. The purpose of the shift is to 
get rid of the distinguished position of the initial point. The correct 
definitions of a differentiable or regular closed curve and of a simple closed 
curve (or Jordan curve) are obvious. 

The opposite arc of z = 2(t), « St S B, is the arcz = 2(—1), -B S$ 
t= —a. Opposite arcs are sometimes denoted by y and —+7, sometimes 
by y and y~1, depending on the connection. A constant function <(é) 
defines a point curve. 

A circle C, originally defined as a locus |z — a| = r, can be considered 
as a closed curve with the equation z = a + re,O StS 20. We will 
use this standard parametrization whenever a finite circle is introduced. 
This convention saves us from writing down the equation each time it is 
needed; also, and this is its most important purpose, it serves as a definite 
rule to distinguish between C and —C. 


2.2. Analytic Functions in Regions. When we consider the derivative 


fe) = im Seth KO) 
nO 

of a complex-valued function, defined on a set A in the complex plane, it is 

of course understood that z ¢ A and that the limit is with respect to values 


70 COMPLEX ANALYSIS” 


hsuch thatz-+heA. The existence of the derivative will therefore have 
different meaning depending on whether z is an interior point or a bound- 
ary point of A. The only simple way to avoid this is to insist that all 
analytic functions be defined on open sets. We shall find that further 
advantages ensue if every analytic function is defined in a region. 

We give a formal statement of the definition: 


Definition 10. A complex-valued function f(z) is said to be analytic in 
the region Q if it is defined and has a derivative at each point of Q. 


According to this definition an analytic function in Q is always single- 
valued. It is very important that the definition is localized to a fixed 
region Q, and it is not permissible to speak of an analytic function with- 
out specifying the region in which it is considered. Sometimes the region 
is clearly implied by the context, and in such cases the explicit reference 
may be omitted. 

For greater flexibility of the language it is desirable to introduce the 
following complement to Definition 11: 


Definition 11. A function f(z) is analytic on an arbitrary point set A 
if it is analytic in some region which contains A. 


It is clear that the last definition is merely an agreement to use a con- 
venient terminology. This is a case in which the region @ need not be 
explicitly mentioned, for it will be found that the specific choice of Q is 
immaterial as long as it contains A. A typical application is the use of 
the phrase: “Let f(z) be analytic at zo.” It means that a function f(z) 
is defined and has a derivative in some neighborhood of 2) which need 
not be specified. 

Although our definition requires all analytic functions to be single- 
valued, it is possible to consider such multiple-valued functions as +/2, 
log z, or arc cos z, provided that they are restricted to a definite region 
in which it is possible to select a single-valued and analytic branch of the 
function. 

For instance, we may choose for 9 the complement of the negative 
real axis z $ 0; this set is indeed open and connected. In @ one and 
only one of the values of +~/z has a positive real part. With this choice 
w= /z becomes a single-valued function in Q; let us prove that it is 
continuous. Choose two points 21, z2¢2 and denote the corresponding 
values of w by wi = us + dv, we = ue + ive with w, ue > 0. Then 


lex — 2a] = foot — wi] = for — wal - Joon + we] 


a 
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and |ws + w| 2 us + ue > ws. Hence 


lex — 2a 


[wi — wal < 
us 


and it follows that w = ~/2 is continuous at z:. Once the continuity is 
established the analyticity follows by derivation of the inverse function 
z=w*. Indeed, with the notations used in calculus Az—> 0 implies 
Aw— 0. Therefore, 


and we obtain 


Oe dg Bg ot 
2 de” Bw Oy 
AD 


with the same branch of +/2z. 

In the case of log z we can use the same region Q, obtained by exclud- 
ing the negative real axis, and define the principal branch of the logarithm 
by the condition |Im log z| <7. Again, the continuity must be proved, 
but this time we have no algebraic identity at our disposal, and we are 
forced to use a more general reasoning. Denote the principal branch by 
w=u-+ w= log z For a given point wi = w+ i, [oil <a, and a 
given ¢ > 0, consider the set A in the w-plane which is defined by the 
inequalities |w — w:| 2 «, |vo| < x, |u — | S log 2. This set is closed 
and bounded, and for sufficiently small ¢ it is not empty. The continu- 
ous function |e” — e*!| has consequently a minimum p on A (Theorem 8, 
Corollary). This minimum is positive, for A does not contain any point 
wi-+ n+ 2ri, Choose 6 = min (p,de%), and assume that 


lex — @2| = lem — em|< 6 


Then ws: cannot lie in A, for this would make je — e| > p B 6. 
Neither is it possible that w2 < ws — log 2 or wu, > wi + log 2; in the 
former case we would obtain |e" — e™| 2 es — e@ > fem > 8, and in 
the latter case |e" — e| 2 = — eu > eo > 8, Hence w, must lie 
im the disk |w — w;| <, and we have proved that w is a continuous 
function of z. From the continuity we conclude as above that the 
derivative exists and equals 1/z. 

__ The infinitely many values of arc cos z are the same as the values of 
tlog @+~+/2—1). In this case we restrict z to the complement 0 of 
the half-lines « < 0, y = 0 and« = 1,y = 0. Since 1 — 2? is never real 
and <0 in 0’, we can define ¥/1 — 2 as in the first example and then set 


V2—-T=i Vi-—#, Moreover, z+ ~/z? —1 cannot be negative 
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or zero in 0; indeed, since z + +/z — I and z — +/2? — 1 are reciprocal. 
z+ V%2—T1 <0 would imply z—+/2—1 <0 and hence, 2z < 0. 
We can thus define an analytic branch of log (2 + ~/z? — 1) whose 
imaginary part lies between -x and x. In this way we obtain a single- 
valued analytic function 


are cos z = ¢ log (2 + V2? — 1) 


in Q whose derivative is 


sf 2 ! 
D are cos z r+ 55) Vi-#2 


where +/1 — 2? has a positive real part. 

There is nothing unique about the way in which the region and the 
single-valued branches have been chosen in these examples. Therefore, 
each time we consider a function such as log z the choice of the branch 
has to be specified. It is a fundamental fact that it is impossible to 
define a single-valued and analytic branch of log z in certain regions. 
This will be proved in the chapter on integration. 

All the results of Chap. I, See. 1.2 remain valid for functions which 
are analytic in a region. In particular, the real and imaginary parts of an 
analytic function in Q satisfy the Cauchy-Riemann equations 


du a du _ av 


oy on 


Conversely, if u and v satisfy these equations in Q, and if the partial 
derivatives are continuous, then u + i is an analytic function in Q. 

An analytic function in Q degenerates if it reduces to a constant. In 
the following theorem we shall list some simple conditions which have this 
consequence: 


Theorem 11. An analytic function in a region Q whose derivative van- 
ishes identically must reduce to a constant. “The same ts true if either the 
real part, the imaginary part, the modulus, or the argument is constant. 


The vanishing of the derivative implies that du/dz, du/dy, dv/dz, 
év/dy are all zero. It follows that wu and v are constant on any line seg- 
ment in & which is parallel to one of the coordinate axes. In Sec. 1.3 we 
remarked, in connection with Theorem 3, that any iwo points in a region 
can be joined within the region by a polygon whose sides are parallel to 
the axes. We conclude that u + @ is constant. 
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Tf u or v is constant, 
; dus. du so, , av 
PO=% ay dy + tae 0, 


and hence f(z) must be constant. If u? + 0? is constant, we obtain 


ou dv 
ug tea 0 
and 
du dv av ou 
way FG uaz +? a, = 0 


These equations permit the conclusion du/dx = dv/dx = 0 unless the 
determinant wu? + v? vanishes. But if u® + v? = 0 at a single point it is 
constantly zero and f(z) vanishes identically. Hence f(z) is in any case 
a constant. 

Finally, if arg f(z) is constant, we can set u = kv with constant k 
(unless v is identically zero). But u - kv is the real part of (1 + 2k)f, 
and we conclude again that f must reduce to a constant. 


EXERCISES 


1. Give a precise definition of a single-valued branch of +/1-F 2 + 
+/1 — z in a suitable region, and prove that it is analytic. 

2. Same problem for log log z. 

3. Suppose that f(z) = u + iv is analytic in a region Q and that 
F(uv) = 0 where F is a real-valued function with continuous first deriva- 
tives. Under what condition can one conclude that f(z) is constant? 

4. Suppose that f(z) is analytic and satisfies the condition |f(z)? — 1| 
< linaregion®. Show that either Re f(z) > 0 or Re f(z) < 0 through- 
out Q. 


2.3. Conformal Mapping. Suppose that an are y with the equation 
z= 2(), aStS 8, is contained in a region Q, and let f(z) be defined 
and continuous in 2. Then the equation w = w(t) = f(e()) defines an 
are +’ in the w-plane which may be called the image of +. 

Consider the case of an f(z) which is analytic in @. If 2’(/) exists, 
we find that w’(é) also exists and is determined by 


Q@) w') = f'(e@)z'O. 


We will investigate the meaning of this equation at a point zo = 2(to) 
with 2'(éo) # 0 and f’(zo) # 0. 
The first conclusion is that w(t) #0. Hence 7’ has a tangent at 
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wo = f(zo), and its direction is determined by 
(2) arg w' (lo) = arg f'(2o) + arg 2’(t). 


This relation asserts that the angle between the directed tangents to 7 
at zo and to 7’ at wo is equal to arg f’(zo). It is hence independent of 
the curve 7. For this reason curves through zo which are tangent to 
each other are mapped onto curves with a common tangent at wo. 
Moreover, two curves which form an angle at zo are mapped upon curves 
forming the same angle, in sense as well as in size. In view of this 
property the mapping by w = f(z) is said to be conformal at all points 
with f’(z) #0. 

A related property of the mapping is derived by consideration of the 

modulus |f’(zo)|._ We have 

Tin im WO) — fel = |f'(zo)I, 
2 

and this means that any small line segment with one end point at zp is, 
in the limit, contracted or expanded in the ratio |f’(z0)|.__ In other words, 
the linear change of scale at zo, effected by the transformation w = f(z), 
is independent of the direction. In general this change of scale will vary 
from point to point. 

Conversely, it is clear that both kinds of conformality together imply 
the existence of f’(zo). It is less obvious that each kind will separately 
imply the same result, at least under additional regularity assumptions. 

To be more precise, let us assume that the partial derivatives af/dz 
and @f/dy are continuous. Under this condition the derivative of 
w(t) = f(2(@)) can be expressed in the form 


wild) = Feats + Law) 


where the partial derivatives are taken at zo. In terms of 2’(t) this can 
be rewritten as 


weed = 3 (3-1 A ewo +3(Z + 2) 7, 


Tf angles are preserved, arg [w’(to)/z’(to)] must be independent of ; 


arg 2’(fo). The expression 


© a(ée - 1a) +236 +4a) Feo 


must therefore have a constant argument. As arg z’(to) is allowed to 
vary, the point represented by (8) describes a circle having the radius 
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3|(af/ax) + <(af/dy)|. The argument cannot be constant on this circle 
unless its radius vanishes, and hence we must have 


@) dx ~ 5, 


which is the complex form of the Cauchy-Riemann equations. 

Quite similarly, the condition that the change of scale shall be the 
same in all directions implies that the expression (8) has a constant 
modulus. On a circle the modulus is constant only if the radius van- 
ishes or if the center lies at the origin. In the first case we obtain (4), 
and in the second case 


of of 


oz ay 
The last equation expresses the fact that f(z) is analytic. A mapping 
by the conjugate of an analytic function with a nonvanishing derivative 
is said to be indirectly conformal. It evidently preserves the size but 
reverses the sense of angles. 

If the mapping of Q by w = f(z) is topological, then the inverse func- 
tion z = f-(w) is also analytic. This follows easily if f’(z) ¥ 0, for then 
the derivative of the inverse function must be equal to 1/f’(z) at the point 

= f-\w). We shall prove later that f’(z) can never vanish in the case 
of a topological mapping by an analytic function. 

The knowledge that f’(2) + 0 is sufficient to conclude that the map- 
ping is topological if it is restricted to a sufficiently small neighborhood of 
zo. This follows by the theorem on implicit functions known from the cal- 
culus, for the Jacobian of the functions u = u(z,y),v = v(a,y) at the point 
2o is |f’(zo)|? and hence # 0. Later we shall present a simpler proof of this 
important theorem. 

But even if f’(z) ¥ 0 throughout the region Q, we cannot assert that 
the mapping of the whole region is necessarily topological. To illustrate 
what may happen we refer to Fig. 4. Here the mappings of the sub- 


Fig. 4. Doubly covered region. 
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regions Q, and {2 are one to one, but the images overlap. It is helpful to 
think of the image of the whole region as a transparent film which partly 
covers itself. This is the simple and fruitful idea used by Riemann when 
he introduced the generalized regions now known as Riemann surfaces. 


3. LINEAR TRANSFORMATIONS 


Of all analytic functions the first-order rational functions have the simplest 
mapping properties, for they define mappings of the extended plane onto 
itself which are at the same time conformal and topological. The linear 
transformations have also very remarkable geometric properties, and for 
that reason their importance goes far beyond serving as simple examples of 
conformal mappings. The reader will do well to pay particular attention 
to this geometric aspect, for it will equip him with simple but very valua- 
ble techniques. 


3.1. The Linear Group. We have already remarked in Chap. 2, Sec. 
1.4 that a linear fractional transformation 


® = _az+b 
(5) w= 8@) = S75 
with ad — be # 0 has an inverse 
wg _ dw—b 
i —cw +a 


The special values S(#) = a/c and S(—d/c) = © can be introduced 
either by convention or as limits for z—> © and z—» —d/e. With the 
latter interpretation it becomes obvious that S is a topological mapping of 
the extended plane onto itself, the topology being defined by distances on 
the Riemann sphere. 
For linear transformations we shall usually replace the notation S(z) 
by Sz. The representation (5) is said to be normalized if ad — be = 1. 
It is clear that every linear transformation has two normalized represen- 
tations, obtained from each other by changing the signs of the coefficients. 
A convenient way to express a linear transformation is by use of 
homogeneous coordinates. If we write z = 2:/z2, w = w1i/we we find that 
w= Szift 
8 Wy = a2, + bee 
(6) We = 62, + d2e 


eG du) 


The main advantage of this notation is that it leads to a simple determina- 


or, in matrix notation, 


“ 
soe? 
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tion of a composite transformation w = SySyz. If we use subscripts to 
distinguish between the matrices that correspond to Sj, S2 it is immediate 


” that SiS belongs to the matrix product 


a: bi\ fae 2) a ( + bier ibe + ua). 
(@ 7) c2 def \exde + dice Cibo + dide 

All linear transformations form a group. Indeed, the associative 
law (S1S2)S3 = Si(S2Ss) holds for arbitrary transformations, the identity 
w = zisa linear transformation, and the inverse of a linear transformation 
jslinear. The ratios 21:22 % 0:0 are the points of the complex projective 
line, and (6) identifies the group of linear transformations with the one- 
dimensional projective group over the complex numbers, usually denoted 
by P(1,C). If we use only normalized representations, we can also iden- 
tify it with the group of two-by-two matrices with determinant 1 (denoted 
SL(2,C)), except that there are two opposite matrices corresponding to the 
same linear transformation. 

We shall make no further use of the matrix notation, except for 
remarking that the simplest linear transformations belong to matrices of 


the form 
1 a\ (ke 0\ /0 1), 
0 1/\0 17/\1 0 


The first of these, w = z + a, is called a parallel translation. The second, 

w = kz, is a rotation if |k| = 1 and a homothetic transformation if k > 0. 

For arbitrary complex k # 0 we can set k = |k|-k/|k|, and hence w = kz 

can be represented as the result of a homothetic transformation followed 

by a rotation. The third transformation, w = 1/z, is called an inversion, 
If ¢ ¥ 0 we can write 


az+b_ be—ad 44 

ae+d ce+d/e) 'c 
and this decomposition shows that the most general linear transforma- 
ion is composed by a translation, an inversion, a rotation, and a homo- 
thetic transformation followed by another translation. If ¢ = 0, the 
inversion falls out and the last translation is not needed. 


EXERCISES 
1. Prove that the reflection z— 2 is not a linear transformation. 


2. If 


z2+2 
z+3 


find 7,72, TeT vz and TyTsz. 


Tiz Tot 


z 
z+] 
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3. Prove that the most general transformation which Jeaves the origin 
fixed and preserves all distances is either a rotation or a rotation followed 
by reflexion in the real axis. 

4. Show that any linear transformation which transforms the real 
axis into itself can be written with real coefficients. 


3.2, The Cross Ratio. Given three distinct points ze, 23, 24 in the 
extended plane, there exists a linear transformation S which carries them 
into 1, 0, © in this order. If none of the points is #, S will be given by 


Rm 23 te —~ 2s 
(7) Se = 2.2. 
Z— 24 22 — & 

If 22,23 or 2, = © the transformation reduces to 


zm 23 2a — 24 z— &% 
“y “y 
zm 4 zm By eg — &e 


respectively. 

If 7 were another linear transformation with the same property, 
then ST! would leave 1, 0, © invariant. Direct calculation shows that 
this is true only for the identity transformation, and we would have 
S= T. We conclude that S is uniquely determined. 


Definition 12. The cross ratio (z1,22,@3,24) ts the image of % under the 
linear transformation which carries 22,22,24 into 1, 0, ©. 


The definition is meaningful only if 22,23,24 are distinct. A conven- 
tional value can be introduced as soon as any three of the points are 
distinct, but this is unimportant. 

The cross ratio is invariant under linear transformations. In more 
precise formulation: 


Theorem 12. If %, 22, 23, 24 are distinct points in the extended plane and T 
any linear transformation, then (Tz1,T22,T2%s,T 2s) = (21,22,22,24)- 


The proof is immediate, for if Sz = (z,22,za,z4), then ST-! carries 
T22, Tzs, Tz, into 1,0, ©. By definition we have hence 
(Te1,T22,T23,T2a.) = ST-(Te:) = Sey = (2122,23,24). 


With the help of this property we can immediately write down the 
linear transformation which carries three given points 2:, 22, 23 to pre- 
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scribed positions w;, we, ws. The correspondence must indeed be given by 
8) (w,w1,w2,ts) = (2,21,22,22)- 


In general it is of course necessary to solve this equation with respect to w. 


Theorem 13. The cross ratio (21,22,2,24) is real if and only if the four 
points lie on a circle or on a straight line. 


This is evident by elementary geometry, for we obtain 


21 — 23 oq — Re 
APE (21,22,%3,24) = ar ar, , 
& (é1,22,20,24) = arg > ——' — arg 


and if the points lie on a circle this difference of angles is either 0 or +7, 
depending on the relative location. 

For an analytic proof we need only show that the image of the real 
axis under any linear transformation is either a circle or a straight line. 
Indeed, Tz = (2,22,23,24) is real on the image of the real axis under the 
transformation T-! and nowhere else. 

The values of w = Tz for real z satisfy the equation Tw = Tw. 
Explicitly, this condition is of the form 


ao 


aw+b_ @ 
cwd @ 


S 


+ 
+ 


aul 


By cross multiplication we obtain 
(aé — ca) |w?| + (ad — cb)w + (bE — daw + bd — db = 0. 


If aé — ca = 0 this is the equation of a straight line, for under this con- 

dition the coefficient ad — cb cannot also vanish. If aé — ca % 0 we can 

divide by this coefficient and complete the square. After a simple com- 
putation we obtain 

ad — &b 

|» +i 


which is the equation of a circle. 

The last result makes it clear that we should not, in the theory of 
linear transformations, distinguish between circles and straight lines. A 
further justification was found in the fact that both correspond to circles 
on the Riemann sphere. Accordingly we shall agree to use the word 
circle in this wider sense. 


} This agreement will be in force only when dealing with linear transformations. 
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The following is an immediate corollary of Theorems 12 and 13:° 


Theorem 14. A linear transformation carries circles into circles. 


EXERCISES 


1. Find the linear transformation which carries 0,7, —7 into 1, —1, 0. 

2. Express the cross ratios corresponding to the 24 permutations of 
four points in terms of \ = (21,22,23,24). 

3. If the consecutive vertices 21, 22, 23, 24 of a quadrilateral lie on a 
circle, prove that 


lex — zal - ze — 2a = [er — zal lez — zal + ee — zal - ler — zal 


and interpret the result geometrically. 

4. Show that any four distinct points can be carried by a linear 
transformation to positions 1, —1, k, —k, where the value of k depends on 
the points. How many solutions are there, and how are they related? 


3.3. Symmetry. The points z and Z are symmetric with respect to the 
real axis. A linear transformation with real coefficients carries the real 
axis into itself and z, 2 into points which are again symmetric. More 
generally, if a linear transformation 7 carries the real axis into a circle C, 
we shall say that the points w = 7z and w* = 72 are symmetric with 
respect to C. This is a relation between w, w* and C which does not 
depend on 7. For if S is another transformation which carries the real 
axis into C, then S~!T is a real transformation, and hence S~'w = S~!Tz 
and S~1w* = S~1T are also conjugate. Symmetry can thus be defined 
in the following terms: 


Definition 13. The points z and 2* are said to be symmetric with respect 
to the circle C through 23, 22, 2s if and only if (2*,21,22,22) = (2,21,22,28)- 


The points on C, and only those, are symmetric to themselves. The 
mapping which carries z into z* is a one-to-one correspondence and is 
called reflection with respect to C. Two reflections will evidently result 
in a linear transformation. 

We wish to investigate the geometric significance of symmetry. Sup- 
pose first that C is a straight line. Then we can choose z; = © and the 
condition for symmetry becomes 


eer 
@) oa _ inh 
21 — 22 21 — Re 
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Taking absolute values we obtain [z* — z.| = |z — z|. Here z, can be 
any finite point on. C, and we conclude that z and z* are equidistant 
from all points on C. By (9) we have further 
+ pa 
Im 22 = —Im 2—%, 


21 — 2 2 — 22 


and hence z and z* are in different half planes determined by C.t We 
leave to the reader to prove that C is the bisecting normal of the segment 


between z and z*, 

Consider now the case of a finite circle C of center a and radius R. 
Systematic use of the invariance of the cross ratio allows us to conclude 
as follows: 


(2,21,22,28) = (2 — @,21 — G,22 — a2, — a) 


5 R?2 2 2 2 . 
=(2-a R FR ) (Epa ae — as -2) 


zy — A %e— a 23—- a z& 
R? 
= (5 + evens s 


This equation shows that the symmetric point of zis z* = R?/(z — a) +a 
or that z and 2* satisfy the relation 


(10) (2* — a) — @) = RX 


The product |2* — a|- |z — a| of the distances to the center is hence R*. 
Further, the ratio (¢* — a)/(z — a) is positive, which means that z and 
2* are situated on the same half line from a. There is a simple geometric 
construction for the symmetric point of z (Fig. 5). We note that the 


symmetric point of ais ©. 


7 Unless they coincide and lie on C. 


2* 


Fic.5. Reflection in a circle. 
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Theorem 15. (The symmetry principle.) If a@ linear transformation 


carries a circle C, into a circle C2, then it transforms any pair of symmetrié 


points with respect to Cy into a pair of symmetric points with respect to Co, 


Briefly, linear transformations preserve symmetry. If C,or C2 is the 
real axis, the principle follows from the definition of symmetry. In the 
generafl case the assertion follows by use of an intermediate transformation 
which carries C, into the real axis. 

There are two ways in which the principle of symnetry can be used. 
If the images of z and C under a certain linear transformation are known, 
then the principle allows us to find the image of z*. On the other hand, 
if the images of z and z* are known, we conclude that the image of C 
must be a line of symmetry of these images. While this is not enough 
to determine the image of C, the information we gain is nevertheless 
valuable. 

The principle of symmetry is put to practical use in the problem of 
finding the linear transformations which carry a circle C into a circle C’. 
We can always determine the transformation by requiring that three 
points 2, ze, z; on C go over into three points wi, we, wz on C’; the trans- 
formation is then (w,w1,w2,ws) = (z,z1,2,23). But the transformation is 


also determined if we prescribe that a point 2; on C shall correspond to | 


4 point w: on C’ and that a point z2 not on C shall be carried into a pofht 
wz not on C’. We know then that z¥ (the symmetric point of z. with 
respect to C) must correspond to w¥ (the symmetric point of we with 
respect to C’). Hence the transformation will be obtained from the 
relation (w,w1,we,wi) = (¢,21,22,2*). 


EXERCISES 


1, Prove that every reflection carries circles into circles. 

2. Reflect the imaginary axis, the line z = y, and the circle lel =1 
in the circle |z — 2| = 1. 

3. Carry out the reflections in the preceding exercise by geometric 
construction, 

4, Find the linear transformation which carries the circle le] = 2 into 
le + 1| = 1, the point —2 into the origin, and the origin into i. 

5. Find the most general linear transformation of the circle J =R 
into itself, 

6. A linear transformation carries a pair of concentric circles into 
another pair of concentric circles. Prove that the ratios of the radii must. 
be the same. 
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7. Find a linear transformation which carries |2| = 1 and |z-—"4] = 3 
into concentric circles. What is the ratio of the radii? 
8. Same problem for {z| = 1 and z = 2. 


3.4. Oriented Circles. Because S(z) is analytic and 
pe = 
si = oe, 


the mapping w = S(z) is conformal forz ~ —d/eand ». It follows that 
a pair of intersecting circles are mapped on circles that include the Same 
angle. In addition, the sense of an angle is preserved. From an intui- 
tive point of view this means that right and left are preserved, but a more 
precise formulation is desirable. 

An orientation of a circle C is determined by an ordered triple of 
points 21,22,2, on C. “With respect to this orientation a point z not on C 
is said to lie to the right of C if Im (z,21,22,23) > 0 and to the left of C is 
Im (2,21,22,22) < 0 (this checks with everyday use because (¢,1,0,) = 4). 
It is essential to show that there are only two different orientations. By 
this we mean that the distinction between left and right is the same for all 
triples, while the meaning may be reversed. Since the cross ratio is invari- 
ant, it is sufficient to consider the case where C is the real axis. Then 

az +b 


(z,21,22,28) = wd 


can be written with real coefficients, and a simple calculation gives 


ad — bi 
Im (2,21,22,23) = rer Im z. 


We recognize that the distinction between right and left is the same as 
the distinction between the upper and lower half plane. Which is which 
depends on the sign of the determinant ad — be. 

A linear transformation S carries the oriented circle C into a circle 
which we orient through the triple Sz, Szz, Szz. From the invariance of 
the cross ratio it follows that the left and right of C will be mapped on the 
left and right of the image circle. 

If two circles are tangent to each other, their orientations can be 
compared. Indeed, we can use a linear transformation which throws their 
common point to ». The circles become parallel straight lines, and we 
know how to compare the directions of parallel lines. 

In the geometric representation the orientation 21, 2, 23 can be indi- 
cated by an arrow which points from z: over zz to zz. With the usual 
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choice of the coordinate system left and right will have their customary 
meaning with respect to this arrow. 

When the finite plane is considered as part of the extended plane, the 
point at infinity is distinguished. We can therefore define an absolute 
positive orientation of all finite circles by the requirement that © should 
lie to the right of the oriented circles. The points to the left are said to 
form the inside of the circle and the points to the right form its outside. 


EXERCISES 


1, If 21, 22, 2s, 24 are points on a circle, show that z1, Za, 24 aN Ze, Zs, 24 
determine the same orientation if and only if (21,22,23,24) > 0. 

2. Prove that a tangent to a circle is perpendicular to the radius 
through the point of contact (in this connection a tangent should be defined 
as a straight line with only one point in common with the circle). 

3. Verify that the inside of the circle |z — al = R is formed by all 
points z with |z — al < R. 

4. The angle between two oriented circles at a point of intersection is 
defined as the angle between the tangents at that point, equipped with the 
same orientation. Prove by analytic reasoning, rather than geometric 
inspection, that the angles at the two points of intersection are opposite 
to each other. 


3.5. Families of Circles. A great deal can be done toward the visual- 
ization of linear transformations by the introduction of certain families 
of circles which may be thought of as coordinate lines in a circular 
coordinate system. 

Consider a linear transformation of the form 


Here z = a corresponds to w = 0 andz = btow = ©. It follows that 
the straight lines through the origin of the w-plane are images of the 
circles through a and b. On the other hand, the concentric circles about 
the origin, |w| = p, correspond to circles with the equation 


z-a 
z—-6 


= p/\kl. 


These are the circles of Apollonius with limit points @ and 6. By their 
equation they are the loci of points whose distances from @ and b have 
a constant ratio. 


Denote by C; the circles through a, 6 and by C2 the circles of Apol- 
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Fig.6. Steiner circles. 


lonius with these limit points. The configuration (Fig. 6) formed by all 
the circles C, and C2 will be referred to as the circular net or the Steiner 
circles determined by a and b. It has many interesting properties of 
which we shall list a few: 

1. There is exactly one C, and one C2 through each point in the plane 
with the exception of the limit points. 

2. Every C; meets every C2 under right angles. 

3. Reflection in a C; transforms every C% into itself and every C; into 
another C;. Reflection in a C; transforms every C;, into itself and every 
C; into another C2. 

4. The limit points are symmetric with respect to each C2, but not 
with respect to any other circle. 

These properties are all trivial when the limit points are 0 and ©, 
i.e, when the C, are lines through the origin and the Cz concentric 
circles. Since the properties are invariant under linear transformations, 
they must continue to hold in the general case. 

If a transformation w = Tz carries a, b into a’, b’ it can be written in 
the form 


(1 wet epee 
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It is clear that T transforms the circles Cy and C2 into circles Ci and 
C; with the limit points a’, 0’. 

The situation is particularly simple if a’ = a,b’ = 6b. Then a, b are 
said to be fixed points of T, and it is convenient to represent z and Tz in 
the same plane. Under these cireumstances the whole circular net will 
be mapped upon itself. The value of k serves to identify the image 
circles Cj and C. Indeed, with appropriate orientations C, forms the 
angle arg k with its image C{, and the quotient of the constant ratios 
le — al/lz — b| on Ci and Ce is [hI 

The special cases in which all C; or all Co are mapped upon themselves 
are particularly important. We have C{ = C; for all Ci if k>0 (if 
k <0 the circles are still the same, but the orientation is reversed). 
The transformation is then said to be hyperbolic. When k increases the 
points Tz, z a, b, will flow along the circles C; toward b. The con- 
sideration of this flow provides a very clear picture of a hyperbolic 
transformation. 

The case Ci = C2 occurs when |k| = 1. Transformations with this 
property are called elliptic. When arg k varies, the points Tz move 
along the circles C2 The corresponding flow circulates about a and b 
in different directions. 

The general linear transformation with two fixed points is the product 
of a hyperbolic and an elliptic transformation with the same fixed points. 

The fixed points of a linear transformation are found by solving the 
equation 

oz + B 
(12) z= eke 
In general this is a quadratic equation with two roots; if y = 0 one of 
the fixed points is «». It may happen, however, that the roots coincide. 
A linear transformation with coinciding fixed points is said to be parabolic. 
The condition for this is (a — 5)? = 4B. 

If the equation (12) is found to have two distinct roots a and b, the 
transformation can be written in the form 


We can then use the Steiner circles determined by a, b to discuss the 
nature of the transformation. It is important to note, however, that 
the method is by no means restricted to this case. We can write any 
linear transformation in the form (11) with arbitrary a, b and use the 
two circular nets to great advantage. 
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- For the discussion of parabolic transformations it is desirable to intro- 
duce still another type of circular net. Consider the transformation 


wo 
“yea 
It is evident that straight lines in the wplane correspond to circles 
through a; moreover, parallel lines correspond to mutually tangent circles. 
In particular, if w = w+ the lines u = constant and v = constant 
correspond to two families of mutually tangent circles which intersect 
at right angles (Fig. 7). This configuration can be considered as a 
degenerate set of Steiner circles. It is determined by the point a and 
the tangent to one of the families of circles. We shall denote the images 
of the lines » = constant by C4, the circles of the other family by Ce. 
Clearly, the line v = Im ¢ corresponds to the tangent of the circles Cy 
its direction is given by arg w. 


Fig. 7, Degenerate Steiner circles. 


er 
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Any transformation which carries a into a’ can be written in the form 


w @ 
= 7 = +e. 


wD—-e z—-@ 


It is clear that the circles C; and C2 are carried into the circles C{ and 
Ci, determined by a’ and w'. We suppose now that a = a’ is the only 
fixed point. Then w = w’ and we can write 


@ @ 


wna z2-a 


(13) +e. 
By this transformation the configuration consisting of the circles C, and 
Cy is mapped upon itself. In (13) a multiplicative factor is arbitrary, 
and we can hence suppose that ¢ is real. Then every C, is mapped upon 
itself and the parabolic transformation can be considered as a flow along 
the circles C2. 

A linear transformation that is neither hyperbolic, elliptic, nor 
parabolic is said to be loxedromic. 


EXERCISES 
1. Find the fixed points of the linear transformations 


erst tae at we z 
a a s U ~a-1’ Tose 


Is any of these transformations elliptic, hyperbolic, or parabolic? 
2. Suppose that the coefficients of the transformation 


_ a2 --b 
2 cetd 


are normalized by ad — be = 1. Show that S is elliptic if and only if 
—2<a+d < 2, parabolic if a +d = +2, hyperbolic if a +d < —2 
or >2, 

3. Show that a linear transformation which satisfies S"z = z for 
some integer 7 is necessarily elliptic. 

4. If S is hyperbolic or loxodromic, show that Sz converges to a fix- 
point as — ©, the same for all z, except when z coincides with the other 
fixpoint. (‘The limit is the attractive fixpoint, the other, if there is one, is 
the repellent fixpoint. What happens when n—> —o? What happens 
in the parabolic case?) 

5. Find all linear transformations which represent rotations of the 
Riemann sphere. 

6. Find all circles which are orthogonal to |z| = 1 and |z — 1| = 4. 
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7. In an obvious way, which we shall not try to make precise, a family 
of transformations depends on a certain number of real parameters. How 
many real parameters are there in the family of all linear transformations? 
How many in the families of hyperbolic, elliptic, parabolic transforma- 
tions? How many linear transformations leave a given circle C invariant? 


4, ELEMENTARY CONFORMAL MAPPINGS 


The conformal mapping associated with an analytic function affords an 
excellent visualization of the properties of the latter; it can well be com- 
pared with the visualization of a real function by its graph. It is there- 
fore natural that all questions connected with conformal mapping have 
received a great deal of attention; progress in this direction has increased 
our knowledge of analytic functions considerably. In addition, con- 
formal mapping enters naturally in many branches of mathematical 
physics and in this way accounts for the immediate usefulness of complex- 
function theory. 

One of the most important problems is to determine the conformal 
mappings of one region onto another. In this section we shall consider 
those mappings which can be defined by elementary functions. 


4.1. The Use of Level Curves. When a conformal mapping is defined 
by an explicit analytic function w = f(z), we naturally wish to gain infor- 
mation about the specific geometric properties of the mapping. One of 
the most fruitful ways is to study the correspondence of curves induced 
by the point transformation. ‘The special properties of the function f@ 
may express themselves in the fact that certain simple curves are trans- 
formed into curves of a family of well-known character. Any such infor- 
mation will strengthen our visual conception of the mapping. 

Such was the case for mappings by linear transformations. We 
have proved in Sec. 3 that a linear transformation carries circles into 
circles, provided that straight lines are included as a special case. By 
consideration of the Steiner circles it was possible to obtain a complete 
Picture of the correspondence. 

In more general cases it is advisable to begin with a study of the image 
curves of the linesa = zoandy = yo. If we write f(z) = u(x,y) + io(z,y), 
the image of x = zp is given by the parametric equations u = u(xo,¥), 
» = v(zoy); y acts as a parameter and can be eliminated or retained 
according to convenience. The image of y = yo is determined in the 
Same way. Together, the curves form an orthogonal net in the w-plane. 
Similarly, we may consider the curves u(z,y) = uo and v(x,y) = vo in the 
plane. They are also orthogonal and are called the level curves of u and v. 
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In other cases it may be more convenient to use polar coordinates and 
study the images of concentric circles and straight lines through the origin. 
Among the simplest mappings are those by a power w = 2%. We 
consider only the case of real a, and then we may as well suppose that « is 
positive. Since 
lol = ele 
arg w = a arg z 


concentric circles about the origin are transformed into circles of the same 
family, and half lines from the origin correspond to other half lines. The 
mapping is conformal at all points z 0, but an angle 6 at the origin is 
transformed into an angle aé. For a # 1 the transformation of the whole 
plane is not one to one, and if @ is fractional z* is not even single-valued. 
In general we can therefore only consider the mapping of an angular sec- 
tor onto another. 

The sector S(y1,¢2), where 0 < ¢2 — ¢1 S 2m, shall be formed by all 
points z ¥ 0 such that one value of arg z satisfies the inequality 


(14) gi < arg z < ge 


Tt is easy to show that So(y1,¢2) is aregion. In this region a unique value 
of w = 2% is defined by the condition 


arg w= a arg z 


where arg z stands for the value of the argument singled out by the condi- 
tion (14). This function is analytic with the nonvanishing derivative 
w 


Dextoe? = q—- 
@ 


The mapping is one to one only if a(ye — ¢1) S 2x, and in this case 
So(¥1,¢2) is mapped onto the sector So(ag¢1,a¢s) in the w-plane. It should 
be observed that So(¢i + 7+ 2x,¢2 ++ 2m) is geometrically identical 
with So(¢:,¢2) but may determine a different branch of z*. 

Let us consider the mapping w = 2? in detail. Since u = 2? — y* 
and v = 2xy, we recognize that the level curves u = uw and v = vo are 
equilateral hyperbolas with the diagonals and the coordinate axes for 
asymptotes. They are of course orthogonal to each other. On the other 
hand, the image of x = xp is v? = 413(x3 — u) and the image of y = yo is 
v? = 4yi(yi + u). Both families represent parabolas with the focus at 
the origin whose axes are pointed in the negative and positive direction of 
the u-axis. Their orthogonality is well-known from analytic geometry. 
The families of level curves are shown in Figs. 8 and 9... 
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Fig. 8. 2-plane. 


For a different family of image curves consider the circles |w — 1| = k 
in the w-plane. The equation of the inverse image can be written in the 
form 


(@? + y?)? = 2@? — yy") +h -1 


and represents a family of lemniscates with the focal points +1. The 
orthogonal family is represented by 


xe — y? = Qhay +1 


and consists of all equilateral hyperbolas with center at the origin which 
Pass through the points +1. 

Tn the case of the third power w = z* the level curves in both planes 
are cubic curves. There is no point in deriving their equations, for their 
Seneral shape is clear without calculation. For instance, the curves 
Uu = uo > 0 must have the form indicated in Fig. 10. Similarly, if we 
follow the change of arg w when z traces the line z = zo > 0, we find that 
the image curve must have a loop (Fig. 11). It is therefore a folium of 
Descartes, 
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Fia.%  w-plane. 


The mapping by w = e*is very simple. Thelinesz = zoandy = yo 
are mapped onto circles about the origin and rays of constant argument. 
Any other straight line in the z-plane is mapped on a logarithmic spiral. 
The mapping is one to one in any region which does not contain two points 
whose difference is a multiple of 277. In particular, a horizontal strip 
yi <Y <Yx, Ye — y1 S 2m is mapped onto an angular sector, and if 
ys — Y1 = x the image isa half plane. We are thus able to map a parallel 
strip onto a half plane, and hence onto any circular region. The left half 
of the strip, cut off by the imaginary axis, corresponds to a half circle. 

It is useful to write down some explicit formulas for the mapping. 
The function ¢ = £ + im = e* maps the strip —x/2 < y < +/2 onto the 
half plane £ > 0. On the other hand, 

iy 


w= 


-1 
+1 


~ 
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maps ~ > 0 onto |w| <1. Hence 


4.2. A Survey of Elementary Mappings. When faced with the prob- 
lem of mapping a region Q, conformally onto another region Q», it is 
usually advisable to proceed in two steps. First, we map 9 onto a circu- 
lar region, and then we map the circular region onto {. In other words, 
the general problem of conformal mapping can be reduced to the problem 
of mapping a region onto a disk or a half plane. We shall prove, in 
Chap. 6, that this mapping problem has a solution for every region 
whose boundary consists of a simple closed curve. 

The main tools at our disposal are linear transformations and trans- 
formations by a power, by the exponential function, and by the logarithm. 
All these transformations have the characteristic property that they map 
a family of straight lines or circles on a similar family. For this reason, 
their use is essentially limited to regions whose boundary is made up of 
circular ares and line segments. The power serves the particular purpose 
of straightening angles, and with the aid of the exponential function we 
can even transform zero angles into straight angles. 

By these means we can first find a standard mapping of any region 


Sie 
ue 
Ay 


Fig. 10 Fic. 1 
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whose boundary consists of two circular arcs with common end points. 
Such a region is either a circular wedge, whose angle may be greater than 
zm, or its complement. If the end points of the arcs are a and b, we begin 
with the preliminary mapping 21 = (¢ — a)/(z — b) which transforms the 
given region into an angular sector. By an appropriate power w = z¢ 
this sector can be mapped onto a half plane. 

If the circles are tangent to each other at the point a, the transforma- 
tion 2: = 1/(z — a) will map the region between them onto a parallel 
strip, and a suitable exponential transformation maps the strip onto a 
half plane. 

'- A little more generally, the same method applies to a circular tri- 
angle with two right angles. In fact, if the third angle has the vertex 
a, and if the sides from a meet again at b, the linear transformation 
21 = (2 — a)/(z — b) maps the triangle onto a circular sector. By means 
of a power this sector can be transformed into a half circle; the half circle 
is a wedge-shaped region which in turn can be mapped onto a half plane. 

In this connection we shall treat explicitly a special case which occurs 
frequently. Let it be required to map the complement of a line segment 
onto the inside or outside of a circle. The region is a wedge with the 
angle 27; without loss of generality we may assume that the end points of 
the segment are +1. The preliminary transformation 


_z+1 


a= 
rn | 


maps the wedge on the full angle obtained by exclusion of the negative 
real axis. Next we define 
2 = Va 


as the square root whose real part is positive and obtain a map onto 
the right half plane. The final transformation 


wal 
atl 


maps the half plane onto |w| < 1. 
Elimination of the intermediate variables leads to the correspondence 


1 1 
(15) 7=3(~+3) 
wa=2~-V2—1, 
The sign of the square root is uniquely determined by the condition 
fol <1, for @ —- V2 —1)e + V2 —1 =1. If the sign is changed, 
we obtain a mapping onto |w| > 1. 
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For a more detailed study of the mapping (15) we set w = pe’ and 
obtain 
i 1 
t=5 (> + 2) cos 6 


1 1\. 
y= 3(>- 2) sin a. 


Dred ms y - 
BO + oO? + Ge 5F 


and elimination of p 


Elimination of @ yields 


1 


(16) 


x y 


7) cos? 6” sin? 6 


1 


Hence the image of a circle |w| = p < 1 is an ellipse with the major axis 
p +p? and the minor axis p-! — p. The image of a radius is half a 
branch of a hyperbola. The ellipses (16) and the hyperbolas (17) are 
confocal. The correspondence is illustrated in Fig. 12. 

Clearly, the transformation (15) allows us to include in our list of 
elementary conformal mappings the mapping of the outside of an ellipse 
or the region between the branches of a hyperbola onto a circular region. 
It does not, however, allow us to map the inside of an ellipse or the 
inside of a hyperbolic branch. 

As a final and less trivial example we shall study the mapping defined 
by a cubic polynomial w = aoz* + ayz® + are + a3. The familiar trans- 
formation z = 2: — a;/3a, allows us to get rid of the quadratic term, 


Fig.12. Mapping by z = 3(w + w7}). 
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and. by obvious normalizations we can reduce the polynomial to the form 
w = z4 — 3z. The coefficient for z is chosen so as to make the derivative 
vanish forz = +1. 

Making use of the transformation (15) we introduce an auxiliary 
variable ¢ defined by 


as) e=t+h 
Our cubie polynomial takes then the simple form 
(19) w= 045 


We note that each z determines two values {, but they are reciprocal 
and yield the same value of w. In order to obtain a unique ¢ we may 
impose the condition |{] <1, but then the segment (—2,2) must be 
excluded from the z-plane. 

It is now easy to visualize the correspondence between the z- and 
w-planes. To the circle |{| = » <1 corresponds an ellipse with the 
semiaxes p~! + p in the zplane, and one with the semiaxes p~* + p* in 
the w-plane. Similarly, a radius arg ¢ = 6 corresponds to hyperbolic 
branches in the z- and w-planes; the one in the z-plane has an asymptote 
which makes the angle — 6 with the positive real axis, and in the w-plane 
the corresponding angle is —36. The whole pattern of confocal ellipses 
and hyperbolas remains invariant, but when z describes an ellipse w will 
trace the corresponding larger ellipse three times. The situation is thus 
very similar to the one in the case of the simpler mapping w = 2°. . For 
orientation the reader may lean on Fig. 12, except that the foci are not +2. 

For the region between two hyperbolic branches whose asymptotes 
make an angle S$ 27/3 the mapping is one to one. We note in particular 
that the six regions into which the hyperbola 3z? — y? = 3 and the z-axis 
divide the z-plane are mapped onto half planes, three of them onto the 
upper half plane and three onto the lower. The inside of the right-hand 
branch of the hyperbola corresponds to the whole w-plane with an incision 
along the negative real axis up to the point —2. 


EXERCISES 


All mappings are to be conformal. 

1, Map the common part of the disks |z| < 1 and |z — 1| < lon the 
inside of the unit circle. Choose the mapping so that the two symmetries 
are preserved. 

2. Map the region between |z| = 1 and |z — 3| = } on a half plane. 
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3. Map the complement of the are |z| = 1, y 2 0 on the outside of the 
unit circle so that the points at © correspond to each other. 

4. Map the outside of the parabola y? = 2px on the disk |w| < 1 s0 
that z = 0 and z = —p/2 correspond to w = 1 and w = 0. (Lindeléf.) 

5. Map the inside of the right-hand branch of the hyperbola 
a? — y? = a® on the disk |w| < 1 so that the focus corresponds to w = 0 
and the vertex tow = —1. (Lindeldf.) 

6. Map the inside of the lemniscate |z? — a] = p?(p > a) on the 
disk |w| <1 so that symmetries are preserved. (Lindeléf.) 

7. Map the outside of the ellipse (w/a)? + (y/b)? = 1 onto |w| <1 
with preservation of symmetries. 

8. Map the part of the z-plane to the left of the right-hand branch of 
the hyperbola z? — y? = 1 on a half plane. (Lindeléf.) 

Hint: Consider on one side the mapping of the upper half of the 
region by w = 2?, on the other side the mapping of a quadrant by 


w= z8 — Bz. 


4.3. Elementary Riemann Surfaces. The visualization of a function 
by means of the corresponding mapping is completely clear only when. 
the mapping is one to one. If this is not the case, we can still give our 
imagination the necessary support by the introduction of generalized 
regions in which distinct points may have the same coordinates. In 
order to do this it is necessary to suppose that points which occupy the 
same place can be distinguished by other characteristics, for instance a 
tag or a color. Points with the same tag are considered to lie in the 
same sheet or layer. 

This idea leads to the notion of a Riemann surface. It is not our 
intention to give, in this connection, a rigorous definition of this notion. 
For our purposes it is sufficient to introduce Riemann surfaces in a purely 
descriptive manner. We are free to do so as long as we use them merely 
for purposes of illustration, and never in logical proofs. 

The simplest Riemann surface is connected with the mapping by a 
Power w =z", where n > 1 is an integer. We know that there is a 
One-to-one correspondence between each angle (k — 1)(2r/n) < arg z 
<k(Qr/n),k =1,..., 7, and the whole w-plane except for the posi- 
tive real axis. The image of each angle is thus obtained by performing 
a “cut” along the positive axis; this cut has an upper and a lower “edge.” 
Corresponding to the n angles in the z-plane we consider 7 identical copies 
of the w-plane with the cut. They will be the “sheets” of the Riemann 
surface, and they are distinguished by a tag k which serves to identify 
the corresponding angle. When z moves in its plane, the corresponding 
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point w should be free to move on the Riemann surface. For this reason 
we must attach the lower edge of the first sheet to the upper edge of 
the second sheet, the lower edge of the second sheet to the upper edge 
of the third, and so on. In the last step the lower edge of the nth sheet 
is attached to the upper edge of the first sheet, completing the cycle. 
In a physical sense this is not possible without self-intersection, but the 
idealized model shall be free from this discrepancy. The result of the 
construction is a Riemann surface whose points are in one-to-one corre- 
spondence with the points of the zplane. What is more, this corre- 
spondence is continuous if continuity is defined in the sense suggested 
by the construction. 

The cut along the positive axis could be replaced by a cut along any 
simple arc from 0 to « ; the Riemann surface obtained in this way should 
be considered as identical with the one originally constructed. In other 
words, the cuts are in no way distinguished lines on the surface, but 
the introduction of specific cuts is necessary for descriptive purposes. 

The point w = 0 is in a special position. It connects all the sheets, 
and a curve must wind 7 times around the origin before it closes. A 
point of this kind is called a branch point. If our Riemann surface is 
conkidered over the extended plane, the point at © is also a branch point. 
In more general cases a branch point need not connect all the sheets; 
if it connects h sheets, it is said to be of order h — 1. 

The Riemann surface corresponding to w = e* is of similar nature. 
Tn this case the function maps each parallel strip (k — 1)2r < y <k+ 2a 
onto a sheet with a cut along the positive axis. The sheets are attached 
to each other so that they form an endless screw. The origin will not be 
a point of the Riemann surface, corresponding to the fact that e* is never 
zero, 

The reader will find it easy to construct other Riemann surfaces. We 
will illustrate the procedure by consideration of the Riemann surface 
defined by w = cos z. A region which is mapped in a one-to-one manner 
onto the whole plane, except for one or more cuts, is called a fundamental 
region. For fundamental regions of w = cos z we may choose the strips 
(k — 1)x <2 <-kr. Each strip is mapped onto the whole w-plane with 
cuts along the real axis from —« to —1 and from 1 to ©. The line 
z = kr corresponds to both edges of the positive cut if k is even, and 


SSS 


F1G. 13. The Riemann surface of cos z. 
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FIG. 14. Fundamental regions of cos z. 


to the edges of the negative cut if k is odd. If we consider the two 
strips which are adjacent along the line « = kz, we find that the edges 
of the corresponding cuts must be joined crosswise so as to generate a 
simple branch point at w= +1. The resulting surface has infinitely 
many simple branch points over w = 1 and w = —1 which alternatingly 
connect the odd and even sheets. 

An attempt to illustrate the connection between the sheets is made in 
Fig. 13. It represents a cross section of the surface in the case that the cuts 
are chosen parallel to each other. The reader should bear in mind that 
any two points on the same level can be joined by an arc which does not 
intersect any of the cuts. 

Whatever the advantage of such representations may be, the clearest 
picture of the Riemann surface is obtained by direct consideration of the 
fundamental regions in the z-plane. The interpretation is even simpler 
if, as in Fig. 14, we introduce the subregions which correspond to the 
upper and lower half plane. The shaded regions are those in which cos z 
has a positive imaginary part. Each region corresponds to a half plane 
on which we mark the boundary points l and —1. For any two adjacent 
regions, one white and one shaded, the half planes must be joined across 
one of the three intervals (— #,—1), (—1,1), (1,0). The choice of 
the correct junction is automatic from a glance at the corresponding 
situation in the z-plane. 


EXERCISES 


1. Describe the Riemann surface associated with the function 


2. Same problem for w = (z? — 1)%. 
3. Same problem for w = z* — 32. 
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4, Describe the general nature of the Riemann surface associated 
with the function e*. 

5. Show that the equation w* + z? — wz = 0 defines a one-to-one 
correspondence between two Riemann surfaces with three sheets. Hint: 
Parametrize by setting w = tz. Describe the mapping from ¢ to z and 
from i to w. 


1, FUNDAMENTAL THEOREMS 


Many important properties of analytic functions are very difficult 
to prove without use of complex integration. For instance, it is 
only quite recently that it became possible to prove, without 
resorting to complex integrals or equivalent tools, that the deriva- 
tive of an analytic function is continuous, or that the higher 
derivatives exist. At present the integration-free proofs are, to 
say the least, much more difficult than the classical proofs. 

As in the real case we distinguish between definite and indef- 
inite integrals. An indefinite integral is a function whose deriva- 
tive equals a given analytic function in a region; in many ele- 
mentary cases indefinite integrals can be found by inversion of 
known derivation formulas. The definite integrals are taken over 
differentiable or piecewise differentiable arcs and are not limited 
to analytic functions. They can be defined by a limit process 
which mimics the definition of a real definite integral. Actu- 
ally, we shall prefer to define complex definite integrals in terms 
of real integrals. This will save us from repeating existence 
proofs which are essentially the same as in the real case. Natu- 
rally, the reader must be thoroughly familiar with the theory of 
definite integrals of real continuous functions. 


1.1. Line Integrals. The most immediate generalization of a 
real integral is to the definite integral of a complex function over 
a real interval. If f() = u(t) + w(Z) is a continuous function, 

403 
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defined in an interval (a,b), we set by definition 
q) [foa= [Pumas from dt. 


This integral has most of the properties of the real integral. In particu- 
lar, if c = a + 78 is a complex constant we obtain 


@) [Prat =e f° 40 a, 


for both members are equal to 


J. (ou — fo) dt + f° (eo + Bu) at 


When a  b, the fundamental inequality 
@) | fZfoals [Pima 


holds for arbitrary complex f(#). To see this we choose c = e- with a 
real @ in (2) and find 


Re [es i 0) at | = if: * Re [e(t)] dt < f. * IPI at. 


For @ = arg ‘A S() dt the expression on the left reduces to the absolute 


value of the integral, and (3) results.} 

We consider now a piecewise differentiable arc -y with the equation 
z= a(t),a St<b. If the function f(z) is defined and continuous on ¥, 
then f(z() is also continuous and we can set 


@ [f@ a = fP Heme at. 


This is our definition of the complex line integral of f(z) extended over the 
arcy. In the right-hand member of (4), if z’() is not continuous through- 
out, the interval of integration has to be subdivided in the obvious man- 
ner. Whenever a line integral over an arc 7 is considered, let it be tacitly 
understood that 7 is piecewise differentiable. 

The most important property of the integral (4) is its invariance under 
a change of parameter. A change of parameter is determined by an 
inereasing function ¢ = ¢(r) which maps an interval a <7 < 6 onto 
@ St Sb; we assume that é(r) is piecewise differentiable. By the rule 


b 
{ @ is not defined if I, f dt = 0, but then there is nothing to prove, 
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for changing the variable of integration we have 


[Lieowo a= [Pree U@y'@ a. 


But 2 (é(r))t’(z) is the derivative of z({(7)) with respect to 7, and hence the 
integral (4) has the same value whether y be represented by the equation 
= 2(t) or by the equation z = 2(é(r)). 
In Chap. 3, See. 2.1, we defined the opposite are —-y by the equation 
z2=2-8, -b Sts —a. We have thus 


[4 d = [7PFe(-0)(-2(--0) at, 

be 

and by a change of variable the last integral can be brought to the form 
[i feo a. 

We conclude that 

) [_f@d=- f fea. 


The integral (4) has also a very obvious additive property. It is 
quite clear what is meant by subdividing an are y into a finite number of 
subarcs. A subdivision can be indicated by a symbolic equation 


y=erntytets t+. 
and the corresponding integrals satisfy the relation 
(6) [  fde=fi fact f fact --- +f fae. 
bya ss ban 

Finally, the integral over a closed curve is also invariant under a shift 
of parameter. The old and the new initial point determine two subarcs 
1, Y2, and the invariance follows from the fact that the integral over 
41 + 72 is equal to the integral over ye + 1. 


In addition to integrals of the form (4) we can also consider line inte- 
grals with respect to Z The most convenient definition is by double 


conjugation 
[t= [Fe 
Using this notation, line integrals with respect to x or y can be introduced 
by . 
1 eel 
[seen3([ sees [12 


[ter 5( [tee - [7e): 
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With f = u + i we find that the integral (4) can be written in the form 


(7) [ude - vay) +3 f (way + ve) 


which separates the real and imaginary part. 


Of course we could just as well have started by defining integrals of 
the form 


[paz+ody, 


in which case formula (7) would serve as definition of the integral (4). 
It is a matter of taste which one prefers. 
An essentially different line integral is obtained by integration with 


respect to arc length. Two notations are in common use, and the defini- 
tion is 


8) [fas = f flael = f fem e| ae 


This integral is again independent of the choice of parameter. In con- 
trast to (5) we have now 
[__flael =f flael 


while (6) remains valid in the same form. The inequality 


(9) | fae] s fatal 
is a consequence of (3). 
For f = 1 the integral (8) reduces to f |dz| which is by definition the 
¥ 


length of y. As an example we compute the length of a circle. From 
the parametric equation z = 2(f) = a + pe", 0 St S 2z, of a full circle 
we obtain z’(t) = Zpe’ and hence 


f *" Hi)| dt = fe pdt = Inp 
as expected, 


1.2. Rectifiable Arcs. The length of an arc can also be defined as the 
least upper bound of all sums 


(10) [e(ts) — z(te)| + felts) — 2) + - + + + lets) — z(t, 


wherea =f <ij<--+ <t,=b. If this least upper bound is finite 
we say that the arc is rectifiable. It is quite easy to show that piecewise 
differentiable ares are rectifiable, and that the two definitions of length 
coincide. 
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Because = |z(x) — (4-1) S lel) — 2D, ye) — ve) S 
le(te) — 2(e-1)| and |e(t) — 2(-+)| S lx(e) — 2-2) + ly) — y-2| 
it is clear that the sums (10) and the corresponding sums 


\(ts) — 2(to)| Fo + > + len) — 2(tr—)| 
ly) — yto)| + > ° * + lye) — tnd 


are bounded at the same time. When the latter sums are bounded, one 
says that the functions r(é) and y(¢) are of bounded variation. An are 
z = 2(t) is rectifiable if and only if the real and imaginary parts of z(t) are of 
bounded variation. 

If y is rectifiable and f(z) continuous on y it is possible to define 
integrals of type (8) as a limit 


[fas = lim Y flea) lel) — 24-2). 
k=1 


Here the limit is of the same kind as that encountered in the definition of 
a definite integral. 

Integrals over rectifiable arcs are seldom needed in the theory of 
analytic functions, and certainly not in its elementary parts. However, 
the notion is one that every mathematician should know. 


1.3. Line Integrals as Functions of Arcs. General line integrals of 
the form ‘i p dx + q dy are often studied as functions (or functionals) of 
¥ 


the arc y. It is then assumed that p and q are defined and continuous in 
a region Q and that 7 is free to vary in. An important class of integrals 
is characterized by the property that the integral over an arc depends only 
on its end points. In other words, if y: and y2 have the same initial point 


and the same end point, we require that 16 pdt+qdy = \f pdx + qdy. 


To say that an integral depends only on the end points is equivalent to 
saying that the integral over any closed curve is zero. Indeed, if visa 
closed curve, then y and —+ have the same end points, and if the integral 
depends only on the end points, we obtain 


Leer |, 


and consequently ) = 0. Conversely, if y: and yz have the same end 
i 
points, then 71 — yz is a closed curve, and if the integral over any closed 
curve vanishes, it follows that r: = | : 
ve vt 
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FIG, 15 
The following theorem gives a necessary and sufficient condition 


under which a line integral depends only on the end points. 


Theorem 1. The line integral f pdx + q dy, defined in Q, depends only 
on the end points of y if wnd only if there exists a function U(z,y) in & 
with the partial derwatives OU/dx = p, OU/dy = q. 


The sufficiency follows at once, for if the condition is fulfilled we can 
write, with the usual notations, 


[parr ady= [OFF +5 vo)a = [° 5, vem a 
= Ue.) — Uel@.v(a), 


and the value of this difference depends only on the end points. To 
prove the necessity we choose a fixed point (xo,yo) €Q, join it to (x,y) 
by a polygon , contained in Q, whose sides are parallel to the coordinate 
axes (Fig. 15) and define a function by 


U@y) = [pax + aay. 


Since the integral depends only on the end points, the function is well 
defined. Moreover, if we choose the last segment of y horizontal, we 
can keep y constant and let z vary without changing the other segments. 
On the last segment we can choose z for parameter and obtain 


Uley) = [* p(e,y) de + const., 


the lower limit of the integral being irrelevant, From this expression it 
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follows at once that 8U/ax = p. In the same way, by choosing the last 
segment vertical, we can show that 8U/dy = q. 

It is customary to write dU = (dU/dx) dx + (8U/dy) dy and to say 
that an expression p dx + ¢ dy which can be written in this form is an 
exact differential. ‘Thus an integral depends only on the end points if and 
only if the integrand is an exact differential. Observe that p, q and U can 
be either real or complex. The function U, if it exists, is uniquely deter- 
mined up to an additive constant, for if two functions have the same 
partial derivative their difference must be constant. 

When is f(z) dz = f(z) dx + af(z) dy an exact differential? According 
to the definition there must exist a function F(z) in Q with the partial 
derivatives 


FO _ 1) 


arto = f(z). 


If this is so, F(z) fulfills the ee equation 
oF . oF 


bn ey 


’ 


since f(z) is by assumption continuous (otherwise 2 f dz would not be 
defined) F(z) is analytic with the derivative f(z) (Chap. 2, Sec. 1.2). 
The integral i f dz, with continuous f, depends only on the end points of 


¥ if and only if f is the derivative of an analytic function in Q. 

Under these circumstances we shall prove later that f(z) is itself 
analytic. 

As an immediate application of the above result we find that 


(11) [e-ara=0 


for all closed curves y, provided that the integer n is 20. In fact, 
( — a)" is the derivative of (2 — a)"*1/(n + 1), a function which is 
analytic in the whole plane. If 2 is negative, but 4 —1, the same 
result holds for all closed curves which do not pass through a, for in the 
complementary region of the point a the indefinite integral is still analytic 
and single-valued. For n = —1, (11) does not always hold. Consider 
8 cirele C with the center a, represented by the equation z = a + pe", 
OSt< 27. We obtain 


lzc- [Oia = 2m, 
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This result shows that it is impossible to define a single-valued branch of 
log (2 — a) in an annulus p; < le — al < px. On the other hand, if the 
closed curve 7 is contained in a half plane which does not contain a, the 
integral vanishes, for in such a half plane a single-valued and analytic 
branch of log (z — a) ean be defined. 

EXERCISES 


1. Compute 


[va 


where ¥ is the directed line segment from 0 to 1 +7. 
2. Compute 
| a dz, 


for the positive sense of the circle, in two ways: first, by use of a parameter, 


and second, by observing that « = ; @+2= a(« + 4) on the circle. 
@ 


3. Compute 
|, dz 
kl=2 2? — 1 
for the positive sense of the circle. 
4, Compute 


: lz — 1] lade). 


. 5. Suppose that f(z) is analytic on a closed curve y (i.e., f is analytic 
in a region that contains y). Show that 


[ FOP@ a 


is purely imaginary. (The continuity of f’ (2) is taken for granted.) 
6 Assume that f(z) is analytic and satisfies the inequality |f(z) — 1] 
< lina region 2. Show that 


LQ, _ 
vie @ =0 


for every closed curve in. (The continuity of f(z) is taken for granted.) 
7. If P@) isa polynomial and C denotes the circle |z — al = R, what 


is the value of if P(2) a2? Answer: —2miR?P'(a). 
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8 Describe a set of circumstances under which the formula 


[roe zz =0 


is meaningful and true. 


1.4, Cauchy’s Theorem for a Rectangle. There are several forms of 
Cauchy’s theorem, but they differ in their topological rather than in their 
analytical content. It is natural to begin with a case in which the topo- 
logical considerations are trivial. 

We consider, specifically, a rectangle R defined by inequalities 
a<x<b,cS$yd. Itsperimeter can be considered as a simple closed 
curve consisting of four line segments whose direction we choose so that FR 
lies to the left of the directed segments. The order of the vertices is thus 
(a,c), (b,c), (bd), (a,d). We refer to this closed curve as the boundary 
curve or contour of R, and we denote it by dR. 

We emphasize that F is chosen as a closed point set and, hence, is not 
a region. In the theorem that follows we consider a function which is 
analytic on the rectangle R. We recall to the reader that such a func- 
tion is by definition defined and analytic in a region which contains R. 

The following is a preliminary version of Cauchy’s theorem: 


Theorem 2. If the function f(z) is analytic on R, then 
(12) a Sf dz = 0. 


The proof is based on the method of bisection. Let us introduce the 
notation 


a(R) = f,,f@) de 


which we will also use for any rectangle contained in the given one. If 
R is divided into four congruent rectangles R®, R®, R®, R©, we find 
that 


(13) a(R) = oR) + oR) + oR) + a(R), 


for the integrals over the common sides cancel each other. It is impor- 
tant to note that this fact can be verified explicitly and does not make 
illicit use of geometric intuition. Nevertheless, a reference to Fig. 16 is 
helpful. 


+} This is standard notation, and we shall use it repeatedly. Note that by earlier 
convention RF is also the boundary of R as a point set (Chap. 3, Sec. 1.2). 
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(a, ¢) (8, ¢) 


FIG. 16. Bisection of rectangle. 


It follows from (13) that at least one of the rectangles R®, k = 1, 2, 3, 
4, must satisfy the condition 


(R®)| 2 4n(R)]. 


We denote this rectangle by 1; if several R® have this property, the 
choice shall be made according to some definite rule. 

This process can be repeated indefinitely, and we obtain a sequence of 
nested rectangles R D Ri D R:D-+- DRaD - - + with the property 


Ra)| = tna 
and hence In(Rn)| 2 tn(Ra—)| 


(14) In(Rn)| 2 4-*In(R)|. 


The rectangles 2, converge to a point z* € R in the sense that R, will 
be contained in a prescribed neighborhood |z — z*| < 6 as soon as 7 is 
sufficiently large. First of all, we choose & so small that f(z) is defined 
and analytic in |z — 2*| < 6. Secondly, if ¢ > 0 is given, we can choose 
6 so that 

‘me * 
$@) FE") _ prey | ce 

Z—2Z 
or 
(15) \f@) — fe*) — @ — 2*f'@*)| < ele — 2*| 
for |z ~ z*| < 8. We assume that 6 satisfies both conditions and that 
R, is contained in |z — 2*| < 6. 

We make now the observation that 


teas dz =0 


roea ® dz = 0. 
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These trivial special cases of our theorem have already been proved in 
Sec. 1.1. We recall that the proof depended on the fact that 1 and z are 
the derivatives of z and z*/2, respectively. 

By virtue of these equations we are able to write 


n(Rx) = fp, UO I) — @ — PM ee, 
and it follows by (15) that 


as) In(a)| Se ff 


gts 

rn) le — #*| «ee. 

In the last integral |z — z*| is at most equal to the diagonal d, of Ra. 

If L, denotes the length of the perimeter of R,, the integral is hence 

<d,L,. But if d and L are the corresponding quantities for the original 

rectangle R, it is clear that d, = 2-"d and L, = 2-"L. By (16) we have 
hence 


In(Rn)| S 4" aL e, 
and comparison with (14) yields 
\n(R)| S dle. 


Since ¢ is arbitrary, we can only have 7(R) = 0, and the theorem is proved. 

This beautiful proof, which could hardly be simpler, is essentially due 
to &. Goursat who discovered that the classical hypothesis of a continu- 
ous f’(z) is redundant. At the same time the proof is simpler than the 
earlier proofs inasmuch as it leans neither on double integration nor on 
differentiation under the integral sign. 

The hypothesis in Theorem 2 can be weakened considerably. We 
shall prove at once the following stronger theorem which will find very 
important use. 


Theorem 3. Let f(z) be analytic on the set R’ obtained from a rectangle R 
by omitting a finite number of interior points {;. If it is true that 


lim,.;,(2 — &)f@ = 0 
for all j, then 


1 f® dz =0. 


It is sufficient to consider the case of a single exceptional point £, for 
evidently R can be divided into smaller rectangles which contain at most 
one ¢,. 

We divide R into nine rectangles, as shown in Fig. 17, and apply 
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FIG, 17 


Theorem 2 to all but the rectangle Ry in the center. If the corresponding 
equations (12) are added, we obtain, after cancellations, 


(17) Sd dz = ei f dz. 
If < > 0 we can choose the rectangle Ro so small that 


\f@| S 


€ 
le 3 
on Ro. By (17) we have thus 


| ont a2 s ‘fa poie 


If we assume, as we may, that Ry is a square of center ¢, elementary esti- 
mates show that 
|de| 
ie le — sl Bes 


Thus we obtain 
| _ f de| < 8e, 
and since ¢ is arbitrary the theorem follows. 


We observe that the hypothesis of the theorem is certainly fulfilled if 
f(2) is analytic and bounded on R’. 


1.5. Cauchy’s Theorem in a Circular Disk. It is not true that the 
integral of an analytic function over a closed curve is always zero. 
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Indeed, we have found that 


when C is a circle about a. In order to make sure that the integral 
vanishes, it is necessary to make a special assumption concerning the 
region 2 in which f(z) is known to be analytic and to which the curve is 
restricted. We are not yet in a position to formulate this condition, and 
for this reason we must restrict attention to a very special case. In 
what follows we assume that @ is an open circular disk |z — zo| <p to 
be denoted by A. 


Theorem 4. If f(z) is analytic in an open disk A, then 
(18) [foe =0 


for every closed curve y in A. 


The proof is a repetition of the argument used in proving the second 
half of Theorem 1. We define a function F(z) by 


(19) F@ = is fide 


where o consists of the horizontal line segment from the center (2o,yo) 
to (x,yo) and the vertical segment from (x,yo) to (x,y); it is immediately 
seen that dF/dy = if(z). On the other hand, by Theorem 2 o can be 
replaced by a path consisting of a vertical segment followed by a hori- 
zontal segment. This choice defines the same function F(z), and we 
obtain aF'/dx = f(z). Hence F(z) is analytic in A with the derivative 
f@, and f(z) dz is an exact differential. 

Clearly, the same proof would go through for any region which con- 
tains the rectangle with the opposite vertices z) and z as soon as it con- 
tains z. A rectangle, a half plane, or the inside of an ellipse all have 
this property, and hence Theorem 4 holds for any of these regions. By 
this method we cannot, however, reach full generality. 

For the applications it is very important that the conclusion of 
Theorem 4 remains valid under the weaker condition of Theorem 3. We 
State this as a separate theorem. 


Theorem 5. Let f(2) be analytic in the region A’ obtained by omitting a 
finite number of points ¢; from an open disk A. If f(z) satisfies the con- 
dition. lim, .;;(2 — $)f(2) = 0 for all j, then (17) holds for any closed 
curve y in A’, 
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FIG, 18 


The proof must be modified, for we cannot let ¢ pass through the 
exceptional points. Assume first that no ¢; lies on the lines x = xo and 
y = yo. It is then possible to avoid the exceptional points by letting « 
consist of three segments (Fig. 18). By an obvious application of 
Theorem 3 we find that the value of F(z) in (18) is independent of the 
choice of the middle segment; moreover, the last segment can be either 
vertical or horizontal. We conclude as before that F(z) is an indefinite 
integral of f(z), and the theorem follows. 

In case there are exceptional points on the lines z = x» and y = yo 
the reader will easily convince himself that a similar proof can be carried 
out, provided that we use four line segments in the place of three. 


2. CAUCHY’S INTEGRAL FORMULA 


Through a very simple application of Cauchy’s theorem it becomes 
possible to represent an analytic function f(z) as @ line integral in which 
the variable z enters as a parameter. This representation, known as 
Cauchy’ s integral formula, has numerous important applications. Above 
all, it enables us to study the local properties of an analytic function in 
great detail. 


2.1. The Index of a Point with Respect to a Closed Curve. As a 
preliminary to the derivation of Cauchy’s formula we must define a notion 
which in a precise way indicates how many times a closed curve winds 
around a fixed point not on the curve. If the curve is piecewise differ- 
entiable, as we shall assume without serious loss of generality, the defi- 
nition can be based on the following lemma: 
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Lemma 1. If the piecewise differentiable closed curve y does not pass 
through the point a, then the value of the integral 


i 


is a multiple of 2rt. 


This lemma may seem trivial, for we can write 


— = [aloe (-a)= [aloe je — al +if darg (@ — a). 
When z describes a closed curve, log |z — a| returns to its initial value and 
arg (2 — a) increases or decreases by a multiple of 27, This would seem 
to imply the lemma, but more careful thought shows that the reasoning is 
of no value unless we define arg (2 — @) in a unique way. 

The simplest proof is computational. If the equation of y isz = z(t), 
a <i 8, let us consider the function 


AU) 
mo = f @—a* 


It is defined and continuous on the closed interval [a,6], and it has the 
derivative 


z(t) 
OG) =< 
h@O = 2) — a 
whenever 2z’({) is continuous. From this equation it follows that the 
derivative of e~*(2(t) — a) vanishes except perhaps at a finite number of 
points, and since this function is continuous it must reduce to a constant, 
We have thus 


Since z(8) = z(a) we obtain e*® = 1, and therefore h(8) must be a multiple 
of 2ri. This proves the lemma. 
We can now define the index of the point a with respect to the curve ¥ 


by the equation 
1 dz 
ana) = alia —a 


With a suggestive terminology the index is also called the winding number 
of y with respect to a. 

It is clear that n(—vy,a) = —n(v7,a). 

The following property is an immediate consequence of Theorem 4: 
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(i) If y lies inside of a circle, then n(y,a) = 0 for all points a outside of 
the same circle. 

As a point set y is closed and bounded. Its complement is open and 
can be represented as a union of disjoint regions, the components of the 
complement. We shall say, for short, that y determines these regions. 
If the complementary regions are considered in the extended plane, there 
is exactly one which contains the point at infinity. Consequently, 
determines one and only one unbounded region. 


(il) As a function of a the index n(-y,a) is constant in each of the regions 


determined by y, and zero in the unbounded region. 

Any two points in the same region determined by can be joined by a 
polygon which does not meet y. For this reason it is sufficient to prove 
that n(y,a) = n(y,b) if y does not meet the line segment from a to b. 
Outside of this segment the function (2 — a)/(z — b) is never real and 


<0. For this reason the principal branch of log [(z — a)/(z — b)] is ‘ 


analytic in the complement of the segment. Its derivative is equal to 
(2 — a)“! — (2 — b)~, and if y does not meet the segment we must have 


1 1 
LG a= i) deg 


hence n(y,a) = n(y,b). If |a| is sufficiently large, 7 is contained in a 
disk |z| < p < |a| and we conclude by (i) that n(y,a) = 0. This proves 
that n(y,a) = 0 in the unbounded region. 

We shall find the case n(y,a) = 1 particularly important, and it is 
desirable to formulate a geometric condition which leads to this conse- 
quence. For simplicity we take a = 0. 


Lemma 2. Let a, 2 be two points on a closed curve y which does not 
pass through the origin. Denote the subare from 2; to zo in the direction of 
the curve by 1, and the subare from zo to z: by yx. Suppose that 2, lies in 
the lower half plane and 2: in the upper half plane. If 1 does not meet the 
negative real axis and -y2 does not meet the positive real axis, then n(y,0) = 1. 


For the proof we draw the half lines Z, and L» from the origin through 
a, and ze (Fig. 19). Let {:, ¢ be the points in which Ly, Le intersect a 
circle C about the origin. If C is described in the positive sense, the 
are C; from { to ¢2 does not intersect the negative axis, and the are C2 
from {» to ¢, does not intersect the positive axis. Denote the directed 
line segments from 2; to £1 and from 2 to {2 by 61, 52. Introducing the 
closed curves o1 = 1 + 82 — Ci — 81, o2 = y2 + 31 — C2 — 8) we find 
that n(7,0) = n(C,0) + n(o1,0) + n(e2,0) because of cancellations. But 
o; does not meet the negative axis. Hence the origin belongs to the 
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Lz 


FIG. 19 


unbounded region determined by 1, and we obtain n(o1,0) = 0. For a 
similar reason n(¢2,0) = 0, and we obtain n(7,0) = n(C,0) = 1. 


*EXERCISES 


These are not routine exercises. They serve to illustrate the topo- 
logical use of winding numbers. 

1, Give an alternate proof of Lemma 1 by dividing y into a finite 
number of subares such that there exists a single-valued branch of 
arg (2 — a) on each subare. Pay particular attention to the compact- 
hess argument that is needed to prove the existence of such a subdivision. 

2. It is possible to define n(y,a) for any continuous closed curve y 
that does not pass through a, whether piecewise differentiable or not. For 
this purpose y is divided into subares y1, . . . , Ya, each contained in a 
Circular disk that does not include a. Let o; be the directed line segment 
from the initial to the terminal point of y,, and seto =o1-+-° °° on 
We define n(,a) to be the value of n(o,a). 

To justify the definition, prove the following: 

(a) the result is independent of the subdivision; 

(b) if y is piecewise differentiable the new definition is equivalent to 
the old; 

(c) the properties (i) and (ii) of the text continue to hold. 
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FIG. 20. Part of the Jordan curve theorem. 


3. The Jordan curve theorem asserts that every Jordan curve in the 
plane determines exactly two regions. The notion of winding number 
leads to a quick proof of one part of the theorem, namely that the comple- 
ment of a Jordan curve y has at least two components. This will be so if 
there exists a point a with n(7,a) # 0. 

We may assume that Re z > 0 on y, and that there are points 21, 
z.é€y with Im z <0, Im z,>0. These points may be chosen so that 
there are no other points of y on the line segments from 0 to z: and from 0 
to 2. Let y1 and 72 be the ares of y from 2 to 2 (excluding the end 
points). 

Let o1 be the closed curve that consists of the line segment from 0 to 
21 followed by 1 and the segment from ze to 0, and let #2 be constructed in 
the same way with yz in the place of y; Then o1 — 09 = ty. 

The positive real axis intersects both y1 and 2 (why?). Choose the 
notation so that the intersection zz farthest to the right is with ye (Fig. 20). 

Prove the following: 

(a) n(o1,22) = 0, hence noiz) = 0 for z€ y2; 

(0) n(ei,2) = n(o2,2) = 1 for small z > 0 (Lemma 2); 

(c) the first intersection x; of the positive real axis with y lies on y1; 

(a) n(2,21) = 1, hence n(o2,z) = 1 for ze Ws 

(e) there exists a segment of the positive real axis with one end point 
on 71, the other on yz, and no other points on y. ‘The points z between 
the end points satisfy n(y,2) = +1. 


2.2. The Integral Formula. Let f(z) be analytic in an open circular 
disk A. Consider a closed curve y in A and a point a € A which does not 
lie on y. We apply Cauchy’s theorem to the function 


ne) - 1D =H, 
Os e—@ 
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This function is analytic for z# a. For z = a it is not defined, but it 
satisfies the condition 


lim F()(z — a) = lim ({@) — f(@)) = 0 


4 


which is the condition of Theorem 5. We conclude that 
IO) -$@) 4, - 9, 


Y zZ—-a 


This equation can be written in the form 


S(2) dz = fa) i dz 


—) 
YE a z2-@ 


and we observe that the integral in the right-hand member is by defi- 
nition 277 - n(y,a). We have thus proved: 


Theorem 6. Suppose that f(z) is analytic in an open disk A, and let y 
be a closed curve in A. For any point a not on y 


1 
(20) nya) + f(a) = 5 f MP, 
where n(y,a) is the index of a with respect to y. 


In this statement we have suppressed the requirement that @ be a 
point in A. We have done so in view of the obvious interpretation of 
the formula (20) for the case that a is not in A. Indeed, in this case 
n(y,a) and the integral in the right-hand member are both zero, and the 
formula remains correct whatever value we wish to assign to f(a). 

It is clear that Theorem 6 remains valid for any region @ to which _ 
Theorem 5 can be applied. The presence of exceptional points {} is per-— 
mitted, provided none of them coincides with a. 

The most common application is to the case where n(y,a) = 1. We 
have then 
(21) fe) = =, [ OS, 


QrijJyvz—a 


and this we interpret as a representation formula. Indeed, it permits us 
to compute f(a) as soon as the values of f(z) on y are given, together 
with the fact that f(z) is analytic in A. In (21) we may let a take differ- 
ent values, provided that the order of a with respect to yy remains equal 
to 1. We may thus treat @ as a variable, and it is convenient to change 
the notation and rewrite (21) in the form 


(22) f0) = gh [FOF 


120 COMPLEX ANALYSIS 


It is this formula which is usually referred to as Cauchy’s integral 
formula, We must remember that it is valid only when n(y,z) = 1, and 
that we have proved it only when f(z) is analytic in a disk. 


EXERCISES 
1. Compute 
e 
— dz. 
aaa * 
2. Compute 
| dz 
2 
salen” +1 
by decomposition of the integrand in partial fractions. 
3. Compute 
{2 
le — al? 
ldl=p 


under the condition |a| # p. Hint: make use of the equations 22 = p* and 


. dz 
\dz| = ~ip ra 


2.3. Higher Derivatives. The representation formula (22) gives us an 
ideal tool for the study of the local properties of analytic functions. In 
particular we can now show that an analytic function has derivatives of 
all orders, which are then also analytic. 

We consider a function f(z) which is analytic in an arbitrary region Q. 
To a pot a € Q we determine a 5-neighborhood A contained in Q, and in 
A a circle C about a. Theorem 6 can be applied to f(z) in A. Since 
n(C,a) = 1 we have n(C,z) = 1 for all points z inside of C. For such z 
we obtain by (22) 

fe = 2 [ 104. 


Gilet —z 


Provided that the integral can be differentiated under the sign of 
integration we find 


uy Lf Mat 
a 1O=co eee 
and 

ogy = th ¢ iG) ae 
en 1°) = 5 [eg a art 
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Tf the differentiations can be justified, we shall have proved the existence 
of all derivatives at the points inside of C. Since every point in Q lies 
jnside of some such circle, the existence will be proved in the whole 
region 2. At the same time we shall have obtained a convenient repre- 
sentation formula for the derivatives. 

For the justification we could either refer to corresponding theorems in 
the real case, or we could prove a general theorem concerning line inte- 
grals whose integrand depends analytically on a parameter. Actually, 
we shall prove only the following lemma which is all we need in the 
present case: 


Lemma 3. Suppose that ¢(f) is continuous on the are y. Then the 
function 


=a 
ts analytic in each of the regions determined by y, and its derivative is 
Fi(2) = nFasi(2). 


P(e) = f 204. 


We prove first that F(z) is continuous. Let zo be a point not on 7, 
and choose the neighborhood |z — zo| < 5 so that it does not meet +. 
By restricting z to the smaller neighborhood |z — zo| < 5/2 we attain 
that |¢ — z| > 6/2 for all fey. From 


o(f) dt 
— z(F — 2) 


Fi) — Filed) = @ ~ #0) f 
we obtain at once 


\Fule) — Filed] < le — eel f lel las 


and this inequality proves the continuity of F,(z) at zo. 
From this part of the lemma, applied to the function g(f)/(¢ — 20), 
we conclude that the difference quotient 


F(z) — Fi(eo) _ oS) 
z— % 10 — 2 — 20) 


tends to the limit F2(zo) as z > 2. Hence it is proved that Fi(z) = Fa(z). 
The general case is proved by induction. Suppose we have shown 
that F’_,(z) = (n — 1)F,(2). From the identity 


F.(2) — Fn(@o) 


7 __  & eat ed 
[ 1 — Dr — 20). de EO - ‘| ee if & — (6 — 20) 
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we can conclude that F,(z) is continuous. Indeed, by the induction 
hypothesis, applied to ¢(f)/( — 20), the first term tends to zero for 
z—> 2, and in the second term the factor of z— zy is bounded in a 
neighborhood of zo. Now, if we divide the identity by z — zy and let z 
tend to zo, the quotient in the first term tends to a derivative which by 
the induction hypothesis equals (n — 1)Fy4i(é0). The remaining factor 
in the second term is continuous, by what we have already proved, and 
has the limit F.41(zo). Hence F%(zo) exists and equals NF n41(Z0). 

It is clear that Lemma 3 is just what is needed in order to deduce 
(23) and (24) in a rigorous way. We have thus proved that an analytic 
function has derivatives of all orders which are analytic and can be 
represented by the formula (24). 

Among the consequences of this result we like to single out two classi- 
eal theorems. The first is known as Morera’s theorem, and it can be 
stated as follows: 


Tf f(@) is defined and continuous in a region Q, and if 1, f dz = 0 for 


all closed curves y in Q, then f(z) is analytic in Q. 

The hypothesis implies, as we have already remarked in See. 1.3, that 
J) is the derivative of an analytic function F(z). We know now that 
J@ is then itself analytic. 

A second classical result goes under the name of Liouville’s theorem: 

A function which is analytic and bounded in the whole plane must reduce 
to a constant, 

For the proof we make use of a simple estimate derived from (24). 
Let the radius of C be 7, and assume that [f($)| S$ MonC. If we apply 
(24) with z = a, we obtain at once 


(25) |f(@)| Ss Malr--. 


For Liouville’s theorem we need only the case n = 1. The hypothesis 
means that |f(¢)| S M on all circles. Hence we can let r tend to ~, 
and (25) leads to f’(a) = 0 for all a. We conclude that the function is 
constant. 

Liouville’s theorem leads to an almost trivial proof of the fundamental 
theorem of algebra. Suppose that P(z) is a polynomial of degree > 0. If 
P(z) were never zero, the function 1/P(z) would be analytic in the whole 
plane. We know that P(z) > @ for z—> «, and therefore 1/P(z) tends 
to zero, This implies boundedness (the absolute value is continuous on 
the Riemann sphere and has thus a finite maximum), and by Liouville’s 
theorem 1/P(z) would be constant. Since this is not so, the equation 
P(z) = 0 must have a root. 

The inequality (25) is known as Cauchy’s estimate. It shows above 
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the successive derivatives of an analytic function cannot -be 
enna there must always exist an M and an 7 $0 that (25) is fulfilled. 
In order to make the best use of the inequality it is important that 7 be 
judiciously chosen, the object being to minimize the function M(r)r~*, 
where M(r) is the maximum of |f| on |f — a] = Fr. 


EXERCISES 
1. Compute 
[ ene, [ va-are, [ le - at*\de| (lal # 0). 
fd=t lel =2 lal=o 


2. Prove that a function which is analytic in the whole plane and 
satisfies an inequality |f(2)| < |z|" for some 7 and all sufficiently large |z| 


reduces to a polynomial. 

3. If f(2) is analytic and |f(2)| S M for |z| < R, find an upper bound 
for |f™(z)| in |z| S p < R. 

ue an ‘i eats for |z| < Land |f(z)| S 1/(1 — |z]), find the best 
estimate of |f(0)| that Cauchy’s inequality will yield. ; 

5. Show that the successive derivatives of an analytic function at a 
point can never satisfy |f(z)| > n!n". Formulate a sharper theorem of 


the same kind. 

6. A more general form of Lemma 3 reads as follows: 

Let the function ¢(z,f) be continuous as a function of both variables 
when 2 lies in a region Q and a S$¢ $8. Suppose further that ¢(z,t) is 
analytic as a function of z ¢Q for any fixed t. Then 


F@ = [2 een a 
is analytic in z and 
. 8 dy(z,t) 
(26) re = [oe a. 
To prove this represent ¢(z,f) as a Cauchy integral 


Lp ott) 
6) = 55 [fe 


Fill in the necessary details to obtain 
‘ 1 fe a 
re = f, (se [? 00 at) a 


and use Lemma 3 to prove (26). 
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Remark: It is interesting to note that the powerful Cauchy theorem 
makes it unnecessary to assume that dF/dz is a uniform limit of the differ- 
ence quotient. 


3. LOCAL PROPERTIES OF ANALYTIC FUNCTIONS 


We have already proved that an analytic function has derivatives of 
all orders. In this section we will make a closer study of the local 
properties. It will include a classification of the isolated singularities of 
analytic functions. 


3.1. Removable Singularities. Taylor’s Theorem. In Theorem 3 
we introduced a weaker condition which could be substituted for ana- 
lyticity at a finite number of points without affecting the end result. We 
showed moreover, in Theorem 5, that Cauchy’s theorem in a circular disk 
remains true under these weaker conditions. This was an essential point 
in our derivation of Cauchy’s integral formula, for we were required to 
apply Cauchy’s theorem to a function of the form (f(z) — f(@))/(z — a). 
Finally, it was pointed out that Cauchy’s integral formula remains 
valid in the presence of a finite number of exceptional points, all satis- 
fying the fundamental condition of Theorem 3, provided that none of 
them coincides with a. This remark is more important than it may seem 
on the surface. Indeed, Cauchy’s formula provides us with a represen- 
tation of f(z) through an integral which in its dependence on z has the 
same character at the exceptional points as everywhere else. It follows 
that the exceptional points are such only by lack of information, and not 
by their intrinsic nature. Points with this character are called removable 
singularities. We shall prove the following precise theorem: 


Theorem 7. Suppose that f(z) is analytic in the region Q obtained by 

omitting a point a from a region Q. A necessary and sufficient condition 

that there exist an analytic function in Q which coincides with f(z) in O is 

that lim (2 — a)f(z) = 0. The extended function is uniquely determined. 
pars 


The necessity and the uniqueness are trivial since the extended func- 
tion must be continuous at a. To prove the sufficiency we draw a circle 
€ about @ so that C and its inside are contained in @. Cauchy’s formula 
is valid, and we can write 


fe =, [14K 


init 


for all z # @ inside of C. But the integral in the right-hand member 
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represents an analytic function of z throughout the inside of C. Conse- 

quently, the function which is equal to f(z) for z # a and which has the 

value 
_piea 

(27) ni lor a 

for z = ais analytic in@. It is natural to denote the extended function 

by f(z) and the value (27) by f(a). 

We apply this result to the function 


Fee = $= He) 


used in the proof of Cauchy’s formula. It is not defined for z = a, but 
it satisfies the condition lim (z — a)F(z) = 0. The limit of F(z) as z 


tends to a is f’(a). Hence there exists an analytic function which is 
equal to F(z) for z ~ a and equal to f’(a) for z = a. Let us denote this 
function by f,(z). Repeating the process we can define an analytic func- 
tion fe(z) which equals (f:(z) — fa(a))/(z — a) for z ¥ a and fi(a) for 
z = a, and so on. 
The recursive scheme by which f,(z) is defined can be written in the 

form 

S@) = f@) + (& — a)fi@) 

fil) = fila) + (@ — a)felz) 


fn—1(Z) = fas(a) + (2 — a)fn(2). 
From these equations which are trivially valid also for z = a we obtain 
I@ = f@) + @ — afila) + @ — a)*fa(a) + + + + + @ — a) f(a) 
+ @ — a)"fn@)- 
Differentiating » times and setting z = a we find 
FO @ = nifr(a). 


This determines the coefficients f,(a), and we obtain the following form 
of Taylor’s theorem: 


Theorem 8. If f(z) is analytic in a region Q, containing a, it is possible 
to write 


(28) J) = fla) +29) @ 


a) +f (g-at+--- 


for D (a) 


Hi — MI + LOE — a)", 


where f,(z) is analytic in Q. 
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This finite development must be well distinguished from the infinite 
Taylor series which we will study later. It is, however, the finite develop- 
ment (28) which is the most useful for the study of the local properties of 
f@). Its usefulness is enhanced by the fact that f,(z) has a simple explicit 
expression as a line integral. 

Using the same circle C as before we have first 


ful) = gh, f dae 


tjJO E—z 


For f,.(¢) we substitute the expression obtained from (26). There will 
be one main term containing f(¢). The remaining terms are, except for 
constant factors, of the form 


= df 
F(a) = ‘fe Goaecy 7h 


1 1 1 
F,(a) hls rae 0, 


identically for all ainside of C. By Lemma3 we have F,4:(a) = F((a)/v! 
and thus F,(a) = Oforally 2 1. Hence the expression for f,(z) reduces to 


4 He) at 
(29) iO = 95 fog ant cD’ 


The representation is valid inside of C. 


But 


3.2. Zeros and Poles. If f(a) and all derivatives f(a) vanish, we can 
write by (28) 


(30) I@) = fal) (@ — a)” 
for any n. An estimate for f,(z) can be obtained by (29). The disk 
with the circumference C has to be contained in the region @ in which 
J) is defined and analytic. The absolute value [f(z)| has a maximum 
M on C; if the radius of C is denoted by R, we find 
M 
a $6 a SE 
\fal2)| S R-(R — [2 — al) 


for |z — a| < R. By (28) we have thus 


f@l s (#52 pe 


But (|z — al/R)* 0 for n— ©, since |z — al < R. Hence f(z) = 0 
inside of C. 


COMPLEX INTEGRATION 127 


We show now that f(z) is identically zero in all of &. Let Hy be the 
set on which f(z) and all derivatives vanish and , the set on which the 
function or one of the derivatives is different from zero. #, is open by 
the above reasoning, and E2 is open because the function and all deriva- 
tives are continuous. Therefore either Z, or E, must be empty. If F, 
is empty, the function is identically zero. If £1 is empty, f(z) can never 
vanish together with all its derivatives. 

Assume that f(z) is not identically zero. Then, if f(a) = 0, there 
exists a first derivative f(a) which is different from zero. We say then 
that a is a zero of order h, and the result that we have just proved expresses 
that there are no zeros of infinite order. In this respect an analytic 
function has the same local behavior as a polynomial, and just as in the 
case of polynomials we find that it is possible to write f(z) = (2 — a)*fn(z) 
where f,(z) is analytic and f,(a) # 0. 

In the same situation, since f;,(z) is continuous, f,(z)  Oin a neighbor- 
hood of a and z = a is the only zero of f(z) in this neighborhood. In 
other words, the zeros of an analytic function which does not vanish 
identically are isolated. This property can also be formulated as a 
uniqueness theorem: If f(z) and g(z) are analytic in Q, and if f(z) = g(2) 
on a set which has an accumulation point in Q, then f(z) is identically 
equal to g(z). The conclusion follows by consideration of the difference 
f@ — 9). 

Particular instances of this result which deserve to be quoted are the 
following: If f(z) is identically zero in a subregion of , then it is identi- 
cally zero in Q, and the same is true if f(z) vanishes on an are which 
does not reduce to a point. We can also say that an analytic function is 
uniquely determined by its values on any set with an accumulation point 
in the region of analyticity. This does not mean that we know of any 
way in which the values of the function can be computed. 

We consider now a function f(z) which is analytic in a neighborhood 
of a, except perhaps at a itself. In other words, f(z) shall be analytic in 
a region 0 < |z — al < 6. The point a is called an isolated singularity 
of f(z). We have already treated the case of a removable singularity. 
Since we can then define f(a) so that f(z) becomes analytic in the disk 
\z — al < 6, it needs no further consideration. f 

If lim f(z) = ~, the point a is said to be a pole of f(z), and we set 

za 


f(a) = w. There existsa 8’ < Ssuch that f(z) 4 Ofor0 < |z — al < #. 
In this region the function g(z) = 1/f(z) is defined and analytic. But 
the singularity of g(z) at a is removable, and g(z) has an analytic exten- 


{If a is a removable singularity, f(z) is frequently said to be regular at a; this 
term is sometimes used as a synonym for analytic. 


128 COMPLEX ANALYSIS 


sion with g(a) = 0. Since g(z) does not vanish identically, the zero at 
a has a finite order, and we can write g(z) = (2 — a)*g,(z) with g(a) ¥ 0. 
The number h is the order of the pole, and f(z) has the representation 
f(z) = (2 — a)*f.(z) where fi(z) = 1/g:(z) is analytic and different from 
zero in a neighborhood of a. The nature of a pole is thus exactly the 
same as in the case of a rational function. 

A function f(z) which is analytic in a region Q, except for poles, is said 
to be meromorphic in Q. More precisely, to every a € @ there shall exist 
a neighborhood |z — a] < 4, contained in Q, such that either f(z) is ana- 
lytic in the whole neighborhood, or else f(z) is analytic for 0 < |z — al < 5, 
and the isolated singularity is a pole. Observe that the poles of a mero- 
morphic function are isolated by definition. The quotient f(z)/g(z) of 
two analytic functions in @ is a meromorphic function in , provided 
that g(z) is not identically zero. The only possible poles are the zeros of 
g(2), but a common zero of f(z) and g(z) can also be a removable singu- 
larity. If this is the case, the value of the quotient must be determined 
by continuity. More generally, the sum, the product, and the quotient 
of two meromorphic functions are meromorphic. The case of an identi- 
cally vanishing denominator must be excluded, unless we wish to con- 
sider the constant © as a meromorphic function. 

For a more detailed discussion of isolated singularities, we consider 
the conditions (1) lim |z — al*|f(2)| = 0, (2) lim |z — al*|f@| = ©, for 

E aad 3 ea 


real values of a. If (1) holds for a certain a, then it holds for all larger a, 
and hence for some integer m. Then (z — a)"f(z) has a removable singu- 
larity and vanishes for z = a. Either f(z) is identically zero, in which 
case (1) holds for all a, or (¢ — a)"f(z) has a zero of finite order k. In 
the latter case it follows at once that (1) holds for alla > h = —m — k, 
while (2) holds for all a <h. Assume now that (2) holds for some a; 
then it holds for all smaller a, and hence for some integer x. The func- 
tion (z — a)"f(z) has a pole of finite order J, and setting h = n +1 we 
find again that (1) holds for a > h and (2) for a <h. The discussion’ 
shows that there are three possibilities: (i) condition (1) holds for all a, 
and f(z) vanishes identically; (ii) there exists an integer h such that (1) 
holds for a > hand (2) for a < h; (iii) neither (1) nor (2) holds for any a. 

Case (i) is uninteresting. In case (ii) h may be called the algebraic 
order of f(z) at a. It is positive in case of a pole, negative in case of a 
zero, and zero if f(z) is analytic but ~ 0 at a. The remarkable thing is 
that the order is always an integer; there is no single-valued analytic 


function which tends to 0 or © like a fractional power of |z — al. . 
In the case of a pole of order h, let us apply Theorem 8 to the analytic 


function (z — a)*f(z). We obtain a development of the form 


( ~ aY(2) = Bet Brae — a) +--+ + Ble — a) 4 ole — a) 
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where g(2) is analytic at z= a. For 2 # a we can divide by (2 — a)* 
and find 


S@) = Bue — a + Brae — a) + «+ + Bie — a) + 92). 


The part of this development which precedes ¢(z) is called the singular 
part of f(z) at z= a. A pole has thus not only an order, but also a well- 
defined singular part. The difference of two functions with the same 
singular part is analytic at a. 

In case (iii) the point a is an essential isolated singularity. In 
the neighborhood of an essential singularity f(z) is at the same time 
unbounded and comes arbitrarily close to zero. As a characterization 
of the complicated behavior of a function in the neighborhood of an essen- 
tial singularity, we prove the following classical theorem of Weierstrass: 


Theorem 9. An analytic function comes arbitrarily close to any complex 
value in every neighborhood of an essential singularity. 


If the assertion were not true, we could find a complex number A and 
a 6 >0 such that |f(z) — A| > 6 in a neighborhood of a (except for 
z=a). For any a <0 we have then lim |z — al*|f(z) — Al = ©. 


Hence a would not be an essential singularity of f(z) — A. Accord- 
ingly, there exists a 6 with lim |z — alé|f(z) — A| = 0, and we are free 


to choose 6 > 0. Since in that case lim |z — al¢|A| = 0 it would follow 
that lim |z — al4|f(z)| = 0, and a would not be an essential singularity of 


f(z). The contradiction proves the theorem. 

The notion of isolated singularity applies also to functions which are 
analytic in a neighborhood |z| > R of ». Since f() is not defined, we 
treat oo as an isolated singularity, and by convention it has the same 
character of removable singularity, pole, or essential singularity as the 
Singularity of g(z) = f(1/z) at z = 0. If the singularity is nonessential, 
J(@) has an algebraic order h such that lim z~f(z) is neither zero nor 

pares 


infinity, and for a pole the singular part is a polynomial in z. If © is 
an essential singularity, the function has the property expressed by 
Theorem 9 in every neighborhood of infinity. 


EXERCISES 


1. If f(z) and g(z) have the algebraic orders h and k at z = a, show 
that fg has the order h + k, f/g the order h — k, and f + g an order which 
does not exceed max (h,k). 


130 COMPLEX ANALYSIS 


2, Show that a function which is analytic in the whole plane and has 
a nonessential singularity at o reduces to a polynomial. 

3. Show that the functions e*, sin zand cosz have essential singularities 
at oo, 

4, Show that any function which is meromorphic in the extended 
plane is rational. 

5. Show that an isolated singularity of f(z) cannot be a pole of 
exp f(z). Deduce that an isolated singularity is removable as soon as 
Re f(z) is bounded above or below. 


3.3. The Local Mapping. We begin with the proof of a general for- 
mula which enables us to determine the number of zeros of an analytic 
function. We are considering a function f(z) which is analytic in an 
open disk A. Let y be a closed curve in A such that f(@) #0ony. For 
the sake of simplicity we suppose first that J has only a finite number 
of zeros in A, and we agree to denote them by 21, 2, . . . , 2n where each 
zero is repeated as many times as its order indicates. 

By repeated applications of Theorem 8, or rather its consequence (30), 
it is clear that we can write I@ = (@-—ale—m) +++ @ —2z,)g(2) 
where g(z) is analytic and #Oin a. F orming the logarithmic derivative 
we obtain 


F@_ 1 rT ee Sree AC) 
f@ 72a z—-aAT trate 


for z # z, and particularly ony. Since g(z) # 0 in A, Cauchy’s theorem 
yields 
IO) a 
> g@) dz = 0. 
Recalling the definition of n(7,2i) we find 


: 
1) mena) + mle + > tml) = gh [PO ae 

This is still true if f(z) has infinitely many zerosin A. It is clear that 
y is contained in a concentric disk A’ smaller than A. Unless f(z) is 
identically zero, a case which must obviously be excluded, it has only a 
finite number of zeros in A’. This is an obvious consequence of the 
Bolzano-Weierstrass theorem, for if there were infinitely many zeros 
they would have an accumulation point in the closure of A’, and this is 
impossible. We can now apply (31) to the disk A’. The zeros outside 
of A’ satisfy n(y,2;) = 0 and hence do not contribute to the sum in (31). 
We have thus proved: 
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Theorem 10. Let z; be the zeros of a function f(z) which is analytic in 
a circular disk A and does not vanish identically, each zero being counted as 
many times as its order indicates. For every closed curve y in A which does 
not pass through a zero 


1 r@ 
(82) Yate = a5 LG & 


3 


where the sum has only a finite number of terms # 0. 


The function w = f(z) maps 7 onto a closed curve I in the w-plane, 
and we find 


fesltee 
r 


wD xf 
The formula (32) has thus the following interpretation: 
(33) n(P.0) = ¥ n(y,2). 


i 


The simplest and most useful application is to the case where it is 
known beforehand that each n(y,z,) must be either 0 or 1. Then (82) 
yields a formula for the total number of zeros enclosed by y. This is 
evidently the case when 7 is a circle. 

Let a be an arbitrary complex value, and apply Theorem 10 to f(z) — 
a. The zeros of f(z) — a are the roots of the equation f(z) = a, and we 
denote them by z,(a). In the place of (32) we obtain the formula 


¥ neve) = 35 | Fy ae 


i 


and (33) takes the form 
n(T,a) = Y n(y.2)(a)). 


J 
It is necessary to assume that f(z) ¥ a on ¥- 
If a and 6 are in the same region determined by I, we know that 
n(T,a) = n(I,b), and hence we have also ¥ n(vai(a)) = ¥ nr24(b)). 
a g 

If y is a circle, it follows that f(z) takes the values a and b equally many 
times inside of y. The following theorem on local correspondence is an 
immediate consequence of this result. 


Theorem 11. Suppose thai f(z) is analytic at zo, Fo) = we, and that 
f(2) — we has a zero of order n at %. If <> 0 is sufficiently small, there 
exists a corresponding 5 > 0 such that for ail a with |a — wal < 6 the equa- 
tion f(2) = a has exactly n roots in the disk \z — z| < §. 
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We can choose e so that f(z) is defined and analytic for |z — z| S « 
and so that zp is the only zero of f(z) — wo in this disk. Let ¥ be the 
circle |z — zo| = ¢ and I its image under the mapping w = f(z). Since 
wo belongs to the complement of the closed set T, there exists a neighbor- 
hood |w — wol < 5 which does not intersect I (Fig. 21). It follows 
immediately that all values a in this neighborhood are taken the same 
number of times inside of y. The equation F() = wo has exactly n 
coinciding roots inside of y, and hence every value a is taken n times. 
It is understood that multiple roots are counted according to their multi- 
plicity, but if ¢ is sufficiently small we can assert that all roots of the 
equation f(z) =a are simple for a # wo. Indeed, it is sufficient to 
choose ¢ so that f’(z) does not vanish for 0 < |z — zl <e. 


Corollary 1. A nonconstant analytic function maps open sets onto open 
sets. : 


This is merely another way of saying that the image of every suf- 
ficiently small disk |z — z| < ¢ contains a neighborhood lw — wol < 6. 

In the case n = 1 there is one-to-one correspondence between the disk 
|w — wol < 8 and an open subset A of |z — zo| < & Since open sets in 
the z-plane correspond to open sets in the w-plane the inverse function 
of f(z) is continuous, and the mapping is topological. The mapping can 
be restricted to a neighborhood of zp contained in A, and we are able to 
state: 


Corollary 2. If f(z) is analytic at 29 with f’ (zo) ¥ 0, it maps a neighbor- 
hood of 20 conformally and topologically onto a region. 


From the continuity of the inverse function it follows in the usual way 
that the inverse function is analytic, and hence the inverse mapping is 


2-plane w- plane 


FiG. 21. Local correspondence. 
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w-plane {plane z-plane 
Fic. 22. Branch point: n = 3. 


likewise conformal. Conversely, if the local mapping is one to one, 
Theorem 11 can hold only with n = 1, and hence f’(zo) must. be differ- 
ent from zero. ; 

For n > 1 the local correspondence can still be described in very pre- 
cise terms. Under the assumption of Theorem 11 we can write 


f(@) — wo = (2 — 2)" 92) 


where g(z) is analytic at z and g(zo) # 0. Choose e> 0 80 that 
lg) — glzo)| < |g(zo)| for |z — zo] < «. In this neighborhood it is possi- 
ble to define a single-valued analytic branch of ~/g(z), which we denote 
by A(z). We have thus 
Sz) — wo = $(2)" 
(2) = (@ — 20)h(2). 

Since ¢’(zo) = h(zo) # 0 the mapping { = {(z) is topological in a neigh- 
borhood of zo. On the other hand, the mapping w = wo + ¢” is of an ele- 
mentary character and determines 7 equally spaced values ¢ for each 
value of w. By performing the mapping in two steps we obtain a very 
illuminating picture of the local correspondence. Figure 22 shows the 
inverse image of a small circular disk and the n arcs which are mapped 
onto the positive radius. 


EXERCISES 


1. Determine explicitly the largest disk about the origin whose image 
under the mapping w = 2* + z is one to one. 

2. Same problem for w = e*. ; 

3. Apply the representation f(z) = wo + {(z)" to cos 2 with zo = 0. 
Determine {¢(z) explicitly. : 

4. If f(z) is analytic at the origin and f’(0) # 0, prove the existence of 
an analytic g(z) such that f(z") = f@) + g(2)* in a neighborhood of 0. 


3.4, The Maximum Principle. Corol ary 1 of Theorem 11 has avery 
important analytical consequence known as the maximum principle for 
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analytic functions. Because of its simple and explicit formulation it is 
one of the most useful general theorems in the theory of functions. Asa 
rule all proofs based on the maximum principle are very straightforward, 
and preference is quite justly given to proofs of this kind. 


Theorem 12. (The maximum principle.) If f(z) is analytic and non- 
constant in a region Q, then its absolute value \f@| has no maximum in Q. 


The proof is clear. If wo = S(2) is any value taken in Q, there exists 
a neighborhood |w — wel < ¢ contained in the image of @ In this 
neighborhood there are points of modulus > [to], and hence |f(z0)| is not 
the maximum of |f(2)|. 


In a positive formulation essentially the same theorem can be stated 
in the form: 


Theorem 12’. If S@) ts analytic on a closed bounded set E, then the 
maximum of |f(2)| is taken on the boundary of E. 


Since # is compact | f(2)| has a maximum on EF. If f() is constant, 
the assertion of the theorem is trivially true, for the boundary of E is 
not empty. Suppose that the maximum were taken at an interior point 
zo. Then |f(ze)| would also be the maximum of |f(2)| in a neighborhood 
lz — zl < 8 contained in E. But this is impossible unless f(z) is con- 
stant in this neighborhood, and then f(@) is constant throughout its 
region of definition (we recall that (2) is analytic on E if it is defined 
and analytic in a region which contains #). Thus the maximum is 
always taken at a boundary point. 

The maximum principle can also be proved analytically, as a conse- 
quence of Cauchy’s integral formula. If the formula (22) is specialized 
to the case where ¥ is a circle of center z and radius r, we can write 

= 20 + re, df = ire! d6 on y and obtain for z = 2 


(34) Hee) = 5 f.* Hee + re) a0. 


This formula shows that the value of an analytic function at the center 
of a circle is equal to the arithmetic mean of its values on the circle, 
subject to the condition that the closed disk lz — 2ol S + is contained in 
the region of analyticity. 


From (84) we derive the inequality 


(85) seo) 5 f," Wee + re| a0. 
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: ereamaximum. Then we would have [ft o. + rei®)| 
a. ee inequality held for a single value of @ it ashe 
hold by continuity, on a whole arc. But then the gael bis - e 
Ifleo + re®)| would be strictly less than [f(zo)|, and (35) wou ‘ lea ° 
the contradiction |f(zo)| < |f(z0)|. Thus |f@| must be nen J ae 
to |f(zo)| on all sufficiently small circles lz — zol = r = : mein ay 
neighborhood of zy. It follows easily that f(z) must re luce t ane 

tant. This reasoning provides a second proof of the maximum pr aA 
es We have given preference to the first proof because it shows tl pe 
ie maximum principle is a consequence of the topological properties o 
ing by an analytic function. 
se Petra to the formulation given in Theorem 42 we cele that 
the most natural application is to the case where EF is a clo " sack 
We find that a function which is analytic on a closed region tal en t 
maximum on the boundary of the region. For some epee i by 
important to notice that the hypothesis of the theorem can be hss = 
It is indeed sufficient to suppose that f(z) is continuous in ie oe 
region and analytic in the open region. The continuity on. 4 ee lose 
and bounded region ensures the existence of a maximum, tee . bine? 
lyticity in the open region implies that the maximum cannot be attain 
at an interior point unless the function reduces to a constant. " 
Consider now the case of a function f(z) which is analytic in tl : an 
disk |z| < R and continuous on the closed disk lel SR. es : bias 
that |f(2)| < M on |a| = R, then |f(2)| S$ M in the whole is aie re 
preceding remark. The equality can hold only if f(z) is a consti fs 
absolute value M/. Therefore, if it is known that f@ takes ie value 
of modulus < M, it may be expected that a better estimate can be ale 
Theorems to this effect are very useful. The following particular result 
is known as the lemma of Schwarz: 


i i isfies the conditions 
Theorem 13. If f(z) is analytic for |z| < 1 and satisfies h 
Wels 1, f(0) = 0, then |f(z)\ S |e| and |f’(O)| S 1. Equality holds only 
if f(z) = cz with a constant ¢ of absolute value 1. 


We apply the maximum principle to the f unction Si(z) which is eae 
to f(2)/z for z ¥ 0 and to f’(0) for z = 0. On the circle |z| = so i i 
of absolute value S 1/r, and hence |f:(z)| S 1/r for lel Sr. Let sat 
tend to 1 we find that |f(z)| S 1 for all z, and this is the assertion of 
the theorem. If the equality holds at a single point, it means that |/1(z)| 
attains its maximum and, hence, that f:(z) must reduce toa eeace 

The rather specialized assumptions of Theorem 13 are not essentii . 
but should be looked upon as the result of a normalization. For instance, 
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if f(z) is known to satisfy the conditions of the theorem in a disk of radius 
R, the original form of the theorem can be applied to the function f(Rz). 
As aresult we obtain |f(z)| S |z|, which can be rewritten as |f(z)| S |z|/R. 
Similarly, if the upper bound of the modulus is M instead of 1, we apply 
the theorem to f(z)/M or, in the more general case, to f(Rz)/M. The 
resulting inequality is |f(z)| S Mlz|/R. 

Still more generally, we may replace the condition f(0) = 0 by an 
arbitrary condition (zo) = wo where |zo| < Rand |wol <M. Lett = Tz 
be a linear transformation which maps |z| < FR onto |t| < 1 with zp going 
into the origin, and let Sw be a linear transformation with Swo = 0 which 
maps |w| < M onto |Sw| <1. It is clear that the function Sf(T-') 
satisfies the hypothesis of the original theorem. Hence we obtain 
\Sf(T-4)| S |e], or |Sf(2)| S |Tz|. Explicitly, this inequality can be 
written in the form 


M(f@) — wo) | — | R@— a) |, 
(36) MM? — Wof(z) = R? — Xz 
EXERCISES 
1, Show by use of (36), or directly, that |f(z)| S$ 1 for |z| < 1 implies 


Ol. 4 
a-V@R =1= 


2. If f(z) is analytic and Im f(z) = 0 for Imz > 0, show that 


and 


3. In Ex. 1 and 2, prove that equality implies that f(z) is a linear 
transformation. 

4. Derive corresponding inequalities if f(z) maps |z| <1 into the 
upper half plane. 

5. Prove by use of Schwarz’s lemma that every one-to-one conformal 
mapping of a circular disk onto another (or a half plane) is given by a linear 
transformation. 

*6. If y is a piecewise differentiable arc contained in |z| < 1 the integral 


f, 1 he 
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is called the noneuclidean length (or hyperbolic length) of y. Show that 
an analytic function f(z) with |f(z)| <1 for |z| < 1 maps every y on an 
are with smaller or equal noneuclidean length. 

Deduce that a lintar transformation of the unit disk onto itself pre- 
serves noneuclidean lengths, and check the result by explicit computation. 

*7. Prove that the arc of smallest noneuclidean length that joins two 

given points in the unit disk is a circular arc which is orthogonal to the unit 
circle. (Make use of a linear transformation that carries one end point 
to the origin, the other to a point on the positive real axis.) 

The shortest noneuclidean length is called the noneuclidean distance 
between the end points. Derive a formula for the noneuclidean distance 
between z; and z:,. Answer: 


a — &o 
Log [T= | 
908 21 — 29 
1— = 
1 — dz2 


*8. How should noneuclidean length in the upper half plane be defined? 


4. THE GENERAL FORM OF CAUCHY’S THEOREM 


In our preliminary treatment of Cauchy’s theorem and the integral 
formula we considered only the case of a circular region. For the pur- 
pose of studying the local properties of analytic functions this was quite 
adequate, but from a more general point of view we cannot be satisfied 
with a result which is so obviously incomplete. The generalization can 
proceed in two directions. For one thing we can seek to characterize 
the regions in which Cauchy’s theorem has universal validity. Secondly, 
we can consider an arbitrary region and look for the curves y for which 
the assertion of Cauchy’s theorem is true. 


4.1. Chains and Cycles. In the first place we must generalize the 
notion of line integral. To this end we examine the equation 


(37) sf fde= fo facet f tact --- +f fae 


aibyrt ss p40 


which is valid when 71, v2, ... , Ym form a subdivision of the arc y. 
Since the right-hand member of (37) has a meaning for any finite collec- 
tion, nothing prevents us from considering an arbitrary formal sum 
Yi+ v2 + +++ +, which need not be an arc, and we define the cor- 
responding integral by means of equation (87). Such formal sums of 
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ares are called chains. It is clear that nothing is lost and much may be 
gained by considering line integrals over arbitrary chains. 

Just as there is nothing unique about the way in which an arc can be 
subdivided, it is clear that different formal sums can represent the same 
chain. The guiding principle is that two chains should be considered 
identical if they yield the same line integrals for all functions f. If this 
principle is analyzed, we find that the following operations do not change 
the identity of a chain: (1) permutation of two arcs, (2) subdivision of 
an are, (3) fusion of subares to a single are, (4) reparametrization of an 
are, (5) cancellation of opposite arcs. On this basis it would be easy to 
formulate a logical equivalence relation which defines the identity of 
chains in a formal manner. Inasmuch as the situation does not involve 
any logical pitfalls, we shall dispense with this formalization. 

The sum of two chains is defined in the obvious way by juxtaposition. 
It is clear that the additive property (37) of line integrals remains valid 
for arbitrary chains. When identical chains are added, it is convenient 
to denote the sum as a multiple. With this notation every chain can be 
written in the form 


(38) Y= ary + aye + + + + ante 
where the a; are positive integers and the +; are all different. For opposite 
arcs we are allowed to write a(—y) = --ay and continue the reduction of 


(38) until no two ; are opposite. The coefficients will be arbitrary 
integers, and terms with zero coefficients can be added at will. The last 
device enables us to express any two chains in terms of the same arcs, and 
their sum is obtained by adding corresponding coefficients. The zero 
chain is either an empty sum or a sum with all coefficients equal to zero. 

A chain is a cycle if it can be represented as a sum of closed curves. 
Very simple combinatorial considerations show that a chain is a cycle if 
and only if in any representation the initial and end points of the indi- 
vidual ares are identical in pairs. Thus it is immediately possible to tell 
whether a chain is a cycle or not. 

In the applications we shall consider chains which are contained in a 
given region 2. By this we mean that the chains have a representation 
by ares in @ and that only such representations will be considered. It is 
clear that all theorems which we have heretofore formulated only for 
closed curves in a region are in fact valid for arbitrary cycles in a region. 
In particular, the integral of an exact differential over any cycle is zero. 

The index of a point with respect to a cycle is defined in exactly the 
same way as in the case of a single closed curve. It has the same proper- 
ties, and in addition we can formulate the obvious but important additive 
law expressed by the equation n(y1 + y2,a) = n(y1,4) + n(y2,0). 
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4.2. Simple Connectivity. There is little doubt that all readers will 
know what we mean if we speak about a region without holes. Such 
regions are said to be simply connected, and it is for simply connected 
regions that Cauchy’s theorem is universally valid. The suggestive 
language we have used cannot take the place of a mathematical Cefi- 
nition, but fortunately very little is needed to make the term precise. 
Indeed, a region without holes is obviously one whose complement con- 
sists of a single piece. We are thus led to the following definition: 


Definition 1. A region is simply connected if its complement with respect 
to the extended plane is connected. 


At this point we warn the reader that this definition is not the one 
that is commonly accepted, the main reason being that our definition 
cannot be used in more than two real dimensions. In the course of our 
work we shall find, however, that the property expressed by Definition 1 is 
equivalent to a number of other properties, more or less equally important. 
One of these states that any closed curve can be contracted to a point, and 
this condition is usually chosen as definition. Our choice has the advan- 
tage of leading very quickly to the essential results in complex integration 
theory. 

It is easy to see that a circular disk, a half plane, and a parallel strip 
are simply connected. The last example shows the importance of taking 
the complement with respect to the extended plane, for the complement 
of the strip in the finite plane is evidently not connected. The definition 
can be applied to regions on the Riemann sphere, and this is evidently 
the most symmetric situation. For our purposes it is nevertheless better 
to agree that all regions lie in the finite plane unless the contrary is 
explicitly stated. According to this convention the outside of a circle is 
not simply connected, for its complement consists of a closed disk and 
the point at infinity. 


Theorem 14. A region Q is simply connected if and only if n(y,a) = 0 
for all cycles y in Q and all points a which do not belong to Q. 


This alternative condition is also very suggestive. It states that a 
closed curve in a simply connected region cannot wind around any point 
which does not belong to the region. It seems quite evident that this 
condition is not fulfilled in the case of a region with a hole. : 

The necessity of the condition is almost trivial. Let y be any cycle in 
Q. If the complement of © is connected, it must be contained in one of 
the regions determined by y, and inasmuch as © belongs to the comple- 
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FIG. 23. Curve with index 1. 


ment this must be the unbounded region. Consequently n(7,a) = 0 for 
all finite points in the complement. 

For the precise proof of the sufficiency an explicit construction is 
needed. We assume that the complement of & can be represented as the 
union A \/ B of two disjoint closed sets. One of these sets contains », 
and the other is consequently bounded; let. A be the bounded set. The 
sets A and B have a shortest distance § > 0. Cover the whole plane 
with a net of squares Q of side < 5/+/2. We are free to choose the net 
so that a certain point a € A lies at the center of a square. ‘The boundary 
curve of Q is denoted by 8Q; we assume explicitly that the squares Q 
are closed and that the interior of Q lies to the left of the directed line 
segments which make up dQ. 

Consider now the cycle 


(39) v= 309 


where the sum ranges over all squares Q; in the net which have a point 
in common with A (Fig. 23). Because a is contained in one and only 
one of these squares, it is evident that n(y,a@) = 1. Furthermore, it is 
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clear that y does not meet B. But if the cancellations are earried out, 
it is equally clear that y does not meet A. Indeed, any side which meets 
A is a common side of two squares included in the sum (39), and since 
the directions are opposite the side does not appear in the reduced 
expression of y. Hence is contained in Q, and our theorem is proved. 

We remark flow that Cauchy’s theorem is certainly not valid for 
regions which are not simply connected. In fact, if there is a cycle y in Q 
such that n(y,a) ¥ 0 for some a outside of Q, then 1/(@ — a) is analytic in 
Q while its integral 


dz , 
[Sg = ernie) #0. 


4.3. Exact Differentials in Simply Connected Regions. We will 
now prove that Cauchy’s theorem holds in an arbitrary simply connected 
region. In view of Theorem 1 we need only prove that f(z) dz is an exact 
differential. This is known to be so when attention is restricted to a 
circular disk contained in 2. Therefore, our task is to prove that a 
differential which is exact in a neighborhood of each point is also exact 
in the whole region @, provided that @ is simply connected. In this 
form the statement is not limited to differentials of the form f dz, and 
we prefer to prove the following proposition: 


Theorem 15. The differential p dx + q dy whose coefficients are defined 
and continuous in a simply connected region Q is exact in Q if and only if 


on? dz +qdy =0 
for every rectangle R contained in Q. 
We choose a point 29 € 2 and define U(z) by 
U® = [pa + ady 


where ¢ is a polygon from zo to z, contained in Q, with sides parallel to 
the axes. If we can show that U(z) is independent of the choice of ¢, 
it follows in the same way as in the proof of Theorem 1 that dU/dx = p, 
aU/ay = q. The difference y = 01 — o2 of two polygons from zp to z is 
a closed polygon in @ with vertical and horizontal sides, and we have to 
show that the integral of p dx + q dy over + is zero. 

For the proof we use a rectangular net obtained by drawing lines 
Parallel to both axes through all the vertices of y (Fig. 24). There 
will be some finite rectangles R; and some unbounded regions Rj which 
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may be considered as infinite rectangles. Inasmuch as we need not con- 


sider the trivial case in which y lies on a vertical or horizontal line, we * 


may assume that there is at least one finite rectangle R;. 
Choose a point a; from the interior of each R;, and form the cycle 


(40) vo = Y n(1,a:) OR: 


7 


where the sum ranges over all finite rectangles; the coefficients n(v,a:) 
are well determined, for no a; can lie on y. In the discussion that fol- 
lows we shall also make use of points a} chosen from the interior of each 
Rj, although they are not needed for the construction of yo. 

The choice of yo, defined by (40), is dictated by a definite pur- 
pose. It is clear that n(8Ri,ax) = 1 if k = 7 and 0 if k ¥ 7; similarly, 
n(OR:,a;) = 0 for all 7. With this in mind we obtain from (40) 
n(yo,a1) = n(y,a:) and n(yo,a}) = 0. It is also true that n(y,a;) = 0, 
for evidently the interior of Rj must belong to the unbounded region 


determined by y. We have thus shown that n(y — 7¥0,a) = 0 for all | 


a = a and a = aj. 
From this property of + — yo we wish to conclude that yo is identical 
with y. Let o% be the common side of two adjacent rectangles Ri, Rx; 


we choose the orientation so that R; lies to the left of oz. Suppose that | 


the reduced expression of y — yo contains the multiple coz. Then the 
eycle y — yo — c AR; does not contain o%, and it follows that a; and ax 
must have the same index with respect to this cycle. On the other hand, 
the respective indices are evidently —c and 0; we conclude that ¢ = 0. 
The same reasoning applies if o, is the common side of a finite rectangle 
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R; and an infinite rectangle R{. In the presence of at least one finite 
rectangle it is clear that no two infinite rectangles can have a finite side 
in common, and we have proved conclusively that y — yo must be 
identically zero. This means that y can be represented in the form 
~ 
(41) 4 = ¥, n(v,a) aR: 
7 

We prove now that the representation (41) is a representation in Q; 
more precisely, we show that the rectangles R; whose corresponding 
coefficient n(y,a;) is different from 0 are contained in 2. This is a 
consequence of the simple connectivity of &. Indeed, suppose that a 
point a in the closed rectangle R, were not in. Then n(y,a) = 0, by 
Theorem 14. On the other hand, the line segment between a and a; does 
not intersect y, and hence n(7,a;) = n(v7,a), contradicting the hypothesis 
n(y,a:) # 0. 

It follows that the hypothesis of Theorem 15 applies to each a(R.) 
which occurs effectively in (41). Consequently, 


[pdx +ady =0, 


and the theorem is proved. : 
The most important consequence is Cauchy’s theorem for simply 


connected regions: 
Theorem 16. If f(z) is analytic in a simply connected region Q, then 
[, fou=0 
Sor every cycle 7 in Q. 
The following corollary is of frequent use: 


Corollary. If f(z) is analytic and ¥ 0 in a simply connected region Q, 
a single-valued analytic branch of log f(z) can be defined in Q. 


By the preceding theorem the function f(z)/f(2) has an indefinite 
integral F(z) in ©. The function f(z)e-* has then the derivative 0 
and must reduce to a constant. Choosing a point zp ¢ @ and an arbitrary 
value of log f(zo) we find that 


EF @)—F)+ lou fe0) = f(z), 


and consequently we can set log f(z) = F(z) — F(z) + log f(z). 
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Under the same circumstances we can also determine a single-valued 
branch of an arbitrary power f(z)* = e# ke /@), 


4.4. Multiply Connected Regions. The proof of Theorem 15 includes 
more than we have stated. As a matter of fact the hypothesis of simple 
connectivity was used merely to conclude that n(7,a) = 0 for all points 
@ not in @ For particular polygons this condition may well be fulfilled 
even when the region Q is not simply connected. In an arbitrary region 
we have in effect proved that 


[pact+ady=0 


for any closed polygon y which does not wind around any outside points, 
and it is reasonable to expect that this result is not restricted to polygons. 
However, the transition from a polygon with horizontal and vertical sides 
to an arbitrary cycle must be based on a different argument, for we can 
no longer be sure that the differential is exact. 

Before we proceed with this proof it is convenient to introduce a name 
for the type of cycles with which we shall be concerned. 


Definition 2. A cycle y in Q is said to be homologous to zero with respect 
to Q if and only if n(y,a) = 0 for all points a not in Q. 


In symbols we write y ~ 0 (mod Q). When it is clear to what region 
we are referring, @ need not be mentioned explicitly. The notation 
11™ 2 shall be equivalent to y1 — y2~0. It is clear that homologies 
can be added and subtracted. Moreover, y ~ 0 (mod Q) implies y ~ 0 
(mod ©) for every 9’ D Q. 

Again, our terminology does not quite agree with standard practice. 
Tt was E. Artin who discovered that the characterization of homology by 
vanishing winding numbers ties in precisely with what is needed for 
Cauchy’s theorem. This idea has led to a remarkable simplification of 
earlier proofs. 


Theorem 17. If p dx + q dy is locally exact in Q, ie., if 
(42) [pact+ady =0 


for y = OR, R being any rectangle contained in Q, then (42) holds for 
every cycle y which is homologous to zero in Q. 


For the proof it is sufficient to show that y can be replaced by a 
polygon o with horizontal and vertical sides such that every locally exact 
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differential has the same integral over « as over y. This property implies, 
in particular, n(¢,a) = n(y,a), and hence ¢ ~ 0. The proof of Theorem 
15 applies to ¢, and we may conclude that y satisfies condition (42). 

We construct o as an approximation of y. Let the distance from 7 to 
the complement of Q be 2p >0. If the equation of y is z= 2(), 
a <i Sb, the function (i) is uniformly continuous on the closed interval 
(a,b). We determine 5 < 0 so that |z(t) — 2@’)| < p for |t -? | < Sand 
divide (a,b) in subintervals of length <6. The corresponding subares 
of y, which we denote by 7:, have the property that each +; is contained 
in a disk of radius p which lies entirely in Q. The end points of 7; can 
be joined within the same disk by a polygon o; consisting of a horizontal 
and a vertical segment. Since our differential is exact in the disk, 


[pactady =| pac+ady, 
and setting o = 2 o; we obtain 
[paxtady =f pac tod; 


this completes the proof. 

Theorem 17 characterizes the cycles which are homologous to zero. 
We have proved, in effect, that if the integral over y vanishes for all 
differentials of the special form dz/(z — a) with a outside Q, then it 
vanishes for all locally exact differentials.} In particular, it vanishes for 
the differentials of the form f(z) dz where f(z) is analytic in Q. ‘This is the 
final and most. complete form of Cauchy’s theorem. 


Theorem 18. If f(z) is analytic in Q, then 
[i@a@=0 
for every cycle y which is homologous to zero in Q. 


A region which is not simply connected is called multiply connected. 
More precisely, 2 is said to have the finite connectivity x if the comple- 
ment of @ has exactly n components and infinite connectivity if the 
complement has infinitely many components. In a less precise but 
more suggestive language, a region of connectivity n arises by punching 
n holes in the Riemann sphere. 

In the case of finite connectivity, let A1, 42, ... , An be the com- 
ponents of the complement of @, and assume that © belongs to A, If 

} As in the hypothesis of Theorem 17 a differential is said to be locally exact in a 
Tegion Q if it is exact in some neighborhood of each point in 9 
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7 is an arbitrary cycle in Q, we can prove, just as in Theorem 14, that 
n(y,a) is constant when a@ varies over any one of the components A, and 
that n(y,2) = 0 in A,. Moreover, duplicating the construction used in 
the proof of the same theorem we can find cycles y,7 =1,...,2—1, 
such that n(yi,a) = 1 for ae A; and n(yi,@) = 0 for all other. points out- 
side of Q. 

For a given cycle y in Q, let c; be the constant value of n(y,@) for 
aeA, We find that any point outside of 2 has the index zero with 
respect to the cycle y — ery — cxyg — ot €x—-1¥n-1- In other words, 


y~ Cry + Cave Ft tt A Cnn Yn— 


Every cycle is thus homologous to a linear combination of the cycles 
Vi, Ya. ++) Yn-1 This linear combination is uniquely determined, for 
if two linear combinations were homologous to the same cycle their 
difference would be a linear combination which is homologous to zero. 
But it is clear that the cycle cry + eye + + + + +b en-vyn—1 Winds Ci 
times around the points in A;; hence it cannot be homologous to zero 
unless all the c; vanish. 

In view of these circumstances the cycles y1, ya, . . . , Yn-1 are said 
to form a homology basis for the region 9. It is not the only homology 
basis, but by an elementary theorem in linear algebra we may conclude 
that every homology basis has the same number of elements. We find 
that every region with a finite homology basis has finite connectivity, 
and the number of basis elements is one less than the connectivity. 

By Theorem 18 we obtain, for any analytic function f(z) in Q, 


[fae =af fdetorf fast tee tenaf fide. 
The numbers 
Py = wt 


depend only on the function, and not on y. They are called modules of 
periodicity of the differential f dz, or, with less accuracy, the periods of 
the indefinite integral. We have found that the integral of f(z) over any 
cycle is a linear combination of the periods with integers as coefficients, 
and the integral along an are from 20 to z is determined up to additive 
multiples of the periods. The vanishing of the periods is a necessary 
and sufficient condition for the existence of a single-valued indefinite 
integral. 

In order to illustrate, let us consider the extremely simple case of an 
annulus, defined by ri < |z| <rs. The complement has the components 
lel S v1 and |e| = r2; we include the degenerate casesr; = Qandrz, = «. 
The annulus is doubly connected, and a homology basis is formed by 
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any circle |2| = 7,11 <4 <re. If this circle is denoted by C, any cycle 
in the annulus satisfies y ~ nC where n = n(v,0). The integral of an 
analytic function over a cycle is a multiple of the single period 


P= [ifde 
whose value is of course independent of the radius r. 


EXERCISES 


1. Prove that the region obtained from a simply connected region by 
removing m points has the connectivity m + 1, and find a homology basis. 

2. Show that the bounded regions determined by a closed curve are 
simply connected, while the unbounded region is doubly connected. 

3. Show that single-valued analytic branches of log z, 2* and z* can be 
defined in any simply connected region which does not contain the origin. 

4. Show that a single-valued analytic branch of 4/1 — 2 can be 
defined in any region such that the points +1 are in the same component 
of the complement. What are the possible values of 


over a closed curve in the region? 


5. THE CALCULUS OF RESIDUES 

The results of the preceding section have shown that the determination 
of line integrals of analytic functions over closed curves can be reduced 
to the determination of periods. Under certain circumstances it turns 
out that the periods can be found without or with very little computation, 
We are thus in possession of a method which in many cases permits us to 
evaluate integrals without resorting to explicit calculation, This is of 
great value for practical purposes as well as for the further development 
of the theory. 

In order to make this method more systematic a simple formalism, 
known as the calculus of residues, was introduced by Cauchy, the founder 
of complex integration theory. From the point of view adopted in this 
book the use of residues amounts essentially to an application of the 
Tesults proved in Sec. 4 under particularly simple circumstances. 


5.1. The Residue Theorem. Our first task is to review earlier results 
in the light of the more general theorems of Sec. 4. Clearly, all results 
which were derived as consequences of Cauchy’s theorem for a disk 
remain valid in arbitrary regions for all cycles which are homologous 
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to zero. For instance, and this application is typical, Cauchy’s integral 
formula can now be expressed in the following form: 

If f(2) is analytic in a region Q, then 

nivale) = sy [LS 
for every cycle y which is homologous to zero in Q. 

The proof is a repetition of the proof of Theorem 6. In this con- 
nection we point out that there is of course no longer any need to give 
a separate proof of Theorem 16 in the presence of removable singularities. 
Indeed, our discussion of the local behavior has already shown that all 
removable singularities can simply be ignored. 

We turn now to the discussion of a function f(2) which is analytic ina 
region & except for isolated singularities. For a first orientation, let us 
assume that there are only a finite number of singular points, denoted by 
Ga, Gay 2 0 + 9 Ow The region obtained by excluding the points a; will be 
denoted by 9’. 

To each a; there exists a 4; > O such that the doubly connected region 
O<\e-al <5 js contained in Q’, Draw a circle C; about a; of radius 

<6; and let 


(43) P= [fed 


be the corresponding period of f(z). The particular function 1/(z — i) 
has the period 271. Therefore, if we set Rj = P;/2ni, the combination 


1 - 


Z— ay 


has a vanishing period. The constant R; which produces this result is 
called the residue of f(z) at the point a. We repeat the definition in the 
following form: 


Definition 3. The residue of f(z) at an isolated singularity a is the unique 
complex number R which makes f(z) — R/ (2 — a) the derivative of a single- 
valued analytic function in an annulus 0 < |z—a| <4 


It is helpful to use such self-explanatory notations as R = Res. f)- 
Let 7 be a cycle in ® which is homologous to zero with respect to &. 
‘Then 7 satisfies the homology 


vm) horas 
? 


with respect to 9’; indeed, we can easily verify that the points 4; as well 
as all points outside of Q have the same order with respect to both cycles. 
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By virtue of the homology we obtain, with the notation (43), 
[fea d rvaPs 
3 


and since P; = 2ni- Bj finally 


1 
ai [s dz = Y nena Ry. 
a 

This is the residue theorem, except for the restrictive assumption that 
there are only a finite number of singularities. In the general case we 
need only prove that n(7,a;) = 0 except for a finite number of points ay, 
for then the same proof can be applied. The assertion follows by routine 
reasoning. The set of all points a with n(7,a) = 0 is open and contains 
all points outside of a large circle. The complement is consequently a 
compact set, and as such it cannot contain more than a finite number of 
the isolated points a;. Therefore nty,a;) ¥ 0 only for a finite number of 
the singularities, and we have proved: 


Theorem 19. Let f(z) be analytic except for isolated singularities a; in a 
region Q. Then 


1 
(44) ay [ 10 & = Y ra) Resin, £2) 
a 
for any cycle y which is homologous to zero in Q and does not pass through 
any of the points aj. 


In the applications it is frequently the case that each n(7,a,) is either 
Qor1. Then we have simply 


a [s@ a = > Reino; f(@) 


where the sum is extended over all singularities enclosed by ¥. 

. The residue theorem is of little value unless we have at our disposal a 
simple procedure to determine the residues. For essential singularities 
there is no such procedure of any practical value, and thus it is not sur- 
prising that the residue theorem is comparatively seldom used in the 
Presence of essential singularities. With respect to poles the situation is 
entirely different. We need only look at the expansion 


jf) = Bae —ay* ++ - + Bie +6 


to recognize that the residue equals the coefficient By. Indeed, when the 
term Bi(z — a)~! is omitted, the remainder is evidently a derivative. 
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Since the principal part at a pole is always either given or can be easily 
found, we have thus a very simple method for finding the residues. 

For simple poles the method is even more immediate, for then the 
residue equals the value of the function (2 ~ a)f(2) for z= a. For 
instance, let it be required to find the residues of the function 

e 


= e=5 

at the poles a and 6 # a. The residue at a is obviously e*/(a — b), and 
the residue at b is e/(b — a). If b = a, the situation is slightly more 
complicated. We must then expand e* by Taylor’s theorem in the form 
ef = e* + e%(2 — a) + fo(z)(z — a)*. Dividing by (¢ — a)? we find that 
the residue of e/(z ~ a)? at z = ais e%. 


Remark. In presentations of Cauchy’s theorem, the integral formula 
and the residue theorem which follow more classical lines, there is no 
mention of homology, nor is the notion of index used explicitly. Instead, 
the curve y to which the theorems are applied is supposed to form the 
complete boundary of a subregion of Q, and the orientation is chosen so 
that the subregion lies to the left of ©. In rigorous texts considerable 
effort is spent on proving that these intuitive notions have a precise 
meaning. The main objection to this procedure is the necessity to allot 
time and attention to rather delicate questions which are peripheral in 
comparison with the main issues. 

With the general point of view that we have adopted it is still possible, 
and indeed quite easy, to isolate the classical case. All that is needed is 
to accept the following definition: 


Definition 4. A cycle y ts said to bound the region © if and only if n(y,a) 
is defined and equal to 1 for all points a €Q and either undefined or equal to 
zero for all points a not in Q. 


If y bounds Q, and if @ + y is contained in a larger region @, then it 
is clear that + is homologous to zero with respect to 9’. The following 
statements are therefore trivial consequences of Theorems 18 and 19: 

If y bounds Q and f(z) is analytic on the set 2 + +, then 


[1@ a =0 
and F Kod 
* Qa 
$0 = Sal pas 
for all z€Q, 
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If f(@ is analytic on Q + + except for isolated singularities in Q, then 
a; [ 10 de = J Reso, 0 
7 


where the sum ranges over the singularities a; € 2. ; 

We observe that a cycle y which bounds 2 must contain the set 
theoretic boundary of 9. Indeed, if zo lies on the boundary of Q, then 
every neighborhood of 2 contains points from 2 and points not in Q. 
Tf such a neighborhood were free from points of , n(y,2) would be defined 
and constant in the neighborhood. This contradicts the definition, and 
hence every neighborhood of z) must meet y; since 7 is closed, z) must 
lie on ¥. : 

The converse of the preceding statement is not true, for a point on 7 
may well have a neighborhood which does not meet 9. Normally, one 
would try to choose ¥ so that it is identical with the boundary of a, but 
for Cauchy’s theorem and related considerations this assumption is not 
needed. 


5.2. The Argument Principle. Cauchy’s integral formula can be con- 
sidered as a special case of the residue theorem. Indeed, the function 
f(2/(z — a) has a simple pole at 2 = a with the residue f(a), and when 
we apply (44), the integral formula results. . 

Another application of the residue theorem occurred in the proof of 
Theorem 10 which served to determine the number of zeros of an analytic 
function, For a zero of order h we can write f(z) = ( — a)*f,(z), with 
fila) #0, and obtain f’(z) = h(z — a)’ fs(@) + (@ — a)"Fi(2). Conse- 
quently f’(2)/f(z) = h/(z — a) + fi(2)/fr(2), and we see that f /f has a 
simple pole with the residue h. In the formula (82) this residue is 
accounted for by a corresponding repetition of terms. . 

We can now generalize Theorem 10 to the case of a meromorphic 
function. If f has a pole of order h, we find by the same calculation as 
above, with —h replacing h, that f’/f has the residue —h. The follow- 
ing theorem results: ; 


Theorem 20. If f(z) is meromorphic in Q with the zeros a; and the poles 
by, then 


(45) a3 158 dz = 2 n(,65) ) nevi 


for every cycle y which is homologous to zero in Q and does not pass through 
any of the zeros or poles. 
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It is understood that multiple zeros and poles have to be repeated as 
many times as their order indicates; the sums in (45) are finite. 

Theorem 20 is usually referred to as the argument principle. The 
name refers to the interpretation of the left-hand member of (45) as n(T,0) 
where I’ is the image cycle of y. If f les in a disk which does not con- 
tain the origin, then n(1,0) = 0. This observation is the basis for the 
following corollary, known as Rouché’s theorem: 


Corollary. Let y be homologous to zero in Q and such that n(y,2) is either 
O or 1 for any point 2 not ony. Suppose that S(2) and g(z) are analytic in 9 
and satisfy the inequality |f(2) — g(z)| < |f(2)| ony. Then S(@ and gz) 
have the same number of zeros enclosed by +. 


The assumption implies that f(z) and g(2) are zero-free on y. More- 
over, they satisfy the inequality 


g@) _ 
f@ 
on y. The values of F(z) = g(z)/f(z) on y are thus contained in the 
open disk of center 1 and radius 1. When Theorem 20 is applied to 
F(z), we have thus n(I’,0) = 0, and the assertion follows. 

A typical application of Rouché’s theorem would be the following. 
Suppose that we wish to find the number of zeros of a function f@ in 
the disk |z| < R. Using Taylor’s theorem we can write 


L@) = Paale) + 2°fa(2) 


where P,; is a polynomial of degree n — 1. For a suitably chosen n 
it may happen that we can prove the inequality 2*| fa(2)| < |Pn—s(2)| on 
lel = R. Then f(z) has the same number of zeros in lel S Ras P,_1(2), 
and this number can be determined by approximate solution of the poly- 
nomial equation P,1(z) = 0. 

Theorem 20 can be generalized in the following manner. If g(z) is 

ta 

analytic in Q, then 0 2 has the residue hg(a) at a zero a of order h 
and the residue —hg(a) at a pole. We obtain thus the formula 


ifs 


46) aa f oS) de = Y mersanatay — Y ntybedo(bd. 
, & 


qd 
This result is important for the study of the inverse function. With 


the notations of Theorem 11 we know that the equation f(z) = w, 
kw — wol < 8 has n roots z;(w) in the disk le — zl <e. If we apply 
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(46) with g(z) = 2, we obtain 


n 


1 £® 
(47) ) 2X0) = Pr J ea thas 
I= jz-—~ zo] =e 
Forn = 1 the inverse function f-(w) can thus be represented explicitly by 
1 L@_ 
PW) = oF io 


le 20] =e 


If (46) is applied with g(z) = 2”, equation (47) is replaced by 


n He 
> 2,(w)™ = a oat je 2” dz. 
j=l lz—zol =e 
It is not difficult to show that the right-hand member represents an ana- 
lytic function of w for |w — wo| < 8. Thus the power sums of the roots 
z;(w) are single-valued analytic functions of w. But it is well known that 
the elementary symmetric functions can be expressed as polynomials in 
the power sums. Hence they are also analytic, and we find that the 


2;(w) are the roots of a polynomial equation 
2” + awe" + - + + + ana(w)e + an(w) = 0 


whose coefficients are analytic functions of w in |w — wol < 6 


5.3. Evaluation of Definite Integrals. The calculus of residues pro- 
vides a very efficient tool for the evaluation of definite integrals. It is 
particularly important when it is impossible to find the indefinite inte- 
gral explicitly, but even if the ordinary methods of calculus can be applied 
the use of residues is frequently a laborsaving device. The fact that the 
calculus of residues yields complex rather than real integrals is no dis- 
advantage, for clearly the evaluation of a complex integral is equivalent 
to the evaluation of two definite integrals. : 
There are, however, some serious limitations, and the method is far 
from infallible. In the first place, the integrand must be closely con- 
nected with some analytic function. This is not very serious, for usually 
we are only required to integrate elementary functions, and they can all 
be extended to the complex domain. It is much more serious that the 
technique of complex integration applies only to closed curves, while a 
Teal integral is always extended over an interval. A special device must 
be used in order to reduce the problem to one which concerns integration 
over a closed curve. There are a number of ways in which this can be 
accomplished, but they all apply under rather special circumstances. 
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The technique can be learned at the hand of typical examples, but even 
complete mastery does not guarantee success. 
1, All integrals of the form 


(48) I iad R(cos 6, sin 6) de 


where the integrand is a rational function of cos 6 and sin 6 can be easily 
evaluated by means of residues. Of course these integrals can also be 
computed by explicit integration, but this technique is usually very 
laborious. Jt is very natural to make the substitution z = e® which 
immediately transforms (48) into the line integral 


-f#lle)e-9]8 


It remains only to determine the residues which correspond to the poles 
of the integrand inside the unit circle. 
As an example, let us compute 


7 dé 
rf a+ cos 6 o> L 


This integral is not extended over (0,2), but since cos @ takes the same 
values in the intervals (0,7) and (7,27) is is clear that the integral from 
0 to = is one-half of the integral from 0 to 27. Taking this into account 
we find that the integral equals 


i | dz 

eft 2 + 2az +1 

The denominator can be factored into (2 — a)(z — 6) with 
a=-a+V/a—i, =-a-Va@—i. 


Evidently |a| < 1, |6| > 1, and the residue at a is 1/(@ — 8). The value 
of the integral is found to be «/+/a? — 1. 
2. An integral of the form 


[2 8@ a. 


converges if and only if in the rational function R(x) the degree of the 
denominator is at least two units higher than the degree of the numerator, 
and if no pole lies on the real axis. The standard procedure is to inte- 
grate the complex function R(z) over a closed curve consisting of a line 
segment (—p,p) and the semicircle from p to —p in the upper half plane. 
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If p is large enough this curve encloses all poles in the upper half plane, 
and the corresponding integral is equal to 2ri times the sum of the 
residues in the upper half plane. As p— © obvious estimates show that 
the integral over the semicircle tends to 0, and we obtain 


[-. R(x) dx = 2ni ¥ Res R(2). 


y>d0 


3. The same method can be applied to an integral of the form 
(49) | ” R(ae® dex 
whose real and imaginary parts determine the important integrals 
(50) | ” R(@) cos x dz, I * R(@) sin 2 dz. 


Since |e*| = e-¥ is bounded in the upper half plane, we can again con~ 
clude that the integral over the semicircle tends to zero, provided that 
the rational function #(z) has a zero of at least order 2 at infinity. We 
obtain 

te R(a)e* dz = Qui y Res R(z)e. 


y>o 


It is less obvious that the same result holds when F(z) has only a 
simple zero at infinity. In this case it is not convenient to use semi- 
circles. For one thing, it is not so easy to estimate the integral over the 
semicircle, and secondly, even if we were successful we would only have 
proved that the integral 


[°, R@)e* de 


Over a symmetric interval has the desired limit for p—> ©. In reality 
we are of course required to prove that 


es R(ax)e* da 


has a limit when Xi and X, tend independently to ©. In the earlier 
examples this question did not arise because the convergence of the inte- 
gral was assured beforehand. 

For the proof we integrate over the perimeter of a rectangle with the 
vertices X2, X2-+7Y, ~Xi1+ iY, ~Xi where Y >0. As soon as Xi, 
X» and Y are sufficiently large, this rectangle contains all the poles in 
the upper half plane. Under the hypothesis |zR(z)| is bounded. Hence 
the integral over the right vertical side is, except for a constant factor, 
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less than 
vs dy 1 fy 
I € <x lo eo dy. 


The last integral can be evaluated explicitly and is found to be <1. 
Hence the integral over the right vertical side is less than a constant 
times 1/X2, and a corresponding result is found for the left vertical 


side. The integral over the upper horizontal side is evidently less than | 


e-*(X, + X2)/Y multiplied with a constant. For fixed Xi, X» it tends 
to 0 as Y-—» ©, and we conclude that 


x it dap — Oat i 1 1 
| foe Riw)e* de ani Res R(z)e | <A (x rs x) 


y>d 


where A denotes a constant. This inequality proves that 


f Rade de = Qi ») Res R(z)e® 
y>d 
under the sole condition that R(») = 0. 

In the discussion we have assumed, tacitly, that R(z) has no poles on 
the real axis since otherwise the integral (49) has no meaning. How- 
ever, one of the integrals (50) may well exist, namely, if R(z) has simple 
poles which coincide with zeros of sin x or cos x. Let us suppose, for 
instance, that #(z) has a simple pole at z = 0. Then the second inte- 
gral (50) has a meaning and calls for evaluation. 

We use the same method as before, but we use a path which avoids 
the origin by following a small semicircle of radius 6 in the lower half 
plane (Fig. 25). It is easy to see that this closed curve encloses the poles 
in the upper half plane, the pole at the origin, and no others, as soon as 
X1, X2, Y are sufficiently large and 3 is sufficiently small. Suppose that 
the residue at 0 is B, so that we can write R(z)e* = B/z + Ro(z) where 


~X,+iY X,+i¥ 


FIG. 25 
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Ro(2) is analytic at the origin. The integral of the first term over the 
semicircle is 7iB, while the integral of the second term tends to 0 with 6. 
It is clear that we are led to the result 


lim il + pA * R(adel* da = Qui [y, Res R(g)e* + 3B] 


The limit on the left is called the Cauchy principal value of the integral; 
it exists although the integral itself has no meaning. On the right-hand 
side we observe that one-half of the residue at 0 has been included; this 
is as if one-half of the pole were counted as lying in the upper half plane. 

In the general case where several poles lie on the real axis we obtain 


pr.v. | R(ax)e* da = Qari y Res R(z)e* + at ¥ Res R(z)e# 
y>d0 y=0 
where the notations are self-explanatory. It is an essential hypothesis 
that all the poles on the real axis be simple, and as before we must 
assume that 2(o) = 0. 
As the simplest example we have 


wo ef ‘ 
priv f — da = ni. 
-*2 x 


Separating the real and imaginary part we observe that the real part of 
the equation is trivial by the fact that the integrand is odd. In the 
imaginary part it is not necessary to take the principal value, and since 
the integrand is even we find 
© sin T 
[oe @ Ag 
We remark that integrals containing a factor cos" x or sin” z can be 
evaluated by the same technique. Indeed, these factors can be written 
as linear combinations of terms cos mz and sin mz, and the corresponding 
integrals can be reduced to the form (49) by a change of variable: 


| © Riayem de = = { mee: (2) e* de. 


4, The next category of integrals have the form 
ie x°R(x) dx 


where the exponent a is real and may be supposed to lie in the interval 
0<a<1. For convergence R(z) must have a zero of at least order two 
at « and at most a simple pole at the origin. 
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The new feature is the fact that R(z)z* is not single-valued. This‘ 
however, is just the circumstance which makes it possible to find the 
integral from 0 to o, 

The simplest procedure is to start with the substitution z = 2 which 
transforms the integral into 


2 has PoP (1) dt. 


For the function 2’* we may choose the branch whose argument lies 
between —z7a and 37a; it is well defined and analytic in the region 
obtained by omitting the negative imaginary axis. As long as we avoid 
the negative imaginary axis, we can apply the residue theorem to the fune- 
tion z’-+1R(2*). We use a closed curve consisting of two line segments 
along the positive and negative axis and two semicircles in the upper half 
plane, one very large and one very small (Fig. 26). Under our assump- 
tions it is easy to show that the integrals over the semicircles tend to zero. 
Hence the residue theorem yields the value of the integral 


f a 2+1R (2%) dz = f, . (2%+2 4+ (—z)2+1) R(2?) dz. 
However, (—z)** = ez’, and the integral equals 
(1 — 2) f 2H1R (22) dz, 


Since the factor in front is ~ 0, we are finally able to determine the value 
of the desired integral. 

The evaluation calls for determination of the residues of 2°+12(2?) in 
the upper half plane. These are the same as the residues of z*R(z) in the 
whole plane. For practical purposes it may be preferable not to use any 


FIG, 26 FIG. 27 
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preliminary substitution and integrate the function z*R(z) over the closed 
curve shown in Fig. 27. We bave then to use the branch of z* whose 
argument lies between 0 and 2xa. This method needs some justification, 
for it does not conform to the hypotheses of the residue theorem. The 
justification is trivial. 

5, Asa final example we compute the special integral 


A log sin @ dé. 


Consider the function 1 — e% = —2ie* sin z. From the representation 
1 — e& = 1 — e- (cos 2¢ +7 sin 2x), we find that this function is real 
and negative only for z = nz,y <0. Inthe region obtained by omitting 
these half lines the principal branch of log (1 — e%*) is hence single- 
valued and analytic. We apply Cauchy’s theorem to the rectangle whose 
vertices are 0, 7, + + iY, and iY; however, the points 0 and 7 have to be 
avoided, and we do this by following small circular quadrants of radius 6. 

Because of the periodicity the integrals over the vertical sides cancel 
against each other. The integral over the upper horizontal side tends to 
OasY— o. Finally, the integrals over the quadrants can also be seen 
to approach zero as §->0. Indeed, since the imaginary part of the 
logarithm is bounded we need consider only the real part. Since e** has 
the derivative 2i at the origin, we find that |1 — e”|/|z]—> 2 for z—-> 0. 
Hence we need only show that 6 log 6 tends to 0 with 8. For the sake of 
completeness we include a proof of this elementary fact. By studying 
the derivative we find that the function ¢ log (¢/t) is increasing for t S$ e/e. 
For 5 < e/e we have thus 8 log (¢/8) < «/e. If we choose e < 1 and let 8 
satisfy the additional condition § < ¢/{e log (1/e)], we find that 6 log (1/8) 
<2e/e, and this proves that lim 6 log (1/8) = 0. 


The same proof applies near the vertex 7, and we obtain 
de log (—2ie sin 2) dx = 0 


Tf we choose log e# = iz, the imaginary part lies between 0 and. There- 
fore, in order to obtain the principal branch with an imaginary part 
between —z and 7, we must choose log (—i) = —7i/2. The equation 
can now be written in the form 


2 2 
7 log 2 = (F) i+ fv sn rér+(5)i =0, 


and we find 
ees sin cdz = —x log 2. 


160 COMPLEX ANALYSIS 


EXERCISES 


Evaluate the following integrals by the method of residues: 


a/2 dx 
x to atantg 47> 
fr __ ede 
0 att 6274+ 18 


2 gm e+? 
7 Cae 


4. i Gay a real, 
5. le at da, a real, 
6 hy sone , a real. 
7. [SM ac, b> 0. 


8 ihe (1 + 2°)? log x de. 


° d 
% fled ta) <a <2), 


6. HARMONIC FUNCTIONS 


The real and imaginary parts of an analytic function are conjugate harmonic 
functions. Therefore, all theorems on analytic functions are also theorems 
on pairs of conjugate harmonic functions, However, harmonic functions 
are important in their own right, and their treatment is not always 
simplified by the use of complex methods. This is particularly true when 
the conjugate harmonic function is not single-valued. 

We assemble in this section some facts about harmonic functions 
that are intimately connected with Cauchy’s theorem. The more delicate 
properties of harmonic functions are postponed to a later chapter. 


6.1. Definition and Basic Properties. A real-valued function u(z) or 
u(z,y), defined and single-valued in a region ©, is said to be harmonic in 
@, or a potential function, if it is continuous together with its partial 
derivatives of the first two orders and satisfies Laplace’s equation 


Oo fiz 
Gl) Au = zi + ai 7 0 


We shall see later that the regularity conditions can be weakened, but 
this is a point of relatively minor importance, 
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The sum of two harmonie functions and a constant multiple of a 
harmonic function are again harmonic; this is due to the linear character 
of Laplace’s equation. The simplest harmonic functions are the lmear 
functions az + by. In polar coordinates (7,6) equation (51) takes the form 


This shows that log 7 is a harmonic function and that any harmonic 
function which depends only on r must be of the form alogr +b. The 
argument @ is harmonic whenever it can be uniquely defined. 

Tf u is harmonic in Q, then 


ou . Ou 
(52) f@) ~ on By 
< a , Ou du 
is analytic, for writing U = Oa Ve - By we have 
au _ atu _ _ au _ av 
‘Oz Gxt YOY 
U _ u _ _ av, 
by (Ox byt—iéK: 


This, it should be remembered, is the most natural way of passing from 
harmonic to analytic functions. 
From (52) we pass to the differential 


du du - du Ou 
(53) fide = (Fede + 3 ay) + i(— 3 de + $2 a) 
In this expression the real part is the differential of u, 


ea dy. 


du 
du = Ox dx + by 


If u has a conjugate harmonic function v, then the Imaginary part can be 
written as 

ou 
oy 


ov ov ou 
+ = — + dx + = dy. 
dv ain dx ay dy «+5 ay 


In general, however, there is no single-valued conjugate function, and in 
these circumstances it is better not to use the notation dv. Instead we 
write 
ou ou 
Cy eee OY 
du ay dz + ay 


j This form cannot be used for r = 0. 
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and call *du the conjugate differential of du. We have by (53) 
(54) fdz = dut+i*du. 


By Cauchy’s theorem the integral of f dz vanishes along any cycle 
which is homologous to zero in @ On the other hand, the integral of 
the exact differential du vanishes along all cycles. It follows by (54) that 


* ou du, 
(55) a du f, 5g 2 + Gq ty = 0 


for all cycles y which are homologous to zero in Q. 
The integral in (55) has an important interpretation which cannot be 

left unmentioned. If y is a regular curve with the equation z = z(t), 
the direction of the tangent is determined by the angle a = arg z'(i), 
and we can write dz = |dz| cos a, dy = \dz| sin a. The normal which 
points to the right of the tangent has the direction B= a-— 7/2, and 
thus cos a = — sin B, sina = cos. The expression 

du du ou. 

an ~ dz O88 + 5, sin B 
is a directional derivative of u, the right-hand normal derivative with 


respect to the curve y. We obtain *du = (au/dn) |dz|, and (55) can be 
written in the form 


du 
(56) y an |dz| =0. 


This is the classical notation. Its main advantage is that du/an 
actually represents a rate of change in the direction perpendicular to y. 
For instance, if y is the circle |z| = r, described in the positive sense, 
du/an can. be replaced by the partial derivative du/dr. Tt has the dis- 
advantage that (56) is not expressed as an ordinary line integral, but as 
an integral with respect to arc length. For this reason the classical 
notation is less natural in connection with homology theory, and we 
prefer to use the notation *du. 

Tn a simply connected region the integral of * du vanishes over all 
cycles, and u has a single-valued conjugate function v which is deter- 
mined up to an additive constant. Jn the multiply connected case the 
conjugate function has periods 


forte fa 


corresponding to the cycles in a homology basis. 
‘There is an important generalization of (55) which deals with a pair of 
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harmonic functions. Jf wu; and uz are harmonic in Q, we claim that 
*duy — uz *dur = 0 
(57) is tty *dus — us *dur 


for every cycle y which is homologous to zero in & According to 
Theorem 17, Sec. 4.4, it is sufficient to prove (57) for y = dR, where FR is 
a rectangle contained in. In R, u: and wz have single-valued conjugate 
functions v1, ve and we can write 


ta *dus — Us *duy = uidve — us doi = urdv2 +01 dug — d(uws). 


Here d(usv1) is an exact differential, and wdv2 + viduz is the imaginary 
part of 
(ux + %1) (dus + 7 doe). 


The last differential can be written in the form Fif2dz where Fy(z) and 
je(z) are analytic on R. The integral of Fyfe dz vanishes by Cauchy’s 
theorem, and so does therefore the integral of its imaginary part. We 
conclude that (57) holds for y = dR, and we have proved: 


Theorem 21, If u; and us are harmonic in a region Q, then 
* =f * = 

(87) i ur *duz — us *dur = 0 

for every cycle y which is homologous to zero in 2. 


For u: = 1, ue = u the formula reduces to (55). In the classical 
notation (57) would be written as 


Ou uy = 
is (uF — Us a) |dz| = 0. 


6.2, The Mean-value Property. Let us apply Theorem 21 with 
wu, = log r and we equal to a function u, harmonic in |z| <p. For 2 we 
must choose the punctured disk 0 < |z| < p, and for y we take the cycle 
C, — C2 where C; is a circle |z| = 7; < p described in the positive sense. 
On a circle |z| = 7 we have *du = r(du/dr) dé and hence (57) yields 


ou ou 
log r1 it at a - te udé = log rz [o,2 5% - de u dé, 
In other words, the expression 


u dé — logr f rao 


keer kj=r 
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is constant, and this is true even if u is only known to be harmonic in an 
annulus. By (55) we find in the same way that 
ou 
r ar dé 


le] =r 


is constant in the case of an annulus and zero if u is harmonic in the 
whole disk. Combining these results we obtain: 


Theorem 22. The arithmetic mean of a harmonic function over concentric 
circles |z| = r is a linear function of log r, 


(58) - [ «do =alogr +68, 


lel=r 


and if u is harmonic in a disk « = 0 and the arithmetic mean is constant. 


In the latter case 6 = u(0), by continuity, and changing to a new 
origin we find 


(59) lec) = ~ I." wo + rei) a8, 


It is clear that (59) could also have been derived from the corre- 
sponding formula for analytic functions, Sec. 3.4, (34). It leads directly 
to the maximum principle for harmonic functions: 


Theorem 23. A nonconstant harmonic function has neither a maximum 
nor a minimum in its region of definition. Consequently, the maximum 
and the minimum on a closed bounded set E are taken on the boundary of E. 


The proof is the same as for the maximum principle of analytic fune- 
tions and will not be repeated. It applies also to the minimum for the 
reason that —w is harmonic together with u. In the case of analytic 
functions the corresponding procedure would have been to apply the 
maximum principle to 1/f(z) which is illegitimate unless S@ #0. 
Observe that the maximum principle for analytic functions follows 
from the maximum principle for harmonic functions by applying the 
latter to log |f(2)| which is harmonic when f(z) ¥ 0. 


EXERCISES 


1, If u is harmonic and bounded in 0 < |z| < p, show that the origin 
is a removable singularity in the sense that « becomes harmonic in lel < p 
when u(0) is properly defined, 


COMPLEX INTEGRATION 165 


2. If u(z) isharmonic for 0 < |z| < pand lim,o 2u(z) = 0, prove that 
u can be written in the form u(z) = a log jz| + uo(z) where a is a constant 
and us is harmonic in |z| < p. 

3. Suppose that f(z) is analytic for r: S |z| S rz, and set 


M(r) = max \f(2)| 
for jz} =r@1 S7 S72). Show that 
M(r) S M(r1)*M (ro) * 


where a = log (72/r):log (72/71) + (Hadamard’s three-cirele theorem). 
Discuss cases of equality. Hint: Apply the maximum principle to a 
linear combination of log |f(z)| and log {z|. 


6.3. Poisson’s Formula. The maximum principle has the following 
important consequence: If u(z) is harmonic on a closed bounded set E, 
that is, if it is defined and harmonic in a region containing E, then it is 
uniquely determined by its values on the boundary of E. Indeed, if uy 
and ue are two harmonic functions with the same boundary values, then 
wu. — Uz is harmonic with the boundary values 0. Using the maximum 
and minimum principle we find that u: — we must be identically zero on E. 

There arises the problem of finding w when its boundary values are 
given. At this point we shall solve the problem only in the simplest case, 
namely for a closed disk. 

Formula (59) determines the value of u at the center of the disk. But 
this is all we need, for there exists a linear transformation which carries 
any point to the center. To be explicit, suppose that u(z) is harmonic in 
the closed disk |2| < R. The linear transformation 


RE + a) 


#=80 =" Rear 


maps {{{ <1 onto |z| S$ R with ¢ =0 corresponding to z= The 
function u(S(¢)) is harmonic in |¢| S 1, and by (59) we obtain 


wa) = go f w(S@)) dang &. 


2r 
Wl=1 
From 
_ Re -a) 
= Ra 
we compute 
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On substituting R? = 22 th ‘ < 
eealteice ig e coefficient of d6 in the last expression can be 


or, equivalently, as 


1 zeta. Z+4 z 
2(f¢2 z- ) = Re te 
We obtain the two forms 

2 


1 ¢ Re 
(60) u(a) = lal (2) do = wf RettSue a0 
le}=R 


ll =R lz — af? 


of Poisson’s formula. In polar coordinates, 


1 2 Ri ~— 72 


ulre'®) alo RED OR cos Gao u(Re*) do. 


aa In the derivation we have assumed that u(z) is harmonic in the closed 
isk. However, the result remains true under the weaker condition that 
u(z) is harmonic in the open disk and continuous in the closed disk. 


Indeed, if : aoe 
net , fO <r <1, then u(rz) is harmonic in the closed disk, and we 


1 R? — lal? 
u(ra) = oe J exalt le} ura) dé. 


ae all we need to do is to let r tend to 1. Because u(z) is uniformiy 

continuous on |z| $ F it is true that u(rz) > u(z) uniformly for |z| = R, 

and we conclude that (60) remains valid. “ 
We shall formulate the result as a theorem: 


2 


Theorem 24, ‘ . 
pen ee Suppose that u(z) is harmonic for lel < R, continuous for 


(61) 


Sor all |al < R, 


The theorem leads at once to an explici i 
i c xplicit expression for th j 
function of wu. Indeed, formula (60) gives a a 


(62) apf pte. at 
WG) = Re/ oF} 


3 tu 
Pete $ =e 
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The bracketed expression is an analytic function of z for |z| << R. It 


_ follows that w(z) is the real part of 


foal Ge ened a 
(63) 10-35 f pM + ie 
where C isan arbitrary real constant. This formula is known as Schwarz’s 


formula. 
As a special case of (61), note that u = 1 yields 


(64) 


for all jal < BR. 


6.4. Schwars’s Theorem. Theorem 24 serves to express a given 
harmonie function through its values on a circle. But the right-hand 
side of formula (61) has a meaning as soon as w is defined on |e| = R, 
provided it is sufficiently regular, for instance piecewise continuous. 
As in (62) the integral can again be written as the real part of an analytic 
function, and consequently it is a harmonic function, The question is, 
does it have the boundary values u(z) on |z| = R? 

There is reason to clarify the notations. Choosing R = 1 we define, 
for any piecewise continuous function U(@) in 0 S @ S 2a, 


ef? +2 


e — 2 


1 2n 
Py(z) = iz to Re U(6) do 
and call this the Poisson integral of U. Observe that Pu(z) is not only a 
function of z, but also a function of the function U; as such it is called a 
functional. The functional is incor inasmuch as 


Puy = Pu + Py 
and 
Pw = cPu 


for constant c. Moreover, U 2 0 implies Py(z) 2 0; because of this 
property Py is said to be a positive lmear functional. 

We deduce from (64) that P.=c. From this property, together 
with the linear and positive character of the functional, it follows that any 
inequality m < U < M implies m S Py S M. 

The question of boundary values is settled by the following funda- 
mental theorem that was first proved by H. A. Schwarz: 
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Theorem 25. The function Py(z) is harmonic for \z| <1, and 
(65) lim Pu(z) = U(6) 


zreiBy 


provided that U is continuous at 60. 

We have already remarked that Py is harmonic. To study the 
boundary behavior, let C; and Ce be complementary arcs of the unit 
circle, and denote by U, the function which coincides with U on C; and 
vanishes on C2, by Us the corresponding function for C2. Clearly, 
Py = Pu, + Pu. 

Since Py, can be regarded as a line integral over C1 it is, by the same 
reasoning as before, harmonic everywhere except on the closed are Cy. 
The expression 


vanishes on |2| = 1 for z # e*. It follows that Py, is zero on the open 
arc Ce, and since it is continuous lim... Py,(z) = 0 for e® € C2. 

Tn proving (65) we may suppose that U(@o) = 0, for if this is not the 
case we need only replace U by U — U(@0). Given e > 0 we can find Cy 
and Ce such that e‘ is an interior point of Cz and |U(6)| < ¢/2 for e € Cs. 
Under this condition |U2(6)| < ¢/2 for all 6, and hence |Pu,(z)| < «/2 
for all jz] <1. On the other hand, since U; is continuous and vanishes 
at e there exists a 6 such that |Py,(z)| < ¢/2 for |z — e| < 8 It 
follows that |Pu(z)| = |Pu,| + |Pu,| < € as soon as |z| < 1 and |z — ei] 
< 8, which is precisely what we had to prove. 

There is an interesting geometric interpretation of Poisson’s formula, 
also due to Schwarz. Given a fixed z inside the unit circle we determine 
for each e the point e* which is such that e, z and e™ are in a straight 


ei” 


e ie 


Fic. 28 
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line (Fig. 28). It is clear geometrically, or by simple calculation, that 
(66) 1 — fel? = |e® — 2| fe** — al. 
But the ratio (e® — z)/(e#* — z) is negative, so we must have 


1— |e? = — (e# — z2)(e-* — 2). 


We regard 6* as a function of @ and differentiate. Since z is constant we 


obtain 
ede e~*** da* 


ef —z et 3 
and, on taking absolute values, 


de* 
(en de = 


eft — z 
ef —z| 


It follows by (66) and (67) that 


= [lt _ dow 
je*— 2)? dé 
and hence 


Pole) = & f™ UO) do* = a [2 weer ao. 


In other words, to find Pr-(z), replace each value of U(@) by the value at 
the point opposite to z, and take the average over the circle. 


EXERCISES 


1 Assume that U(£) is piecewise continuous and bounded for all real 

& Show that 
le y - 
== aor 3 UD 
Poe) = = {° Goprpp UO a 

represents a harmonic function in the upper half plane with boundary 
values U(£) at points of continuity (Poisson’s integral for the half plane). 

2. Prove that a function which is harmonic and bounded in the upper 
half plane, continuous on the real axis, can be represented as a Poisson 
integral (Ex. 1). 


Remark. The point at o presents an added difficulty, for we cannot 
immediately apply the maximum and minimum principle to u — Pu. 
A good try would be to apply the maximum principle to u — P. — ey for 
= > 0, with the idea of letting e tend to 0. This almost works, for the 
function tendg to 0 for y—> 0 and to — © for y— , but we lack control 


170 COMPLEX ANALYSIS 


when |z|-> ». Show that the reasoning can be carried out successfully 
by application to u — P, — e Im (\/i2). 
3. In Ex. 1, assume that U has a jump at 0, for instance U(+0) = 0, 


U(—0) = 1. Show that Py(z) — 1 org z tends to 0 as 2-0. Gen- 


eralize to arbitrary jumps and to the case of the circle. 

4, If C) and C; are complementary ares on the unit circle, set U = 1 
on Cy, U =QonCs. Find Pu(z) explicitly and show that 2nrPxu(z) equals 
the length of the arc, opposite to C1, cut off by the straight lines through 
z and the end points of C. 

5. Show that the mean-value formula (59) remains valid for 
u = log |1 + 2|, zo = 0,7 = 1, and use this fact to compute 


fF log sin 6 dé. 


6.5. The Reflection Principle. An elementary aspect of the symmetry 
principle, or reflection principle, has been discussed already in connection 
with linear transformations (Chap. 3, Sec. 3.3). There are many more 
general variants first formulated by H. A. Schwarz. . 

The principle of reflection is based on the observation that if u(z) is 
a harmonic function, then u(2) is likewise harmonic, and if f(2) is an analy- 
tie function, then f(@) is also analytic. More precisely, if u(z) is harmonic 
and f(z) analytic in a region then u(Z) is harmonic and J(@ analytic as 
functions of z in the region Q* obtained by reflection @ in the real axis; that 
is, ze Q* if and only if Z€9. The proofs of these statements consist in 
trivial verifications. 

Consider the case of a symmetric region: 2* = 9. Because @ is 
connected it must intersect the real axis along at least one open interval. 
Assume now that f(z) is analytic in Q and real on at least one interval of 
the real axis. Since f(z) — f(@ is analytic and vanishes on an interval it 
taust be identically zero, and we conclude that f(z) = f@ in ® With 
the notation f = u + i we have thus u(z) = u(z), o(z) = —0(Z). 

This is important, but it is a rather weak result, for we are assuming 
that f(z) is already known to be analytic in all of 9. Let us denote the 
intersection of Q with the upper half plane by &+, and the intersection of 2 
with the real axis by ¢. Suppose that f(z) is defined on Qt U o, analytic 
in Q+, continuous and real onc. Under these conditions we want to show 
that f(z) is the restriction to 2+ of a function which is analytic in all of @ 
and satisfies the symmetry condition f(z) = f(@). In other words, part 
of our theorem asserts that f(z) has an analytic continuation to Q. 

Even in this formulation the assumptions are too strong. Indeed, 
the main thing is that the imaginary part v(z) vanishes on o, and nothing 
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at all need to be assumed about the real part. In the definitive statement 
of the reflection principle the emphasis should therefore be on harmonic 


functions. 


Theorem 26. Let 2+ be the part in the upper half plane of a symmetric 
region &, and let o be the part of the real axis in Q&. Suppose that v(x) is 
continuous in Q* \U a, harmonic in O*, and zero ono. Then y has a har- 
monic extension to 2 which satisfies the symmetry relation 2(2) = —(2). 
In the same situation, if v is the imaginary part of an analytic function f(e) in 
Ot, then f(z) has an analytic extension which satisfies fe) = f{@. 


For the proof we construct the function V(z) which is equal to o(z) 
in Qt, 0 on a, and equal to —v(2) in the mirror image of a, We have to 
show that V is harmonic ono. For a point zpeo consider a disk with 
center 2) contained in Q, and let Py denote the Poisson integral with 
respect to this disk formed with the boundary values V. . The difference 
¥ — Py is harmonic in the upper half of the disk. It vanishes on the half 
circle, by Theorem 25, and also on the diameter, because V tends to zero 
by definition and Py vanishes by obvious symmetry. The maximum and 
minimum principle implies that V = Py in the upper half disk, and the 
same proof can be repeated for the lower half. We conclude that V is 
harmonic in the whole disk, and in particular at 2. ; ; 

For the remaining part of the theorem, let us again consider a disk 
with center on c. We have already extended v to the whole disk, and v 
has a conjugate harmonic function —wo in the same disk which we may 
normalize so that w. = Re f(z) in the upper half. Consider 

Uo(z) = uolz) — wolZ)- 
On the real diameter it is clear that dU,/dx = 0 and also 
aus 
oy oy Oa 
It follows that the analytic function 8U»/dx — i 8U0/dy vanishes on the 
real axis, and hence identically. Therefore Uy is & constant, and this 
constant is evidently zero. We have proved that wo(z) = we(Z). ; 

The construction can be repeated for arbitrary disks. It is clear 
that the uw, coincide in overlapping disks. The definition can be extended 
to all of 2, and the theorem follows. ; 

The theorem has obvious generalizations. The domain Q can. be 
taken to be symmetric with respect to a circle C rather than with respect 
to a straight line, and when z tends to C it may be assumed that fe) 
approaches another circle C’. Under such conditions f(z) has an analytic 
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continuation which maps symmetric points with respect to C onto sym- 
metric points with respect to C’. 


EXERCISES 


1. If f(z) is analytic in the whole plane and real on the real axis, 
purely imaginary on the imaginary axis, show that f(z) is odd. 

2, Show that every function f which is analytic in a symmetric region 
© can be written in the form f, + ¢f2 where f;, fe are analytic in Q and 
real on the real axis. 

3. If f(z) is analytic in |e| S$ 1 and satisfies |f| = 1 on |z| = 1, show 
that f(z) is rational, 

4. Use (63) to derive a formula for f’(z) in terms of u(z). 

5. If u(z) isharmonic and 0 S u(z) S$ Ky fory > 0, prove that u = ky 
with OS k SK. [Reflect over the real axis, complete to an analytic 
function f(z) = u + a, and use Ex. 4 to show that f’(z) is bounded.] 


5 SERIES AND 
PRODUCT DEVELOPMENTS 


Very general theorems have their natural place in the theory of 
analytic functions, but it must also be kept in mind that the whole 
theory originated from a desire to be able to manipulate explicit 
analytic expressions. Such expressions take the form of infinite 
series, infinite products, and other limits. In this chapter we 
deal partly with the rules that govern such limits, partly with 
quite explicit representations of elementary transcendental func- 
tions and other specific functions. 


1, POWER SERIES EXPANSIONS 


In a preliminary way we have considered power series in Chap. 2, 
mainly for the purpose of defining the exponential and trigono- 
metric functions. Without use of integration we were not able 
to prove that every analytic function has a power series expan- 
sion. This question will now be resolved in the affirmative, 
essentially as an application of Cauchy’s theorem. 

The first subsection deals with more general properties of 
sequences of analytic functions, 


1.1. Weierstrass’s Theorem. The central theorem concerning the 
convergence of analytic functions asserts that the limit of 
a uniformly convergent sequence of analytic functions is an 
analytic function. The precise assumptions must be carefully 

stated, and they should not be too restrictive. 
478 


174 COMPLEX ANALYSIS 


We are considering a sequence {f,(z)} where each f,(z) is defined and 
analytic in a region Q,. The limit function f(z) must also be considered 
in some region Q, and clearly, if f(z) is to be defined in Q, each point of 2 
must belong to all ©, for n greater than a certain mp. In the general 
case no will not be the same for all points of ©, and for this reason it would 
not make sense to require that the convergence be uniform in @. In fact, 
in the most typical case the regions ©, form an increasing sequence, 0 C 
M% C++ C® C+: , and Vis the union of the Q,. In these cireum- 
stances no single function f,(z) is defined in all of Q; yet the limit f(z) may 
exist at all points of Q, although the convergence cannot be uniform. 

As a very simple example take f,(z) = 2/(22" + 1) and let Q, be the 
disk |z| < 2-¥". It is practically evident that lim f,(z) = z in the disk 


n+ 
lz] < 1 which we choose as our region @& In order to study the uni- 
formity of the convergence we form the difference 
Fal2) — 2 = —2e49/(22” + 1). 

For any given value of z we can make |z"| < 2/4 by taking n> 
log (4/¢)/log (1/|z|). If ¢<1 we have then 2|z\"t?<e/2 and 
|1 + 2z2"] > 4 so that |f,(2) — z| <¢. It follows that the convergence 
is uniform in any closed disk |z| S r < 1, or on any subset of such a closed 
disk. 

With another formulation, in the preceding example the sequence 
{f.(z)} tends to the limit function f(z) uniformly on every compact sub- 
set of the region @ In fact, on a compact set |z| has a maximum r < 1 
and the set is thus contained in the closed disk |z| $7. This is the 
typical situation. We shall find that we can frequently prove uniform 
convergence on every compact subset. of 2; on the other hand, this is the 
natural condition in the theorem that we are going to prove. 


Theorem 1. Suppose that f,(z) is analytic in the region Qn, and that the 
sequence {f,(2)} converges to a limit function f(z) in a region Q, uniformly on 
every compact subset of 2. Then f(z) is analytic in 2. Moreover, f(z) 
converges uniformly to f'(z) on every compact subset of Q. 


The analyticity of f(z) follows most. easily by use of Morera’s theorem 
(Chap. 4, See. 2.3). Let lz — al Sr be a closed disk contained in Q; 


the assumption implies that this disk lies in , for all n greater than a 
certain m.{ If y is any closed curve contained in |z — al <r, we have 


[ f@ a =0 


+ In fact, the regions Q, form an open covering of |z — af Sr. The disk is com- 
pact and hence has a finite subcovering. This means that it is contained in a fixed Q,,. 
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for m > mo, by Cauchy’s theorem. Because of the uniform convergence 
on y we obtain 


f f(e) dz = lim f, Sa(2) dz = 0, 


and by Morera’s theorem it follows that f(z) is analytic in {z — a] <r. 
Consequently f(z) is analytic in the whole region Q. 
An alternative and more explicit proof is based on the integral formula 
_ jf fla 
fil) = a Je pm a’ 
where C’ is the circle {¢{ — af = r and |z — al <7. Letting n tend to © 
we obtain by uniform convergence 


1 f¢ f(s) ag 
fe = Ori ect—2 


and this formula shows that f(z) is analytic in the disk. Starting from 
the formula 


vn 1p Salt) at 
f.@ = Ini Je (¢ — 2)? 


the same reasoning yields 


im fe) =z Jf MOE _ pv 

lim f@) = 35 fy ea ae LO) 
and simple estimates show that the convergence is uniform for |z — a| 
Sp<r. Any compact subset of @ can be covered by a finite number 
of such closed disks, and therefore the convergence is uniform on every 
compact subset. The theorem is proved, and by repeated applications 
it follows that f(z) converges uniformly to f(z) on every compact 
subset of Q. 

Theorem 1 is due to Weierstrass, in an equivalent formulation. Its 
application to series whose terms are analytic functions is particularly 
important. The theorem can then be expressed as follows: 

Tf a series with analytic terms, 


$® =f@+h@ +--+ +hleytor-, 


converges uniformly on every compact subset of a region Q, then the sum f(z) 
ts analytic in Q, and the series can be differentiated term by term. 

The task of proving uniform convergence on a compact point set A 
can be facilitated by use of the maximum principle. In fact, with the 
notations of Theerem 1, the difference |fn(z) — f,(z)| attains its maxi- 
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mum in A on the boundary of A. For this reason uniform convergence 
on the boundary of A implies uniform convergence on A. For instance, 
if the functions f,(z) are analytic in the disk |z| <1, and if it can be 
shown that the sequence converges uniformly on each circle |2| = rn 
where lim r,, = 1, then Weierstrass’s theorem applies and we can con- 


oe 
clude that the limit function is analytic. 
The following theorem is due to A. Hurwitz: 


Theorem 2. If the functions f(z) are analytic and # 0 in a region Q, 
and éf faz) converges to f(z), uniformly on every compact subset of Q, then 
(2) is either identically zero or never equal to zero in 


Suppose that f(z) is not identically zero. The zeros of f(z) are in any 
case isolated, For any point zp € 2 there is therefore a number r > 0 such 
that f(z) is defined and +0 for 0 < |z— z| Sr. In particular, f@I 
has a positive minimum on the circle |z — zo\ = 7, which we denote by C. 
Jt follows that 1/f,(z) converges uniformly to 1/f(z) on C. Since it is also 
true that f{(z) > f’(z), uniformly on C, we may conclude that 


on 2. f Oey = 1, [ £@ 
lim 95; Je fate) @ = rile fe) ™ 

But the integrals on the left are all zero, for they give the number of roots 

of the equation f.(z) = 0 inside of C. The integral on the right is there- 

fore zero, and consequently f(z) * 0 by the same interpretation of the 

integral. Since zo was arbitrary, the theorem follows. 


EXERCISES 
1. Using Taylor’s theorem applied to a branch of log G+ 2/n), 


prove that 
lim ( + “vy =e 
ne n 


uniformly on all compact sets. 
2. Show that the series 


t= Ym 


converges for Re z > 1, and represent its derivative in series form. 
3. Prove that 
(1 — 2 )t@) = 1 — Qe43- —--- 


and that the latter series represents an analytic function for Re z > 0. 
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4. Asa generalization of Theorem 2, prove that if the f,(z) have at 
most 7 zeros in Q, then f(z) is either identically zero or has at most m zeros. 
5. Prove that és 


for |z| < 1, (Develop in a double series and reverse the order of 
summation.) 


1.2. The Taylor Series. We show now that every analytic function can 
be developed in a convergent Taylor series. This is an almost immediate 
consequence of the finite Taylor development given in Chap. 4, Sec. 3.1 
Theorem 8, together with the corresponding representation of the 
remainder term. According to this theorem, if f(z) is analytic in a region 
© containing zo, we can write 


12) = Hoes) +E (@ — 2) + + + + LEED Ge — ayn 
a + fasr(e)(@ — zo)" 
anal FD) ak 
forrl2) = Ont eG — aye ay 


In the last formula C is any circle |z — z9| = p such that the closed disk 
lz — zol S p is contained in 2. 

. If M denotes the maximum of [f(z)| on C, we obtain at once the 
estimate 
Miz — 29(**4 


[fnsi(z)(@ — zo)" S pp — le — al) 


We conclude that the remainder term tends uniformly to zero in every 
disk |z — zo) Sr <p. On the other hand, p can be chosen arbitrarily 


close to the shortest distance from zo to the boundary of 2. We have 
proved: 


Theorem 3. If f(z) is analytrc in the region Q, containing zo, then the 
representation , 


52) = flee) + FOO @ — 2) 4 4 HOED ayn pe 


is valid in the largest open disk of center zp contained in Q. 


‘Sa 
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The radius of convergence of the Taylor series is thus at least equal to 
the shortest distance from zo to the boundary of Q. It may well be 
larger, but if it is there is no guarantee that the series still represents f(z) at 
all points which are simultaneously in @ and in the circle of convergence. 

We recall that the developments 


served as definitions of the functions they represent. Of course, as we 
have remarked before, every convergent power series is its own Taylor 
series. We gave earlier a direct proof that power series can be differ- 
entiated term by term. This is also a direct consequence of Weierstrass’s 
theorem. 

If we want to represent a fractional power of z or logz through a power 
series, we must first of all choose a well-defined branch, and secondly we 
have to choose a center 20 # 0. It amounts to the same thing if we 
develop the function (1 + 2)# or log 1 + z) about the origin, choosing the 
branch which is respectively equal to 1 or 0 at the origin. Since this 
branch is single-valued and analytic in |z| < 1, the radius of convergence 
is at least 1. It is elementary to compute the coefficients, and we obtain 


atyeitut(ijer + (Q)et- 
2 ‘3 4 5 
log $2) 22-5 a7 ate 


where the binomial coefficients are defined by 


(== He @o-2ty, 


n re2e- 07 


If the logarithmic series had a radius of convergence greater than 4, 
then log (1 + 2) would be bounded for |z| < 1. Since this is not the 
case, the radius of convergence must be exactly 1. Similarly, if the 
binomial series were convergent in a circle of radius >1, the function 
(1 + 2)* and all its derivatives would be bounded in |e| <1. Unless » 
is a positive integer, one of the derivatives will be a negative power of 
1 +2, and hence unbounded. Thus the radius of convergence is pre- 
cisely 1 except in the trivial case in which the binomial series reduces to 
a polynomial, 
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The series developments of the eyclometric functions are tan z and 
are sin 2 are most easily obtained by consideration of the derived series. 
From the expansion 


(i : — 2g 4 gé core 
rer ae 242 get 


we obtain by integration 


| 


2 2 zt 
are tanz = 2— 3 = 


jas 4 


where the branch is uniquely determined as 


de 
+e 
for any path inside the unit circle. For justification we can either rely 
on uniform convergence or apply Theorem 1, The radius of convergence 


cannot be greater than that of the derived series, and hence it is exactly 1. 
UvV/1 — zis the branch with a positive real part, we have 


t 
are tan @ = if T 


for |z| < 1, and through integration we obtain 


Z 123 1-325 1-3-5 
acsine=e+5gtgantea6Tt | 


The series represents the principal branch of are sin 2 with a real part 
between —7/2 and 7/2. : 

For combinations of clementary functions 1 is mostly not possible to 
find a general law for the coefficients. In order to find the first few 
coefficients we need not, however, calculate the successive derivatives. 
There are simple techniques which allow us to compute, with a reasonable 
amount of labor, all the coefficients that we are likely to need. 

It is convenient to introduce the notation [2"] for any function which is 
analytic and has a zero of at least order 7 at the origin; less precisely, 
[2*] denotes a function which “contains the factor 2.” With this notation 
any function which is analytic at the origin can be written in the form 


fle) = ap tare + 7 Hae" +f", 


where the coefficients are uniquely determined and equal to the Taylor 
coefficients of f(z). Thus, in order to find the first 7 coefficients of the 
Taylor expansion, it is sufficient to determine & polynomial P,,(z) such 
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that f(z) — P,(z) has a zero of at least order n + 1 at the origin. The 
degree of P,(z) does not matter; it is true in any case that the coefficients 
of 2”, m Sn, are the Taylor coefficients of f(z). 

For instance, suppose that 


F@) = ao + aiz + az? + > + fat +++ 
gz) = bo + biz + bee? ++ > tdaeth---, 


With an abbreviated notation we write 
f@) = P.(2) + fe); g@ = Q,(2) + [e"* 1. 


Tt is then clear that f(z)g(z) = P.(z)Qn(z) + [2"*], and the coefficients 
of the terms of degree <n in P,Q, are the Taylor coefficients of the prod- 
uct f(z)g(z). Explicitly we obtain 


S(2)g(z) = aoby + (Gobi + arbdo)e + + - - 
+ (Goda + aida + + + aabo)2” + 


In deriving this expansion we have not even mentioned the question of 
convergence, but since the development is identical with the Taylor 
development of f(z)g(z), it follows by Theorem 3 that the radius of con- 
vergence is at least equal to the smaller of the radii of convergence of 
the given series f(z) and g(z). In the practical computation of P,Q, it is 
of course not necessary to determine the terms of degree higher than 2. 

In the case of a quotient f(z)/g(z) the same method can be applied, 
provided that g(0) = bo) ¥ 0. By use of ordinary long division, con- 
tinued until the remainder contains the factor z"+!, we can determine a 
polynomial R, such that P, = Q,R, + le"). Then f — Rag = fe"), 
and since g(0) # 0 we find that f/g = &, + [z+]. The coefficients of 
R, are the Taylor coefficients of f(z)/g(z). They can be determined 
explicitly in determinant form, but the expressions are too complicated 
to be of essential help. 

It is also important that we know how to form the development of a 
composite function f(g(z)). In this case, if g(z) is developed around 2, 
the expansion of f(w) must be in powers of w — g(go). To simplify, let 
us assume that 2) = 0 and g(0) = 0. We can then set 


S(w) = a9 + aww + > ++ +a,w™+--- 


and g(z) = bw + be? + -+- +b" +--+. Using the same nota- 
tions as before we write f(w) = P,(w) + [wt] and g(z) = Qa(z) + bet] 
with @,(0) = 0. Substituting w = g(z) we have to observe that 


Pa(Qn + le") = Pa(Qa(z)) + fe] 
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and that any expression of the form [w"*!] becomes a [zt]. Thus we 
obtain f(g()) = P.(@,(z)) + [e**4, and the Taylor coefficients of f(g(z)) 
are the coefficients of P,(Q,(z)) for powers = n. 

Finally, we must be able to expand the inverse function of an analytic 
function w = g(z). Here we may suppose that g(0) = 0, and we are 
looking for the branch of the inverse function 2 = g~'(w) which is ana- 
lytic in a neighborhood of the origin and vanishes for w= 0, For the 
existence of the inverse function it is necessary and sufficient that 
g' (0) ¥ 0; hence we assume that 

g(@) = az t+az® +--+ = Que) + le") 
with a, 0. Our problem is to determine a polynomial P,(w) such that, 
P,(Qn(2)) = 2 + [2**}]. In fact, under the assumption a, # 0 the nota- 
tions [2"*+)] and [w*t?] are interchangeable, and fromz = P,(Qn(z)) + [2"*7] 
we obtain z = P,(g(z) + [2"*")) + [e"*"] = Pa(w) + [wt]. Hence P(w) 
determines the coefficients of g—(w). 

In order to prove the existence of a polynomial P, we proceed by 
induction, Clearly, we can take Pi(w) = w/a. If P,-1 is given, we set 
P, = Pa» + b,w* and obtain 


P.(Qn(2)) = Pu-(Qn(2)) + bnaje” + [2"*] 
= Pya(Qu-(2) + ane") + braten + [24] 
= Pra(Qn-(2)) + Prs(Qn—a(2)) ane" + brate” + [eth 
In the last member the first two terms form a known polynomial of the 
form z + ¢,z" + [z"*4], and we have only to take b, = —e,a;". 

For practical purposes the development of the inverse function is 
found by successive substitutions. To illustrate the method we deter- 
mine the expansion of tan w from the series 

3 2 


z 
w = aretane =2—- 9 +5 aa 


If we want the development to include fifth powers, we write 


= ie ate 
z=uts 5 + le] 


and substitute this expression in the terms to the right. With appro- 
priate remainders we obtain 


1 2 $ 1 aN\5 7 
=w+h(w+9 + tw) — Ew + LoD + fe 
= wt putt hutet — Zu! + [ul 


A 


1 2 
wet Fare + [w'))? — pu + [wv] = w+ 3 w+ iB ws + [w'], 
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Thus the development of tan w begins with the terms 


tan w = wt Zui + Zt + Toe, 


5 
EXERCISES 


1. Develop 1/(1 + 2%) in powers of z — a, a being a real number. 
Find the general coefficient and for a = 1 reduce to simplest form. 

2. The Legendre polynomials are defined as the coefficients P,.(a) in 
the development 


(L — 2az + 2)4 = 14 Pya)z+ Prlade +--+. 


Find P1, P2, Ps, and Py. 
3. Develop log (sin z/z) in powers of z up to the term 2°. 
4. What is the coefficient of 27 in the Taylor development of tan z? 
5. The Fibonacci numbers are defined by cy = 0,aq = 1, 


Cn = Cra + Cn_2 


Show that the ¢, are Taylor coefficients of a rational function, and deter- 
mine a closed expression for c,. 


1.3. The Laurent Series, A series of the form 
(1) bo + bye + bee? He dpe fs 


can be considered as an ordinary power series in the variable 1 fz. It 
will therefore converge outside of some circle |z| = R, except in the 
extreme case R = © ; the convergence is uniform in every region |z| = p 
>R, and hence the series represents an analytic function in the region. 
le] > R. If the scries (1) is combined with an ordinary power series, 
we get a more general series of the form 


(2) Dane. 


Tt. will be termed convergent only if the parts consisting of nonnegative 
powers and negative powers are separately convergent. Since the first 
part converges in a disk |z| < Re and the second series in a region le] > Ra, 
there is a common region of convergence only if Ry < Rs, and (2) repre- 
sents an analytic function in the annulus Ry < le] < Re 

Conversely, we may start from an analytic function f(z) whose region 
of definition contains an annulus Ri < [z| < R2, or more generally an 
annulus R, < |z— al < Re We shail show that such a function can 


| 
| 
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always be developed in a general power series of the form 


+o 
f@a= > A,(z — a)”. 

The proof is extremely simple. All we have to show is that f(z) can 
be written as a sum f1(2) + f2(z) where fi(z) is analytic for \z = al < Ry 
and fo(z) is analytic for |z — al > Ri with a removable singularity at ©, 
Under these circumstances f1(2) can be developed in nonnegative powers 
of z — a, and f2(z) can be developed in nonnegative powers of 1/(z — a). 

To find the representation f(z) = fi(z) + fe(z) define fi(z) by 


1 di 
ho=3, f WA 
ie-al=r 
for |z — a| <r < Ry and f2(z) by 
1 (g) dg 
fi) = — 3 i.e 
Ike] =r 


forRi <r <|z— al. In bothintegrals the value of r is irrelevant as long 
as the inequality is fulfilled, for it is an immediate consequence of 
Cauchy's theorem that the value of the integral does not change with 7 
provided that the circle does not pass over the point. z. For this reason 
fi(z) and fe(2) are uniquely defined and represent analytic functions in 
\z — al < Re and |z — a| > Ai respectively. Moreover, by Cauchy’s 
integral theorem f(z) = f1(z) + fe(z). 
The Taylor development of fi(z) is 


fie) = Y Ante - a)" 


n=O 


with 


1 
@) Avmaq f g-o" 


In order to find the development of fo(z) we perform the transformation 
f=atif', z=a+1/2. This transformation carries |f — al = 7 
into |¢’| = 1/r with negative orientation, and by simple calculations we 
obtain. 
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with 


ee 
B, on pri a f KO aera. 


ri=t elmer 


This formula shows that we can write 


re 
fe= YS Ane — a)» 


nae 


where all the coefficients A, are determined by (3). Observe that the 
integral in (8) is independent of 7 as long as Ri <1 < Re 

If R; = 0 the point a is an isolated singularity and A_; = B, is the 
residue at a, for f(z) — A_s(z — a)-' is the derivative of a single-valued 
function in 0 < |z — aj < Rs. 


EXERCISES 


1. Prove that the Laurent development is unique. 

2. Let 9 be a doubly connected region whose complement consists of 
the components Ei, E:. Prove that every analytic function f(@ in Q can 
be written in the form fi(z) + fo(z) where f(z) is analytic outside of E, 
and f,(z) is analytic outside of Hz. (The precise proof requires a construc- 
tion like the one in Chap. 4, Sec. 4.2.) 

3. The expression 


£2) _ 3 ("OV 
thal = "Fey a(FG) 


is called the Schwarzian derivative of f. If f has a multiple zero or pole, 
find the leading term in the Laurent development of {f,z}. Answer: If 
S(@) = alz — 2)" 4+ >, then {fz} = 2(L — m®)(z — 2)? + : 

4 Show that the Laurent development of (e* — 1)-? at a origin is 
of the form 


where the numbers B;, known as the Bernoulli numbers, are all positive, 
Calculate By, Bo, Bs. 

5. Express the Taylor development of tan z and the Laurent develop- 
ment of cot z in terms of the Bernoulli numbers. 
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2. PARTIAL FRACTIONS AND FACTORIZATION 


A rational function has two standard representations, one by partial 
fractions and the other by factorization of the numerator and the denomi- 
nator. The present section is devoted to similar representations of 
arbitrary meromorphic functions. 


2.1. Partial Fractions. If the function f(z) is meromorphic in a region 
Q, there corresponds to each pole b, a singular part of f(z) consisting of 
the part of the Laurent development. which contains the negative powers 
of z — b,; it reduces to a polynomial P,(1/(¢ — 6,)). It is tempting to 
subtract all singular parts in order to obtain a representation 


@) se) = Y P.(+5) +00 


where g(z) would be analytic in Q. However, the sum on the right-hand 
side is in general infinite, and there is no guarantee that the series will 
converge. Nevertheless, there are many cases in which the series con- 
verges, and what is more, it is frequently possible to determine g(z) 
explicitly from general considerations. In such cases the result is very 
rewarding; we obtain a simple expansion which is likely to be very helpful. 

Tf the series in (4) does not converge, the method needs to be modified. 
It is clear that nothing essential is lost if we subtract an analytic function 
pz) from each singular part P,. By judicious choice of the functions p, 
the series > (P, — p,) can be made convergent. It is even possible to 


take the p,(z) to be polynomials. 

We shall not prove the most general theorem to this effect. In the 
case where Q is the whole plane we shall, however, prove that every 
meromorphic function has a development in partial fractions and, more- 
over, that the singular parts can be described arbitrarily. The theorem 
and its generalization to arbitrary regions are due to Mittag-Leffler. 


Theorem 4. Let {b,} be a sequence of complex numbers with lim b, = ©, 


and let P,() be polynomials without constant term. Then there are functions 
which are meromorphic in the whole plane with poles at the points b, and the 
corresponding singular parts P,(1/(z — b,)). Moreover, the most general 
meromorphic function of this kind can be written in the form 


(8) f@ = ) [P. (4;) - vte)| + g@) 
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where the p,(z) are suttably chosen fixed polynomials and g(z) is analytic in 
the whole plane. 


Since the function P,(1/(z — b,)) is analytic for |z| < [6.|, it can be 
expanded in a Taylor series about the origin.t We choose for pz) a 
partial sum of this series, ending, say, with the term of degree n,. The 
difference P, — p, ean be estimated by use of the explicit expression for 
the remainder given in Chap. 4, Sec. 3.1. If IP.| < M, for lel S |b,|/2, 


we obtain, for instance, 
a) 
=x£M, 
(is 


6) |P- (25) - 2 


for |z| < [b,|/4. Because of this estimate it is clear that the series in the 
right-hand member of (5) can be made convergent by choosing the n, 


large enough. Specifically, using the formula for the radius of conver- 
gence we find that the power series 


3) M, gy" 


v 


converges in the whole plane if lim M}/\b,| = 0; this is assured by 
choosing, for instance, n, > log M,. 
Consider an arbitrary closed disk lal SR. The series 9! (P, — p,) 


has only a finite number of terms which become infinite in |z| < R, and 
from a certain term on the inequality (6) will hold throughout the disk. 
If the terms with |b,| < R are omitted, it follows that the remaining series 
converges absolutely and uniformly in lal SR. Since Ris arbitrary, the 
series converges for all z b, and represents a meromorphic function in 
the whole plane. It is obvious that the singular parts are P(1/(z — 6,)), 
and the rest of the theorem follows trivially. 

As a first example we consider the function 7?/sin? +z which has double 
poles at the points z = n for integraln. The singular part at the origin is 
1/2, and since sin? a(z —n) = sin?az the singular part at z= 7 is 
1/(2 — n)% ‘The series 


yoo41 
(7) oe Gan! 


is convergent for z ~ , a8 seen by comparison with the familiar series 


») I/n?, Itis uniformly convergent on any compact set after omission of 
z 


t We suppose, for simplicity, that no b, equals zero. 


SERIES AND PRODUCT DEVELOPMENTS wT 


jhe terms which become infinite on the set. For this reason we can write 
the tei i 


we 


1 


here g(2) is analytic in the whole plane. We contend that g(z) is 

w 

eo miei we observe that the function #?/sin? xz and the series (7) 
bath patindic with the period 1. Therefore the function g(z) has the 

ae period. For z = x + iy we have (Chap. 2, Sec. 3.2, Ex. 4) 

s 


Isin w2\* = cosh? y — cos? x 


2 Asin? uniformly to 0 as |y|—> «©. But it is easy to 
ri tee agaa (ie the es property. Indeed, the conver- 
sans uniform for |y| 2 1, say, and the limit for |y| > « can thus be 
wa ad by taking the limit in each term. We conclude that gz) tends 
ats 1] ‘ 0 for [yl «. ‘This is sufficient to infer that lo@) is 
ed ae period strip 0 S$ x < 1, and because of ne periodicity 
in() will be bounded in the whole plane. By pais 5 enn a 
must reduce to a constant, and since the limit is 0 the cons’ 
vanish. We have thus proved the identity 


ee v i, 
(8) sin? 72 y z—n) 


From this equation a related identity can be papacy tae 
The left-hand member is the derivative of —x cot wz, and the term: me 
right are derivatives of —1/(z — 7). The series with the sae a 
1/(z — n) diverges, and a partial sum of the Taylor eee i Lee 
tracted from all the terms with n # 0. : As it happens it is su 
subtract the constant terms, for the series 


y(t+A- dm) 


nO 


i ith J ent. The convergence is 
is comparable with > 1/n® and hence converg' 
1 


: ‘ ich 
uniform on every compact set, provided that we omit the esate 
become infinite. For this reason termwise differentiation is perm: ; 


and we obtain 


1 1 i 
(0) root = 1+ Y (4543) 
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except for an additive constant. If the terms corresponding to 7 and 
are bracketed together, (10) can be written in the equivalent forms 


m 


(11) wx cot rz = lim y 1 -5+)5%5 
me 


mo 


equation are odd functions of z, and for this reason the integration co; 
stant must vanish. The equations (10) and (11) are thus correct} 


(12) lim {<1 at ae >) (-1)" 22 
= T 


Pi ts n? 
which evidently represents a meromorphic function. It is very nati 
to separate the odd and even terms and write 

Pk+1 


es 


—(@k+1) nemk n= —k—-b 


By comparison with (11) we find that the limit is 


mee mw. (2-1) oe 
5 cots got = Swe! 


and we have proved that 


(13) 


= Jim wXG Ire 


SID 7z 


EXERCISES 


: 1. Comparing coefficients in the Laurent developments of cot xz and 
of its expression as a sum of partial fractions, find the values of 


ye yl Fk 
Lyn? La an 


Give a complete justification of the steps that are needed. 
2. Express 


in closed form. 
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3. Use (18) to find the partial fraction development of 1/cos z, and 
show that it leads tow/4 =1—-34+}32—-4+--- 
4. What is the value of 


oe ee ? 
py (z+ 7)? + a 


2.2. Infinite Products. An infinite product of complex numbers 


(14) pie pn = TL 

net 
is evaluated by taking the limit of the partial products P, = pipe * °° pu 
It is said to converge to the value P = lim P, if this limit exists and is 


ne 
different from zero. There are good reasons for excluding the value zero. 
For one thing, if the value P = 0 were permitted, any infinite product 
with one factor 0 would converge, and the convergence would not depend 
on the whole sequence of factors. On the other hand, in certain con- 
nections this convention is too radical. In fact, we wish to express a 
function as an infinite product, and this must be possible even if the 
function has zeros. For this reason we make the following agreement: 
The infinite product (14) is said to converge if and only if at: most a 
finite number of the factors are zero, and if the partial products formed 
by the nonvanishing factors tend to a finite limit which is different from 
zero. 

In a convergent product the general factor p, tends to 1; this is clear 
by writing p, = P,/P,-1, the zero factors being omitted. In view of 
this fact it is preferable to write all infinite products in the form 


(15) I] @+a,) 
n=1 
so that a, — 0 is a necessary condition for convergence. 
If no factor is zero, it is natural to compare the product (15) with the 
infinite series 


(16) y log (1 + a,). 
n=l 


Since the a, are complex we must agree on a definite branch of the 
logarithms, and we decide to choose the principal branch in each term. 
Denote the partial sums of (16) by S,. Then P, = eS, and if 8, + 8 
it follows that P, tends to the limit P = e* which is #0. In other 
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words, the convergence of (16) is a sufficient condition for the con- 
vergence of (15). 

In order to prove that the condition is also necessary, suppose that 
P,-+ P # 0, and choose a fixed value of log P, for instance the value of 
the principal branch. With the corresponding value of arg P determine 
arg P, by the condition argP —a < arg P, S argP +2, and set 
log Pn = log |P,| + iargP,. We know that S, = log P, + h, - 2zi, 
where h, is a well-determined integer. For two consecutive terms we 
obtain 


(Anta — hn)2nt = log (1 + angi) + log P, — log Pry. 


We need pay attention only to the imaginary parts. As n is sufficiently 
large we have for instance |arg (1 + @n41)| < 27/8, larg P, — arg P| 
< 27/3, and larg Piya — arg P| < 27/3. These inequalities imply 
|hnaa — Ral <1, and thus we conclude that h,41 = h, for all sufficiently 
large n. Ultimately h, is therefore constantly equal to a certain integer 
h, and we find that &, tends to the limit S = log P + h-2zxi. We have 
proved: 


Theorem 5. The infinite product [] (1 + an) with 1 + a, ¥ 0 converges 
1 


simultaneously with the series ¥ log (1 + a,) whose terms represent the 
1 


values of the principal branch of the logarithm. 

The question of convergence of a product can thus be reduced to the 
more familiar question concerning the convergence of a series. It can be 
further reduced by observing that the series (16) converges absolutely at 


the same time as the simpler series Z |a,|. This is an immediate conse- 
quence of the fact that 


lim 8 G4+8 1 
20 2 
If either the series (16) or |a,,| converges, we have a,—> 0, and for a 
A 
given « > 0 the double inequality 
(1 — e)la,| < flog (1 + a,)| < (1 + ®)Ja,] 


will hold for all sufficiently large n. It follows immediately that the two 
series are in fact simultaneously absolutely convergent. 
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An infinite product is said to be absolutely convergent if and only if 
the corresponding series (16) converges absolutely. With this termi- 
nology we can state our result in the following terms: 


Theorem 6. A necessary and sufficient condition for the absolute con- 


vergence of the product T] G + a,) és the convergence of the series ») lal. 
1 1 


In the last theorem the emphasis is on absolute convergence. By 


cy 


simple examples it can be shown that the convergence of > a, is neither 
T 


sufficient nor necessary for the convergence of the product [] (1 + a,). 
1 


It is clear what to understand by a uniformly convergent, infinite 
product whose factors are functions of a variable. The presence of 
zeros may cause some slight difficulties which can usually be avoided 
by considering only sets on which at most a finite number of the factors 
can vanish. If these factors are omitted, it is sufficient to study the 
uniform convergence of the remaining product. Theorems 5 and 6 have 
obvious counterparts for uniform convergence. If we examine the proofs, 
we find that all estimates can be made uniform, and the conclusions lead 
to uniform convergence, at least on compact sets. 


EXERCISES 
1. Show that 


2 Prove that for |z| <1 
GQ+2Q0+2)1 4+ A042)... = 
3. Prove that 


l-z 


ie 
n 
1 
converges absolutely and uniformly on every compact sct. 

4. Prove that the value of an absolutely convergent product does not 
change if the factors are reordered. 

5. Show that the function 


Ey 


6(2) = [] @ + hte) + hemtens) 


1 
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where |h| < 1 is analytic in the whole plane and satisfies the functional 
equation 
6 + 2 log hk) = h-e-* 6 (2). 


2.3. Canonical Products. A function which is analytic in the whole 
plane is said to be entire, or integral. The simplest entire functions 
which are not polynomials are e?, sin z, and cos z. 

Tf g(z) is an entire function, then f(z) = e* is entire and ¥ 0. Con- 
versely, if f(z) is ‘any entire function which is never zero, let. us show 
that f(z) is of the form e. To this end we observe that the function 
S/O, being analytic in the whole plane, is the derivative of an entire 
function g(z). From this fact we infer, by computation, that f(z)e-°@ 
has the derivative zero, and hence f(z) is a constant multiple of e; the 
constant can be absorbed in g(z). 

By this method we can also find the most general entire function with 
a finite number of zeros. Assume that f(z) has m zeros at the origin 
(m may be zero), and denote the other zeros by a1, a2, . . . , aw, roultiple 
zeros being repeated. It is then plain that we can write 


fe) = cool] (1 = 2) 


If there are infinitely many zeros, we can try to obtain a similar repre- 
sentation by means of an infinite product. The obvious generalization 
would be 


(17) fle) = arent II (: a 2). 
1 


ay, 


This representation is valid if the infinite product converges uniformly 
on every compact set. In fact, if this is so the product represents an 
entire function with zeros at. the same point (except for the origin) and 
with the same multiplicities as f(z). It follows that the quotient can be 
written in the form 29, 


The product in (17) converges absolutely if and only if ¥ 1/\a,| is 
1 


convergent, and in this case the convergence is also uniform in every 
closed disk |z| S$ FR. It is only under this special condition that we can 
obtain a representation of the form (17). 

In the general case convergence-producing factors must be introduced. 
We consider an arbitrary sequence of complex numbers a, ~ 0 with 
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lim a, = ©, and prove the existence of polynomials p,{z) such that 
see 


ed z 
(18) ll ( =e) ne 
1 


converges to an entire function. The product converges together with 
the series with the general term 


ta(z) = log (1 - 2) + prl2) 


an, 


where the branch of the logarithm shall be chosen so that the imaginary 
part of r,(z) lies between —a and a (inclusive). ; 

For a given R we consider only the terms with |a,| > R. In the disk 
lz| S & the principal branch of log (1 — z/a,) can be developed in a 
Taylor series 


e(1_-2\)-—-2_—1f2Y_1fz\_... 
Bl a) a BNa) ~ 3M : 


We reverse the signs and choose p,(z) as a partial sum 


1 : Lfiz\™ 
pte) = Z +35 (2) ves +2(2) . 


Then 7,(z) has the representation 


1 2 Mrtl 1 Zz Mat2 hate 
ae eal (2) ~ i ra(é 


and we obtain easily the estimate 


Lf R\et R\O 
oO) rool ea (Gan) (* — jaa) 
Suppose now that the series 
v1 (R\H 
(20) Dy Mtl (4) 


converges. By the estimate (19) it follows first that r,(z) — 0, and 
hence r,(z) has an imaginary part between —a and 7 as soon as n is 
sufficiently large. Moreover, the comparison shows that the series 
2r,(z) is absolutely and uniformly convergent for |z| < #, and thus the 
product (18) represents an analytic function in |z| < R. For the sake 
of the reasoning we had to exclude the values |a,| < R, but it is clear 
that the uniform convergence of (18) is not affected when the corre- 
sponding factors are again taken into account. 

It remains only to show that the series (20) can be made convergent 
for all R. But this is obvious, for if we take m, = n, (20) becomes a 
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power series with an infinite radius of convergence as seen either by use 
of the formula for the radius of convergence or by consideration of a 
majorant geometric series for any fixed value of R. 


Theorem 7. There exists an entire function with arbitrarily prescribed 
zeros a, provided that, in the case of infinitely many zeros, a, —> ©. Every 
entire function with these and no other zeros can be writlen in. the form 


(1) @ = ere TT (1 > 2) pie) tee 
n=l ” 


where the product is taken over all a, 0, the m, are certain integers, and 
g(z) is an entire function. 


This theorem is due to Weierstrass. It has the following important 
corollary: 


Corollary. Every function which is meromorphic in the whole plane is 
the quotient of two entire functions. 


In fact, if F(z) is meromorphic in the whole plane, we can find an 
entire function g(z) with the poles of F’ (z) for zeros. The product F(z)g(z) 
is then an entire function f(z), and we obtain F(z) = f(z)/g(2). 

The representation (21) becomes considerably more interesting if it is 
possible to choose all the m, equal to each other. The preceding proof 
has shown that the product 


sa (1-2) eH@+- Gy 


a, 
‘i n 
converges and represents an entire function provided that the series 


> (R/|an|)"*1/(h + 1) converges for all R, that is to say provided that, 


nol 

Z1/la,/* < «©. Assume that A is the smallest integer for which this 
Series converges; the expression (22) is then called the canonical product 
associated with the sequence {a,}, and h is the genus of the canonical 
product. 

Whenever possible we use the canonical product in the representation 
(21), which is thereby uniquely determined. If in this representation 
g(2) reduces to a polynomial, the function f(2) is said to be of finite genus, 
and the genus of f(z) is by definition equal to the degree of this polynomial 
or to the genus of the canonical product, whichever is the larger. For 
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instance, an entire function of genus zero is of the form 


cell (1 - 2) 


with 21/|a,| < ©. The canonical representation of an entire function 
of genus | is either of the form 


Came |] (1 - 2) e7!an 


1 
with Z1/lan|? << «©, Z1/le,| = ©, or of the form 


z 
Core |] ( = 2) 


1 


with ZI/la,| < ~, a ¥ 0. 

As an application we consider the product representation of sin 2. 
The zeros are the integers z= -tn. Since Y1/n diverges and 21/n? 
converges, we must take h = 1 and obtain a representation of the form 


: z 
sin wz = ze |] (1 - ‘) elm, 


n¥0 


In order to determine g(z) we form the logarithmic derivatives on both 
sides. We find 


1 1 
reotxe= +0) + ) (4 + 3) 
n#é0 


where the procedure is easy to justify by uniform convergence on any 
compact set which does not contain the points z = n. By comparison 
with the previous formula (10) we conclude that g’(z) = 0. Hence g(z) 


is a constant, and since lim sin «z/z = 7 we must have e* = 7, and thus 
2-0 


(23) sin xz = xz [] (1 - 4) el, 
n #0 


In this representation the factors corresponding to n and —n can be 
bracketed together, and we obtain the simple form 


(24) Bin 7z = 7z I (1 = =) 


i 


It follows from (23) that sin z is an entire function of genus 1. 
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EXERCISES 


1. Suppose that a,— © and that the A, are arbitrary complex 
numbers. Show that there exists an entire function (2 which satisfies 
Fan) = An. 

Hint: Let g(z) be a function with simple zeros at the a,. Show that 


y (2) ern(z—an) Ay 
2) ———— -= 
9 zZ—@, g’ (ar) 


converges for some choice of the numbers ¥,. 
2. Prove that 


sin r(z + a) = etzeotra |] (1 + = = :) enti ta) 


2 


whenever a is not an integer. Hint: Denote the factor in front of the 
canonical product by g(z) and determine g’(z)/g(z). 

3. What: is the genus of cos ~/2? 

4. If f(z) is of genus h, how large and how small can the genus of f(z*) 
be? 

5. Show that if f(z) is of genus 0 or 1 with real zeros, and if f(z) is real 
for real z, then all zeros of f’(z) are real. Hint: Consider Im SOO. 


2.4. The Gamma Funetion. The function sin xz has all the integers 
for zeros, and it is the simplest function with this property. We shall now 
introduce functions which have only the positive or only the negative 
integers for zeros. The simplest function with, for instance, the negative 
integers for zeros is the corresponding canonical product 


(25) G® =T] ¢ + ) en, 

1 
It is evident that @(—z) has then the positive integers for zeros, and by 
comparison with the product representation (23) of sin xz we find at once 


(26) 2()G(—2) = 9%. 


Because of the manner in which G(z) has been constructed, it is bound 
to have other simple properties. We observe that G(z — 1) has the same 
zeros as G(z), and in addition a zero at the origin. It is therefore clear 
that we can write 


Gz — 1) = ze*G), 
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where y(z) is an entire-function. In order to determine ¥@ we take the 
Jogarithmic derivatives on both sides. This gives the equation 


oy Ste Detevo+ 3 (a-}) 


need 


In the series to the left we can replace n by n + 1. By this change we 
obtain 


x 1 1 Sf ii] a) 

y sarees) st 1) Ae n+l 
1 ~ (1 1 Sf i}. 
of-1% 9 (an 2)* 0G a+ 


The last series has the sum 1, and hence equation (27) reduces to y’(z) = 0. 
Thus (2) is a constant, which we denote by y, and G(z) has the reprod uc- 
tive property G(z — 1) = et2G(z). It is somewhat simpler to consider 
the function H(z) = G(z)e” which evidently satisfies the functional equa- 
tion H(z — 1) = 2H(2). 

The value of y is easily determined. Taking z = 1 we have 


1 = G0) = &G(t), 


and hence 
” \_ 
ev= |] (1 + ne Un, 
n=l 
Here the nth partial product can be written in the form 
(nb le OHH Him, 


and we obtain 
= li 4545+ °° +3 — len), 
saat 2°3 n 


The constant ¥ is called Euler’s constant; its approximate value is 57722, 
If H(z) satisfies H(z — 1) = zH(z), then P(z) = 1/[2H(2)] satisfies 
1@—1) =T@/¢ — }), or 


(28) (e+ 1) = 2. 


This is found to be a more useful relation, and for this reason it has 
become customary to implement the restricted stock of elementary func- 
tions by inclusion of T(z) under the name of Euler’s gamma function. 
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Our definition leads to the explicit representation 


(29) T@ = = Ul (1 + 2) "em, 


n= 


and the formula (26) takes the form 


(30) Tera — 2) = 


mn 7z 
We observe that I'(z) is a meromorphic function with poles at z = 0, 
—l, -2, . but without zeros. 

We have TQ) = 1, and by the functional equation we find (2) = 1, 
T(3) = 1-2, P(4) =1-2-3and generally (nm) = (n — 1). Thef-fune- 
tion can thus be considered as a generalization of the factorial. From (80) 
we conclude that [(3) = ~/7. 

Other propertics are most easily found by considering the second 
derivative of log P'(z) for which we find, by (29), the very simple expression 


eo (na) ~ > pea 


For instance, it is plain that T(z) P'(z + 4) and P'(2z) have the same poles, 
and by use of (31) we find indeed that 


"(@) : y 
u(r) + & (Ret) - Leet Leeee 


_,f 1 1 
_ 4] Py (2z + 2n)? + 2 (z+ 2n + 7 


: d. (2z + m)? 
ae (22) 
dz \ T'(2z) 
By integration we obtain 
T@T(z +h) = eT (2z), 


where the constants @ and b have yet to be determined. Substituting 
2=}andz = | we make use of the known values P(4) = «/7, P(I) = 
Mid) = 3P@) = 1 +/z, P(2) = 1 and are led to the relations 


gat+b=}loga, a+6 = log a — log 2. 
It follows that 
a= —2log2 and b = 4 log a + log 2; 
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the final result is thus 


Va T (22) = 2% T(z) T(z + 4) 


which is known as Legendre’s duplication forroula. 


EXERCISES 


1. Prove the formula of Gauss: 


n-1 
Qn)? P@ =nA7 (:) r (+2) ame 
2. Show that 
Wo f3\b (12 
r)-2() Gy" 


3. What are the residues of I'(z) at the poles z = —n? 


(353 
n 


2.5. Stirling’s Formula. In most connections where the ! function 
can be applied, it is of utmost importance to have some information on 
the behavior of I'(z) for very large values of z. Fortunately, it is possible 
to calculate T(z) with great precision and very little effort. by means of a 
classical formula which goes under the name of Stirling’s formula. 
There are many proofs of this formula. We choose to derive it by use of 
the residue calculus, following mainly the presentation of Lindel6f in his 
classical book on the calculus of residues. This is a very simple and above 
all a very instructive proof inasmuch as it gives us an opportunity to use 
residues in less trivial cases than previously. 

The starting point is the formula (31) for the second derivative of 
log ['(z), and our immediate task is to express the partial sum 


1 
@+it CEE 


1 1 

at pt Hera 

as a convenient line integral. To this end we need a function with the 
tesidues 1/(z + v)? at the integral points v; a good choice is 


x cot xf 


@+h? 


Here ¢ is the variable while z enters only as a parameter, which in the first 
Part. of the derivation will be kept at a fixed value z = x + ty witha > 0. 

We apply the residue formula to the rectangle whose vertical sides lie 
on £=0 and § = n+} and with horizontal sides 7 = +Y, with the 
intention of letting first Y and then n tend to ©. This contour, which 


#Q) = 
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we denote by K, passes through the pole at 0, but we know that the 
formula remains valid provided that we take the principal value of the 
integral and include one-half of the residue at the origin. Hence we 
obtain 


ah eer ns | 
PIV. oT f, BS) dg = aa t Ler 


On the horizontal sides of the rectangle cot aé tends uniformly to +7 
for Y— ©. Since the factor 1/(z + ¢)? tends to zero, the corresponding 
integrals have the limit zero. We are now left with two integrals over 
infinite vertical lines. On each line ¢ = n + %, cot xf is bounded, and 
because of the periodicity the bound is independent of x. The integral 
over the line = n + 3 is thus less than a constant times 


[ rap 
2 
tenth k +2 
This integral can be evaluated, for on the line of integration 


f=%n+1—% 
and we obtain by residues 


1 if dt f dt _ Qn 

taf [ete a) (4+ Q@n 41-549 Wit ar 
The limit for n—» © is thus zero. 

Finally, the principal value of the integral over the imaginary axis 
from —ic to --ie can be written in the form 


lyfe . 1 1 ts « Qnz 
3h cot in aay — Gea] mf, coth > Cap ap On. 


The sign has to be reversed, and we obtain the formula 


d fT'(z) 1 <2 2: 
(32) (8) = gat [F cothay: aoa Tami 


It is preferable to write 
2 


coth m = 1+ Ga 


and observe that the integral obtained from the term 1 has the value 1 fz. 
We can thus rewrite (32) in the form 


d (T(z) Lee! o  4nz edn 
(33) ure) z+3at+h @ete ai 


where the integral is now very strongly convergent. 
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For z restricted to the right half plane this formula can be integrated. 
We find 


I) _ _1_ pe _2n dy 
(34) Tt.) ~C+ logz—s5- — f, e+e Ty 


where log z is the principal branch and C is an integration constant. The 
integration of the last term needs some justification. We have to make 
sure that the integral in (34) can be differentiated under the sign of 
integration; this is so because the integral converges uniformly when z is 
restricted to any compact set in the half plane x > 0. 

We wish to integrate (34) once more. This would obviously intro- 
duce are tan (z/y) in the integral, and although a single-valued branch 
could be defined we prefer to avoid the use of multiple-valued functions. 
That is possible if we first transform the integral in (84) by partial integra- 
tion. We obtain 


a eee peer 
f 2n dn 1 ZT Jog (1 — e-**) dy 


Pte em—1 zh @ + 22 
where the logarithm is of course real. Now we can integrate with respect 
to z and obtain 


(35) log F(z) 
, 1 lez 1 
= C +02+(2-5)loee +? f Pye typo aan 


where C’ is a new integration constant and for convenience C — 1 has 
been replaced by C. The formula means that there exists, in the right 
half plane, a single-valued branch of log T(z) whose value is given by 
the right-hand member of the equation. By proper choice of C’ we 
obtain the branch of log T(z) which is real for real z. 

It remains to determine the constants C and C’. To this end we must 
first study the behavior of the integral in (35) which we denote by 


l fe 2 1 
(36) Jo=> f atabei apa 


It is practically evident that J(z) > 0 for z—> © provided that z keeps 
away from the imaginary axis. Suppose for instance that z is restricted 
to the half plane z 2c > 0. Breaking the integral into two parts we 
write 
fet 
I@= [P+ [lant he 
2 
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In the first integral |»? + 27| = |z|? — |2/2|? = 3|z|#/4, and hence 
4 *° 1 
rei ara ae 
Wil $5 Meta 
In the second integral |y? + z?| = |z — in| - [2 + in| > clz|, and we find 


1 je i 
|Fal < = Ia log 7a dn. 


par 


Since the integral of log (1 — e~?**) is obviously convergent, we conclude 
that J; and J; tend to 0 asz—> «. 

The value of C is found by substituting (35) in the functional equa- 
tion T(z + 1) = 2T(z) or log T(z + 1) = log z + log T(z); if we restrict z 
to positive values, there is no hesitancy about the branch of the logarithm. 
The substitution yields 


C+ Ce + C+ E44 log e+) 4+3)G4+) 
= C+Cz+ (+4) loge + Jd, 
and this reduces to 


=~ (2+5)ie(1 +1) +7@ -se +9 


Letting z—» © we find that C = —1. 
Next: we apply (35) to the equation P(2)T(1 — 2) = a/sin xz, choos- 
ingz=4+%y. We obtain 


20" — 1 + ty log G + ty) — iylog @ — y) +JG+%) +IG-y 
= log x — log cosh ry. 


This equation, in which the logarithms are to have their principal values, 
is so far proved only up to a constant multiple of 277. But for y = 0 the 
equation is correct as it stands because (35) determines the real value of 
log (3); hence it holds for all y. As y-> © we known that J(i + iy) 
and JG — iy) tend to 0. Developing the logarithm in a Taylor series 
we find 


1 

: A+iy_ 2 f Diy 
ty log} tit = ty| ai + log “ = —ry +14 ex{y) 

i 


while in the right-hand member 


log cosh ry = ry — log 2 + ea(y) 
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with e:(y) and é(y) tending to 0. These considerations yield the value 
C’ = 3 log 2x. We have thus proved Stirling’s formula in the form 


(37) log T(z) = $ log 2 —z2 + ( — 4) logz+ J) 
or equivalently 
(38) TQ) = -V2r 2 tee7 


with the representation (36) of the remainder valid in the right half plane. 
We know that J(z) tends to 0 when z—» © in a half plane z = ¢ > 0. 

In the expression for J(z) we can develop the integrand in powers of 
1/z and obtain 


J = G4 E40 4 So Ke 
with 
tiie 1 
(39) Ce = (— = [92 log -— dn 
and 


_ (=F 1 peg 1 
Ne) = "ar eh TF Geer ean 
It can be proved (for instance by means of residues) that the coefficients 
C, are connected with the Bernoulli numbers (cf. Ex. 4, Sec. 1.3) by 


1 
(40) C. = (-D" Gaya; Be 


Thus the development of J(z) takes the form 


Bi 1 B, 1 
(41) IQ) = 755-342? a 


1 
+ I oat + Ji(z). 


The reader is warned not to confuse this with a Laurent development. 
The function J(z) is not defined in a neighborhood of © and, therefore, 
does not have a Laurent development; moreover, if k—> , the series 
obtained from (41) does not converge. What we can say is that for a 
fixed k the expression Ji(z)z* tends to 0 for z— © (in a half plane 
«2c>0). This fact characterizes (41) as an asymptotic development. 
Such developments are very valuable when z is large in comparison with 
k, but for fixed z there is no advantage in letting k become very large. 
Stirling’s formula can be used to prove that 


(42) T@) = f * ete dt 
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whenever the integral converges, that is to say for * > 0. Until the 
identity has been proved, let the integral in (42) be denoted by F(z). 
Integrating by parts we find at once that 


FE +) = f * o-tp dt = 2 f © yt dt = 2F(2)- 


Hence F(z) satisfies the same functional equation as T(z), and we find 
that F@Q/TOQ = Flet+ H/TE + 1). In other words F(A/T@) is 
periodic with the period 1. This shows, incidentally, that F(z) can be 
defined in the whole plane although the integral representation is valid 


only in @ half plane. 
e that F(2)/T (2) is constant we have to estimate \F/T\ 


In order to prov! 
in a period strip, for instance jn the strip 1 Sz <2. In the first place 


we have by (42) 
Fels fe ta= F(a); 


and hence F() is bounded in the strip. Next, we use Stirling’s formula 
to find a lower bound of \P(z)| for large y. From (37) we obtain 


log |T@| = 1 log 2n — & + (x — 4) log \zl — y are 2 + Re J(2). 


Only the term —Y arg ? becomes negatively infinite, being comparable to 


—aly\/2. Thus \F/T\ does not grow much more rapidly than envil2, 


For an arbitrary function this would not suffice to conclude that the 
d 1 it is more than 


function must be constant, but for a function of perio 
In fact, it is clear that F/T can be expressed a8 & single-valued 


enough. 
function of the variable ¢ = ez; to every value of ¢ #0 there corre- 
Itiples of 1, and thus 


spond infinitely many values of z which differ by mu 
jue of F/T. The funetion has isolated singularities at ¢ = 0 
and ¢ = @, and our estimate shows that \F/T| grows at most like \s\* 
for ¢-0 and |¢|' for (7 @. It follows that both singularities are 
removable, and hence F/I must reduce to a constant. Finally, the fact 
that PQ) = y(1) = 1 shows that F(2) = T@)- 


a single va 


EXERCISES 
1. Prove the development (41). 
2. For real z > 0 prove that 
Y(a) = Vie gprhe zene ee 


with 0 < o(z) <1. 
3. The formula (42) permits us to evaluate the probability integral 


fetant fh orem w@ <4Ve 
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Use this result to: i 
gether with ’ 
integrals Cauchy’s theorem to compute the Fresnel 


i sin (a?) dz, 


Answer: Both are equal to 4 -V/ n/2. 


[F008 Ge) ae 


3. ENTIRE FUNCTIONS 


See. 2. i 

oe : span pal creas considered the representation of entire func 
; e products, and, in special cases, j : 
: i ; as canonical 

- beer prea we study the connection iets the product enable a 
une meee of growth of the function. Such questions were first 
pe aie u Seen who applied the results to his celebrated proof 
as bar peer ioe not permit us to include this 

‘ : im) an : izati 

re a eae po ce of Hadamard’s factorization theo- 


3.1. a i 
Jensen’s Formula, If f(z) isan analytic function, then log |f(z)| is 


harmonic except at the zeros of f(z Therefore, if f(z) is analy tic and 
IG ). re 7 ¢ ) 


log (0) = ge f°" Wow soe) a8, 


and fe |f(2)| can be expressed by Poisson’s formula. 

Hie aleniogaan ra crane ee if f(z) has zeros on the circle |z| = 
ividin i ‘ : 

zero. It is sufficient to show rei nape eae Fete 


1 ser . 
log p = in i; log |pe* — pe'| dé 
or 


Qn ; 

f log |e” — e'%| dé = 0. 

Thisi be has i 
‘his integral is evidently independent of 8, and we have only to show that 
ae 

k log |i — e*| dé = 0. 

But this is a consequence of the formula 

f sinadz = —z log 2 


proved in Chap. 4, See, 5.3 (ef. Chap. 4, Sec. 6.4, Ex. 5). 


206 COMPLEX ANALYSIS 


We will now investigate what becomes of (43) in the presence of zeros 


in the interior |z| <p. Denote these zeros by a1, a2, . . . , dn, multiple 
zeros being repeated, and assume first that z = O-is not a zero. Then the 
function 


p? — az 
FG) = 0 1 rer 


is free from zeros in the disk, and |F(z)| = |f(@)| on |z| = p. Consequently 
we obtain 


log [F(O)| = 2 [7 log |f(oe"*)| a 
Qr Jo 


and, substituting the value of F(0), 
. 1 fer ; 
(48) log LO] = — Y tow (72) + otf tox Loe a 
i=l 


This is known as Jensen’s formula. Its importance lies in the fact that 
it relates the modulus |f(z)| on a circle to the moduli of the zeros. 

If f@) = 0, the formula is somewhat more complicated. Writing 
S(2) = cz + + + - we apply (44) to f(z)(o/z)* and find that the left-hand 
member must be replaced by log |c| + A log p. 

There is a similar generalization of Poisson’s formula. All that is 
needed is to apply the ordinary Poisson formula to log |F(z)|._ We obtain 


zr 
ie 


(45) log lfl@)|= — ¥ log] * 


i=l 


+ gy fy Rea low foe a0, 


pel —z 


provided that f(z) #0. Equation (45) is frequently referred to as the 
Poisson-Jensen formula. 

Strictly speaking the proof is valid only if f # Qon|z| = p. But (44) 
shows that the integral on the right is a continuous function of p, and 
from there it is easy to infer that the integral in (45) is likewise continuous. 
In the general case (45) can therefore be derived by letting p approach a 
limit. 

The Jensen and Poisson-Jensen formulas have important applications 
in the theory of entire functions. 


3.2. Hadamard’s Theorem. Let f(z) be an entire function, and denote 
its zeros by a; for the sake of simplicity we will assume that f(0) ~ 0. 
We recall that the genus of an entire function (Sec. 2.3) is the smallest 
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integer h such that f(z) can be represented in the form 


@ 
= gv) — © ) gt /onthe/an)?+ +--+ /h)(e/on) 
(46) {@® =e I ( 2) e 


where g(z) is a polynomial of degree <h. If there is no such representa- 
tion, the genus is infinite. 
Denote by M(r) the maximum of |f(z)| on |z| = 7. The order of the 
entire function f(z) is defined by 
»= tim log ee Mr), 


re r 
According to this definition \ is the smallest number such that 
(47) Mr) se 


for any given ¢ > 0 as soon as 7 is sufficiently large. 
The genus and the order are closely related, as seen by the following 
theorem: 


+¢ 


Theorem 8. The genus and the order of an entire function satisfy the 
double inequalityh SX Sh+1. 


Assume first that f(z) is of finite genus h. The exponential factor in 
(46) is quite obviously of order Sh, and the order of a product cannot 
exceed the orders of both factors. Hence it is sufficient to show that the 
canonical product is of order <h + 1. The convergence of the canonical 
product implies )) |a,|7+ < 0; this is the essential hypothesis. 


We denote the canonical product by P(z) and write the individual 
factors as E,(z/an) where 
E,(u) = (1 — ujestiv't +0 se 


with the understanding that Zo(u) = 1 — u. We will show that 


(48) log |Ex(u)| S (2h + 1)lul*** 
for all u. 
If |u| < 1 we have by power-series development 
21 a SC 
bg ol sey te eet See 
and thus 


(49) (L — [ul log |Z,(u)| = [ul 
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For arbitrary u and h = 1, 


(50) log |Ex(u)| S log |Ex(u)| + ful’ 
Tf (50) is multiplied by |u| and added to (49), we obtain 
(51) log |Zn(u)| < |u| log |Es1(u)| + 2lul*4, 


valid for |u| <1. But for |u| 2 1 (51) is a consequence of (50), provided 
that |Z,-1(u)| 2 1. If this condition is not satisfied, then log |Ex(u)| 
S jul < (2h + 1)Jul**4 by (50), and (48) is fulfilled. 

The truth of (48) follows now by induction. For h = 0 we have only 
to note that log [1 — u| S$ log (1 + |u\) S |u|. Assume that (48) holds 
with h — 1 in the place of h. Then, as just shown, either (48) or (51) 
holds. In the latter case the induction hypothesis yields 


log |E,(u)| S (2h — 1)fal*+* 4 Qlul*+t = (2h + Lhe 


and (48) is proved. 
The estimate (48) gives at once 


log |P@)| = > bog Ey (2) 


and it follows that P(z) is at most of order h + 1. 

For the opposite inequality assume that f(z) is of finite order \ and 
let h be the largest integer <). Then h + 1 > d, and we have to prove, 
first of all, that b} |a,[-*! converges. It is for this proof that Jensen’s 


n 


3 @h+ Dey fant 


formula is needed. 

Let us denote by »(p) the number of zeros a, with |a,| < p. In order 
to find an upper bound for »(p) we apply (44) with 2p in the place of p 
and omit the terms log (2p/|a,|) with |a,| 2 p. We find 


(52) (a) log 2 Sf.” log |f(2re)| do — log |7(0). 


In view of (47) it follows that lim »(p)p>~* = 0 for every ¢ > 0. 
pres 


We assume now that the zeros a, are ordered according to absolute 
values: |a:| S lao] S --- S lal ---. Then it is clear that 
n € v(\a,|), and from a certain n on we must have, for instance, 


n & v(lan{) < |an/ te. 


According to this inequality the series > |a,[-*-! has the majorant 
™ 


tt 
» ae 
n 


SERIES AND PRODUCT DEVELOPMENTS 209 


and if we choose ¢ so that \ + ¢ < h&-+ 1 the majorant converges. We 
have thus proved that f(z) can be written in the form (46) where so far 
g(z) is only known to be entire. 

It remains to prove that g(z) is a polynomial of degree Sh. For this 
purpose it is easiest to use the Poisson-Jensen formula. If the operation 
(8/ax) — i(a/ay) is applied to both sides of the identity (45), we obtain 

»(p) 


; »(p) 
£O _ Yay + Y alo? — Gua) 
T T 


+ Fa 2pe'*(pe — z)-® log |f(pe**)| dd. 


On differentiating h times with respect to z this yields 


; r@) v0) 
3) pe — —m 2 (a, — 24+ at > GRH(p* — dye) h1 


+at te te 2pe'"(pe® — z)-*—? log |f(pe'*)| de. 


It is our intention to let p tend to «, In order to estimate the inte- 
gral in (53) we observe first that 


f * pei*(pe® — z)-'-? do = 0. 


Therefore nothing changes if we subtract log Af(p) from log |f|. If p > 2Ia| 
it follows that the last term in (53) has a modulus at most equal to 


sy pil M(p) 
(h + 1) 12*89-> 1 [log Fee dé, 


for log 14(e)/|f(pe")| = 0. But 
oe ff tox If a0 & log 70) 


by Jensen’s formula, and p*-! Jog M(p) — O since’ <h+ 1. We con- 
clude that the integral in (53) tends to 0. 

As for the second sum in (53), the same preliminary inequality 
p > 2\z| together with |a,| <p makes each term absolutely less than 
(2/p)**!, and the whole sum has modulus at most 2*+4y(p)e"*".__ We have 
already proved that this tends to 0. Therefore we obtain 


5 PO ey or) en 
(54) D® We) A! » (a, — 2) 
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Writing f(z) = e*©P(z) we find 


f’ P’ 
(ht 1) = yo _ F@ . 
oP) = DOT — DOS, 


However, by Weierstrass’s theorem the quantity D™(P’/P) can be found 
by separate differentiation of each factor, and in this way we obtain 
precisely the right-hand member of (54). Consequently, g@+(z) is 
identically zero, and g(z) must be a polynomial of degree <h. We have 
proved Theorem 8. 

The theorem is a factorization theorem for entire functions of finite 
order X. If \ is not an integer, the genus h, and thereby the form of the 
product, is uniquely determined. If the order is not integral, there is an 
ambiguity. 

The following impressive corollary shows the strength of Hadamard’s 
theorem: 


Corollary. An entire function of Jractional order assumes every finite value 
infinitely many times. 


It is clear that f and f — a have the same order for any constant a. 
Therefore we need only show that f has infinitely many zeros. If f has 
only a finite number of zeros we can divide by a polynomial and obtain a 
function of the same order without zeros. By the theorem it must be of 
the form e# where g is a polynomial. But it is evident that the order of 
e* is exactly the degree of g, and hence an integer. The contradiction 
proves the corollary. 


4, NORMAL FAMILIES 


In Chap. 3, Sec. 1 we have already familiarized the reader with the idea 
of regarding a function as a point in a space. In principle there is thus 
no difference between a set of points and a set of functions. In order to 
make a clear distinction we shall nevertheless prefer to speak of families 
of functions, and usually we assume that all functions in a family are 
defined on the same set. 

We are primarily interested in families of analytic functions, defined 
in a fixed region. Important examples are the families of bounded 
analytic functions, of functions which do not take the same value twice, 
etc. The aim is to study convergence properties within such families. 


4.1. Equicontinuity. Although analytic functions are our main con- 
cern, it is expedient to choose a more general starting point. It turns out 
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that our basie theorems are valid, and equally easy to prove, for families 
of functions with values in any complete metric space. 

As a basic assumption we shall let § denote a family of functions f, 
defined in a fixed region @ of the complex plane, and with values in a 
complete metric space S. Asin Chap. 3, Sec. 1 the distance function in S 
will be denoted by d. 

We are interested in the convergence of sequences {f,} formed by 
functions in §. There is no particular reason to expect a sequence {f,} 
to be convergent; on the contrary, it is perhaps more likely that we run 
into the opposite extreme of a sequence that does not possess a single 
convergent subsequence. In many situations the latter possibility is a 
serious disadvantage, and the purpose of the considerations that follow 
is to find conditions which rule out this kind of behavior. 

Let. us review the definition of continuity of a function f with values 
in a metric space. By definition, f is continuous at zp if to every ¢ > 0 
there exists a 6 > 0 such that d(f(z),f(zo))< ¢ as soon as |z — z| <e. 
We recall that f is said to be uniformly continuous if we can choose 6 
independent of z. But in the case of a family of functions there is 
another relevant kind of uniformity, namely, whether we can choose 6 
independent of f. We choose to require both, and are thus led to the 
following definition: 


Definition 1. The functions in a family & are said to be equicontinuous on 
a set E CQ if and only if, for each « > 0, there exists a 5 > O such that 
(f(z), f(Zo)) < © whenever |z — zo < 6 and 20,2 € E, simultaneously for all 
functions f ¢ §. 


Observe that, with this definition, each f in an equicontinuous family 
is itself uniformly continuous on F. 

We return now to the question of convergent subsequences. Our 
second definition serves to characterize families with a regular behavior: 


Definition 2. A family & is said to be normal in if every sequence {fn} 
of functions f,, € § contains a subsequence which converges untformly on every 
compact subset of Q. 


This definition does not require the limit functions of the convergent 
subsequences to be members of v- 


4.2. Normality and Compactness. The reader cannot fail to have 
noticed the close similarity between normality and the Bolzano-Weier- 
strass property (Chap. 3, Theorem 7). To make it more than a similarity 
we need to define a distance on the space of functions on © with values 
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in 8, and convergence with respect to this distance function should mean 
precisely the same as uniform convergence on compact sets. 

For this purpose we need, first of all, an exhaustion of 2 by an increas- 
ing sequence of compact sets FE, C2. By this we mean that every 
compact subset £ of 2 shall be contained in an E;. The construction is 
possible in many ways: To be specific, let Z, consist of all points in Q at 
distance < k from the origin, and at distance = 1/k from the boundary 
ao. It is clear that each E, is bounded and closed, hence compact, 
Any compact set £ C Q is bounded and at positive distance from 80; 
therefore it is contained in an Ey. 

Let f and g be any two functions on 9 with values in S. We shall 
define a distance p(f,g) between these functions, not to be confused with 
the distances d(f(z),g(z)) between their values. To do so we first replace 
d by the distance function 


d(a,b) 
T+ dab) 


which also satisfies the triangle inequality and has the advantage of being 
bounded (Chap. 3, Sec. 1.2, Ex. 1). Next, we set 


(fg) = sup a(f(2),9@) 


which may be described as the distance between f and gon Fy. Finally, 
we agree on the definition 


8(a,b) = 


(55) elf) = Y &lSg)2*. 


kel 
It is trivial to verify that p(f,g) is finite and satisfies all the conditions for 
a distance function (Chap. 3, See. 1.2). 

The distance p(f,g) has the property we were looking for. Suppose 
first that f, — f in the sense of the p-distance. For large n we have then 
e(Sn,f) < and consequently, by (55), 5:(fn,f) < 2. But this implies 
that f, > f uniformly on E;,, first with respect to the é-metric, but hence 
also with respect to the d-metric. Since every compact EF is contained in 
an £, it follows that the convergence is uniform on E. 

Conversely, suppose that f,, converges uniformly to f on every com- 
pact set. Then 4,(f,,f) —> 0 for every k, and because the series 26:.(f,,,f)2-* 
has a convergent majorant with terms independent of n it follows readily 
{as in Weierstrass’s M test) that p(f,,f) — 0. 

We have shown that convergence with respect to the distance p is 
equivalent to convergence on compact sets. An even simpler reasoning, 
which we leave to the reader, shows that the space of all functions with 
values in S is complete as a metric space with the distance p. 
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It can be said with some justification that the metric we have intro- 
duced is arbitrary and artificial. However, from what we have proved 
it follows that the open sets are independent of the choices involved in 
the construction. In other words, the topology has an intrinsic meaning, 
tailored to the needs of the theory of analytic functions. 

We now recall the Bolzano-Weierstrass theorem, according to which 
a metric space is compact if and only if every infinite sequence has a 
convergent subsequence (Chap. 3, Theorem 7). The theorem is applied 
to the set §, equipped with the distance p, and we conclude that § is 
compact if and only if § is normal, and if the limit functions are them- 
selves in §. On the other hand, if § is normal, so is its closure §~. 
Therefore we obtain the following characterization of normal families: 


Theorem 9. A family § is normal if and only if its closure §~ with 
respect to the distance function (55) is compact. 


It is also customary to say that § is precompact (or relatively compact) 
if $- is compact. Thus, normal and precompact families are the same. 

Finally, let us also characterize normality in terms of total bounded- 
ness. According to Chap. 3, Theorem 6, the set. §~ is compact if and 
only if it is complete and totally bounded. But as a closed subset of a 
complete space §~ is automatically complete (this is where we use the 
completeness of S). It is clear that §- is totally bounded if and only if 
& is totally bounded, and this is so if to every ¢ > 0 we can find a finite 
number of functions fi,..., fe & such that every fe § satisfies 
(f,fi) < eforsomef;. By (55) this implies 5;(f,f)) < 2's, or 8(f,f;) < 2'e 
on E,. If we fix k beforehand, we can thus make 4(f,f;) arbitrarily small 
on E;, and the same is true of d(f,f;). This proves one part of the follow- 
ing theorem: 


Theorem 10. The family § is normal if and only 2f to every compact set 
EC Qand every < > 0 it is possible to find fi, . . . , fr € & such that every 
Sf €& satisfies d(f,f;) < eon E for some f;. 


For the proof of the converse part, determine ko so that, 2-* < e/2. 
By assumption we can find fi, . . . , f, such that, for any fe §, one of 
the inequalities 6(f,f;) S d(f,f;)) < e/2ko holds on E;,,. It follows that 
SASF) < e/2ko for k S ko, while trivially &(f,f) <1fork > ko From 
(55) we obtain 


Gf) < hep + Bet + Bet + aE Ie <e, 


which is precisely what we wanted to prove. 
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4.3, Arzela’s Theorem. We shall now study the relationship between 
Definition 1 and Definition 2. The connection is established by a famous 
and extremely useful theorem known as Arzela’s theorem (or the Arzela- 
Ascoli theorem). 


Theorem Il, A family § of continuous functions with values in a metric 
space S is normal in the region Q of the complex plane if and only if 

(i) 8 ts equicontinuous on every compact set EC Q; 

(ii) for any z€& the values f(z), f € &, lie in a compact subset of S. 


We give two proofs of the necessity of (i). Assume that @ is normal 
and determine fi, ... , f, a8 in Theorem 10. Because each of these 
functions is uniformly continuous on E we can find a 6 > 0 such that 
d(fi(2),fi@0)) <& for zz0€E, jz — aol <6, f=1,..., 7. For any 
given f € § and corresponding f; we obtain 


AF), So) S A(G),G() + dCfile), File0)) + dCfj(@0),f(e0)) < Be 


and (i) is proved. 

Less elegantly, but without use of Theorem 10, a proof can be given 
as follows: If § fails to be equicontinuous on E there exists an ¢ > 0, 
sequences of points z,,2, ¢ Z, and functions f, € § such that. [z, — | > 0 
while d(fn(2n),fn(2,)) 2 efor alln. Because E is compact we can choose 
subsequences of {z,} and {z/,} which converge to a common limit 2” € E, 
and because § is normal there exists a subsequence of {f,} which con- 
verges uniformly on EZ. It is clear that we may choose all three sub- 
Sequences to have the same subscripts n,. The limit function f of { Fn} 
is uniformly continuous on E. Hence we can find k such that the distances 
from fa,(ém) to f(z), from f(z,,) to Fp.) and from f(z!) to f,,(z,,) are all 
<e/3. It follows that d(fa(2m),fu(24,)) <e, contrary to the assumption 
that d(fn(én),fa(zi)) 2 e for all n. 

To prove the necessity of (ii) we show that the closure of the set 
formed by the values f(z), f € %, is compact. Let {w,} be a sequence in 
this closure. To each w, we determine $n € F 30 that d(fa(z),wa) < 1f/n. 
By normality there exists a convergent subsequence {f,,(z)}, and the 
sequence {w,,} converges to the same value. 

The sufficiency of (i) together with (ji) is proved by Cantor’s famous 
diagonal process. We observe first that there exists an everywhere dense 
sequence of points {; in Q, for instance the points with rational coordinates. 
From the sequence {f,} we are going to extract a subsequence which 
converges at all points {To find a subsequence which converges at one 
given point is always possible because of condition (ii). We can therefore 
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find an array of subscripts 


Mm <tw< ts Smee 
Na <a Sot My < 

(56) rie oe ae oe Ge ae Ge ee ae ee ee ee 
Mer < Te < < 1g < 


such that each row is contained in the preceding one, and such that 
lim; © fns(Sx) exists for all k. The diagonal sequence {nj} is strictly 
increasing, and it is ultimately a subsequence of each row in (56). Hence 
{fa,;} is a subsequence of {f,} which converges at all points & For 
convenience we replace the notation nj by n,;. 

Consider now a compact set EZ C Q and assume that § is equicon- 
tinuous on E. We shall show that {f,,} converges uniformly on £. 
Given « > 0 we choose 6 > 0 such that, for z,z’ ¢ Z and f € §, |z — | <8 
implies d(f(z),f(2’)) < «/3. Because E is compact, it can be covered by 
a finite number of 5/2-neighborhoods. We select. a point ¢;, from each of 
these neighborhoods. There exists an i) such that 7,j > i) implies 
A faASe),In(Sx)) < €/8 for all these f,. For each z € E one of the ¢; is with- 
in distance 6 from z; hence d(f,,(2),fni(ti)) < ¢/3, d(fn,(2), Inj(t) < 0/3. 
The three inequalities yield d(fx,(2),fn,(2)) <¢. Because all values f(z) 
belong to a cor¥Pact and consequently complete subset of S it follows that 
{f,,} is uniformly convergent on E. 


4.4, Families of Analytic Functions. Analytic functions have their 
values in C, the finite complex plane. In order to apply the preceding 
considerations to families of analytic functions it is therefore natural to 
choose S = C with the usual euclidean distance. 

The compact subsets of C are the bounded and closed sets. For 
this reason condition (ii) in Arzela’s theorem is fulfilled if and only if the 
values f(z) are bounded for each z € Q, with a bound that may depend on z. 
Suppose now that condition (i) is also satisfied. For a given 2 €Q 
determine p so that the closed disk |z — zo| S p is contained in 9. Then 
8, the given family of functions, is equicontinuous on the closed disk. 
If in the definition of equicontinuity 6(< p) corresponds to ¢, and if 
lf@o)| < M for all fe §, then |f(2)| S M +e in |z — zol < 5. Because 
any compact set can be covered by a finite number of neighborhoods with 
this property, it follows that the functions are uniformly bounded on 
every compact set, the bound depending on the set. According to 
Arzela’s theorem this is true for all normal families of complex-valued 
functions. 

For analytic functions this condition is also sufficient. 
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Theorem 12. A family § of analytic functions is normal with respect to ' 
Cif and only if the functions in § are uniformly bounded on every compact set, 


To prove the sufficiency we prove equicontinuity. Let C be the 
boundary of a closed disk in Q, of radius 7. If z, zy are inside C we obtain 
by Cauchy’s integral theorem 


fe) — fed = 3; f.(-45- 4+) we 


teh) SOQ 
Wi lo YE =a) 


Tf |f| S M on C, and if we restrict z and zo to the smaller concentric disk 
of radius 7/2, it follows that 


\f2) — f(e0)| S 


(57) 4M|z — 20). 
Tr 
This proves equicontinuity on the smaller disk. 
Let H be a compact set in 9. Each point of F is the center of a disk 
with radius r, as above. The open disks of radius 7/4 form an open 
covering of E. We select a finite subcovering and denote the correspond- 
ing centers, radii, and bounds by {, 7%, Mx; let r be the smallest of the 
7, and M the largest of the M,. For a givene > 0 let 6 be the smaller of 
7/4 and er/4M. If |z — zol <6 and |zo — &| < 7/4 it follows that 
jz — f| < 6+ 7,/4 S 7/2. Hence (57) is applicable and we find 
[F@) — f(eo)| S 4Mi8/n, S 4M 6/r S ¢ as desired. 
In view of Theorem 12 we may abandon the term “normal with j 
respect to C” which has no historic justification. If a family has the 
property of the theorem, we say instead that it is locally bounded. Indeed, 
if the family is bounded in a neighborhood of each point, then it is 
obviously bounded on every compact set. The theorem tells us that 
every sequence has a subsequence which converges uniformly on compact 
sets if and only if it is locally bounded. 
An interesting feature is that local boundedness is inherited by the 
derivatives. 


Theorem 13, A locally bounded family of analytic functions has locally 
bounded derivatives. 


This follows at once by the Cauchy representation of the derivative. 
If C is the boundary of a closed disk in Q, of radius 7, then 
: 1 d 
fe) = FO) dg 


Ini lee — 
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Hence |f’(2}| < 44/r in the concentric disk of radius 7/2 (M is the bound 
of |fJon C). We see that the f’ are indeed locally bounded. 

What is true of the first derivatives is of course also true of higher 
derivatives. 


4.5. The Classical Definition. If a sequence tends to © there is no 
great scattering of values, and it may well be argued that for the purposes 
of normal families such a sequence should be regarded as convergent. 
This is the classical point of view, and we shall restyle our definition to 
conform with traditional usage. 


Definition 3. A family of analytic functions in a region Q is said to be 
normal if every sequence contains either a subsequence that converges uni- 
formly on every compact set E CQ, or a subsequence that tends uniformly 
to © on every compact set. 


We shall show that this definition agrees with Definition 2 if we take 
S to be the Riemann sphere. If that is what we do, then we can also 
allow c as a possible value, which means that we may consider families 
of meromorphic functions. There is no need to rephrase the definition 
so that if@overs normal families of meromorphic functions, for Definition 2 
applies without change. 

It isnecessary, however, to prove a lemma which extends Weierstrass’s 
and Hurwitz’s theorems to meromorphic functions (Theorems 1 and 2). 


Lemma, /f a sequence of meromorphic functions converges in the sense 
of spherical distance, uniformly on every compact set, then the limit function 
ts meromorphic or identically equal to ©. 

If a sequence of analytic functions converges in the same sense, then the 
limit function is either analytic or identically equal to «. 


Suppose f(z) = limp+« fn(z) in the sense of the lemma. We know 
that f(z) is continuous in the spherical metric. If f(¢o) # ©, then f(z) is 
bounded in a neighborhood of zo, and for large n the functions f, are # % 
in the same neighborhood. It follows by the ordinary form of Weier- 
strass’s theorem that f(z) is analytic in a neighborhood of zp. If f(ze) = © 
we consider the reciprocal 1/f(z) which is the limit of 1/f,(2) in the 
spherical sense. We conclude that 1/f(z) is analytic near 2, and hence 
4) is meromorphic. If the f, are analytic and the second case occurs, 
then 1/f must be identically zero by virtue of Hurwitz’s theorem, and f is 
identically ©. 
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The lemma makes it clear that Definition 3 is nothing other than 
Definition 2 applied to the spherical metric. 

It is not true that the derivatives of a normal family form a normal 
family. For instance, consider the family formed by the functions 
f, = n(z? — n) in the whole plane. This family is normal, for it is clear 
that f, + »% uniformly on every compact set. Nevertheless, the deriva- 
tives f, = 2nz do not form a normal family, for f/(z) tends to © for 
z ¥ O and to 0 forz = 0. 

By Arzela’s theorem a family of meromorphic functions is normal if 
and only if it is equicontinuous on compact sets, for condition (ii) is now 
trivially fulfilled. The equicontinuity can be replaced by a boundedness 
condition. We have indeed: 


Theorem 4. A family of analytic or meromorphic functions f is normal 
in the classical sense if and only if the expressions 


_ _2If'@)| 
(58) e(f) = T+TOE 


are locally bounded. 


The geometric meaning of the quantity p(f) is rather evident. 
Indeed, by use of the formula in Chap. 1, Sec. 2.4 


2| f(z) — F(z)| 
MeIe) = a yenyd + VDE 


it is readily seen that f followed by stereographic projection maps an are 
y on an image with length 


f efeyyladl. 


If p(f) S M on the line segment between 2, and 22 we conclude that 
d(f(z),f(z2)) S Miz: — 2|, and this immediately proves the equicon- 
tinuity when p(f) is locally bounded (we challenge the reader to give an 
analytic proof). 

To prove the necessity we remark first that p(f) = e(1/f) asa simple 
calculation shows. Assume that the family § of meromorphic functions 
is normal, but that the p(f) fail to be bounded on a eompact set E. 
Consider a sequence of f, € § such that the maximum of p(f,) on F tends 
to ©, Let f denote the limit function of a convergent subsequence 
{f,,}. Around each point of E we can find a small closed disk, contained 
in ©, on which either f or 1/f is analytic. If f is analytic it is bounded on 
the closed disk, and it follows by the spherical convergence that { f,,} has 


| 
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no poles in the disk as soon as k is sufficiently large. We can then use 
Weierstrass’s theorem (Theorem 1) to conclude that p( Sm) —> ef), 
uniformly on a slightly smaller disk. Since p(f) is continuous it follows 
that p(f,,) is bounded on the smaller disk. If 1/f is analytic the same 
proof applies to p(1/f,,), which is the same as p(f,,). In conclusion, since 
E is compact it can be covered by a finite number of the smaller disks, 
and we find that the p(f,,) are bounded on E, contrary to assumption. 
The contradiction completes the proof of the theorem. 


EXERCISES 


1. Prove that in any region 9 the family of analytic functions with 
positive real part is normal. Under what added condition is it locally 
bounded? Hznt: Consider the functions e-/. 

2. Show that the functions 2”, n a nonnegative integer, form a normal 
family in |z| < 1, also in |z| > 1, but not in any region that contains a 
point on the unit circle. 

3. If f(z) is analytic in the whole plane, show that the family formed 
by all functions f(kz) with constant k is normal in the annulusr: < |z| < 72 
if and only if f is a polynomial. 

4. If the family § of analytic (or meromorphic) functions is not 
normal in Q, show that there exists a point zo such that % is not normal in 
any neighborhood of zp. Hint: A compactness argument. 


ee ee ee 
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1. THE 


CONFORMAL MAPPING. 
DIRICHLET’S PROBLEM 


In the geometrically oriented part of the theory of analytic func- 
tions the problem of conformal mapping plays a dominating role. 
Existence and uniqueness theorems permit us to define important 

malytic functions without resorting to analytic expressions, and 
geometric properties of the regions that are being mapped lead to 
analytic properties of the mapping function. 

The Riemann mapping theorem deals with the mapping of 
one simply connected region onto another. We shall give a proof 
that leans on the theory of normal families. To handle the more 
difficult, case of multiply connected regions we shall have to solve 
the Dirichlet problem, which is the boundary-value problem for 
the Laplace equation. 


RIEMANN MAPPING THEOREM 


We shall prove that the unit disk can be mapped conformally onto 
any simply connected region in the plane, other than the plane 
itself. This will imply that any two such regions can be mapped 
conformally onto each other, for we can use the unit disk as an 
intermediary step. The theorem is applied to polygonal regions, 
and in this case an explicit form for the mapping function is 
derived. 


1.1. Statement and Proof. Although the mapping theorem 
was formulated by Riemann, its first successful proof was due to 
2a 
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P. Koebe.f The proof we shall present is a shorter variant of the original 
proof. 


Theorem 1. Given any simply connected region 2 which is not the whole 
plane, and a point 29 €9, there exists a unique analytic function f(z) in Q, 


normalized by the conditions f(z) = 0, f'(eo) > 0, such that f(z) defines a | 


one-to-one mapping of 2 onto the disk \w| <1. 


The uniqueness is easily proved, for if fy and fe are two such functions, 
then fiffz?(w)] defines a one-to-one mapping of |w| < 1 onto itself. We 
know that such a mapping is given by a linear transformation S (Chap. 4, 
Sec. 3.4, Ex. 5). The conditions S(0) = 0, S’(0) > 0 imply S(w) = Ww; 
hence f; = fo. 

An analytic function g(z) in Q is said to be wnivalent if g(21) = g(z) 
only for z: = 22, in other words, if the mapping by g is one to one (the 
German word schlicht, which lacks an adequate translation, is also in 
common use). For the existence proof we consider the family § formed 
by all functions g with the following properties: (i) g is analytic and uni- 
valent in Q, (ii) |g(z)| S 1 in 9, (iii) g(zo) = Oand g'(z.) > 0. Wecontend 
that f is the function in § for which the derivative S'(@0) is 2 maximum, 
The proof will consist of three parts: (1) it is shown that the family § is 
not empty ; (2) there exists an f with maximal derivative; (3) this f has the 
desired properties. 

To prove that § is not empty we note that there exists, by assump- 
tion, a point a ~ © noting. Since Dis simply connected, it is possible 
to define a single-valued branch of ~/z — ain 2; denote it by h(z). This 
function does not take the same value twice, nor does it take opposite 
values. The image of 2 under the mapping h covers a disk |w — h(z0)| <p, 
and therefore it does not meet the disk |w + h(z)| <. In other words, 
|h(z) + h(zo)| 2 p for z € Q, and in particular 2|h(zo)}| = p. It can now be 
verified that the function 
fe \A(z)| | ho) _ A(z) — h(e0) 

4 |h(zo)|? h’(ec) (2) + (zo) 

belongs to the family §. Indeed, because it is obtained from the univalent 
function h by means of a linear transformation, it is itself univalent. 
Moreover, go(2o) = 0 and gi(zo) = (e/8)|R' (20) |/|A(z0)|? > 0. Finally, 
the estimate 

A(z) — ho) ; 
ia) + hz) | > Meo 
shows that |go(z)| < 1 in @. 


go(z) = 


1 2 2 4|h(z0)| 
ho) R(@) + (ze) | = Pp 


7 A related theorem from which the mapping theorem can be derived had been 
proved earlier by W. F. Osgood, but did not attract the attention it deserves. 
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The derivatives g’ (z0), g € §, have aleast upper bound B which a priori 
could be infinite. There is a sequence of functions g,¢§ such that 
g(a.) > B. By Chap. 5, Theorem 12 the family § is normal. Hence 


fhere exists a subsequence {g,,} which tends to an analytic limit function 


f, uniformly on compact sets. It is clear that \f(@)| S 1 in Q, flo) = 0 
aad f’(@o) = B (this proves that B< +), If we can show that fis 
univalent, it will follow that f is in § and has a maximal derivative at zo. 

In the first place f is not a constant, for f’(2.) = B > 0. Choose a 
point 2; €®, and consider the functions g:(z) = g(z) — g(z1), 9 € 8. They 
are all ~ 0 in the region obtained by omitting 2; from 2. By Hurwitz s 
theorem (Chap. 5, Theorem 2) every limit function is either identically 
zero or never zero. But f(z) — f(z) is a limit function, and it is not 
identically zero. Hence f(z) # f(z) for 2 # 2, and since a: was arbitrary 
we have proved that f is univalent. 

It remains to show that f takes every value w with |w| < 1. Suppose 
it were true that f(z) ¥ wo for some wo, fwo| <1. Then, since @ is simply 
connected, it is possible to define a single-valued branch of 


= ,[f@) — wo 
a) ¥@) = i ID 
(Recall hat all closed curves in a simply connected region are homologous 
to0. If y(z) ¥ 0 in 2 we can define log ¢(z) by integration of ¢'(z)/y(), 
and V/¢(2) = exp (} log ¢(@)).) 


It is clear that F is univalent and that |F| $1. To normalize it we 
form 
\F’(@o)| | Fle) — F(@) 
F'@) 1 —Fed)F() 
which vanishes and has a positive derivative at zo. For its value we find, 
after brief computation, 


(2) G@ = 


[F’(zo)|_—_ + (eal B. 
G’ (a0) = 1 —|Fe)®~ 2 a7 aad B> 
This is a contradiction, and we conclude that f(z) assumes all values w, 
lw] <1. The proof is now complete. ; 
At first glance it may seem like pure luck that our computation 
yields G’(zo) > f’(zo). This is not quite so, for the formulas (1) and (2) 
Permit us to express f(z) as a single-valued analytic function of W = Gi) 
which maps |W] <1 into itself. The inequality |f‘(z0)| < |@’(¢0)| is 
therefore a consequence of Schwarz’s lemma. ; . 
The purely topological content of Theorem 1 is important by itself. 
We know now that any simply connected region can be mapped topolog- 
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ically onto a disk (for the whole plane a very simple mapping can be 
constructed), and hence any two simply connected regions are topologically 
equivalent. 


EXERCISES 


1, If zo is real and Q is symmetric with respect to the real axis, prove 
by the uniqueness that f satisfies the symmetry relation f(z) = f(2). 
_’ 2 What is the corresponding conclusion if 2 is symmetric with respect 
to the point zo? 


1.2. Boundary Behavior. We are assuming that f(z) defines a con- 
formal mapping of a region 2 onto another region 2’, What happens 
when z approaches the boundary? There are cases where the boundary 
behavior can be foretold with great precision. For instance, if 2 and 9 
are Jordan regions, then f can be extended to a topological mapping of 
the closure of 2 onto the closure of 2’. Unfortunately, considerations of 
space do not permit us to include a proof of this important theorem (the 
proof would require a considerable amount of preparation). 

What we can and shall prove is a very modest theorem of purely 
topological content. Let. us first make it clear what we mean when we 
say that z approaches the boundary of 2. There are two cases: we may 
consider a sequence {z,} of points in 2, or we may consider an are 2(Z), 
0 St <1, such that all z(¢) are in 2. We shall say that the sequence or 
the are tends to the boundary if the points z, or z(t) will ultimately stay 
away from any point in ®. In other words, if z €@ there shall exist an 
e > 0 and an m or a f such that |z, — 2| = ¢ for n > no, or such that 
l2(Q) ~ 2] 2 for all t > to. 

Tn this situation, the disks of center z and radius e (which may depend 
on 2) form an open covering of 9. It follows that any compact subset 
K C @ is covered by a finite number of these disks. If we consider the 
largest of the corresponding 7o or to we find that z, or 2(t) cannot belong 
to K for n > m or t > ty. Colloquially speaking, for any compact set 
K C & there exists a tail end of the sequence or of the are which does not 
meet K. Conversely, this implies the original condition, for if ze€@ is 
given we may choose K to be a closed disk with center z that is contained 
in 9. If the radius of the disk is p the original statement holds for any 
e<p. 

After these preliminary considerations the theorem we shall prove is 
almost trivial: 

t It is known, although not so easy to prove, that a Jordan curve (Chap. 3 


Sec. 2.1) divides the plane into exactly two regions, one bounded and one unbounded. 
The bounded region is called a Jordan region. 
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Theorem 2. Let f be a topological mapping of a region Q onto a region 
Q. If {zn} or 2(t) tends to the boundary of ©, then {f(z,)} or f(z(f)) tends to 
the boundary of Y. 


Indeed, let K be a compact set in Q’. Then f-'(K) is a compact set 
in ©, and there exists 7» (or é) such that 2, (or z(é)) is not in f —(K) for 
n > No (or £ > fo). But then f(z.) [or f(z(¢))] is not in K. 

Although the theorem is topological, it is the application to conformal 
mappings that is of greatest interest to us. 


1.8. Use of the Reflection Principle. Stronger statements become 
possible if we have more information. We are mainly interested in simply 
connected regions and may therefore assume that one of the regions is a 
disk. With the same notation as in Sec. 1.1, let f(z) define a conformal 
mapping of the region 2 onto the unit disk with the normalization f(zo) = 0 
(the normalization by the derivative is irrelevant). We shall derive 
additional information by use of the reflection principle (Chap. 4, 
Theorem 26). 

Let us assume that the boundary of @ contains a segment y of a 
straight line. Because rotations are unimportant we may as well suppose 
that 7 lies on the real axis; let it be the intervala < «<b. The assump- 
tion A ccives a significant simplification only if the rest of the boundary 
stays away from 7. For this reason we shall strengthen the hypothesis 
and require that every point of y has a neighborhood whose intersection 
with the whole boundary d@ is the same as its intersection with y. We 
say then that + is a free boundary arc. 

By this assumption every point on ¥ is the center of a disk whose 
intersection with @Q is its real diameter. It is clear that each of the half 
disks determined by this diameter is entirely in or entirely outside of Q, 
and at least one must be inside. If only one is inside we call the point a 
one-sided boundary point, and if both are inside it is a two-sided boundary 
point. Because + is connected all its points will be of the same kind, and 
we speak of a one-sided or a two-sided boundary arc. 


Theorem 3. Suppose that the boundary of a simply connected region Q 
contains a line segment y as a one-sided free boundary arc. Then the func- 
tion f(z) which maps Q onto the unit disk can be extended to a function which 
is analytic and one to one on QU y. The image of y is an are y' on the unit 
circle. 


For two-sided arcs the same will be true with obvious modifications. 
For the proof we consider a disk around 2 € y which is so small that 
the half disk in 2 does not contain the point 2) with f(%o) = 0. Then 
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log f(z) has a single-valued branch in the half disk, and its real part tends 
to 0 as z approaches the diameter, for we know by Theorem 2 that |f(z)| 
tends to 1. It follows by the reflection principle that log f(z) has ean 
analytic extension to the whole disk. Therefore log f(z), and consequently 
f(2), is analytic at zo. The extensions to overlapping disks must coincide 
and define a function which is analytic on 2 U y. 

We note further that f’(z) # Oony. Indeed, f’(z0) = 0 would imply 
that f(x) were a multiple value, and the two real radii from zp would be 
mapped on arcs that form an angle < 7; this is clearly impossible. If, 
for instance, the upper half disks are in Q, then . 


d log |f\/ay = —a@ arg f/ax < 0 


on y, and arg f moves constantly in the same direction. This proves 
that the mapping is one to one on ¥. 

The theorem can be generalized to regions with free boundary arcs 
on a circle. 


1.4, Analytic Arcs. A real or complex function ¢(é) of a real variable t, 
defined on an interval a < t < b, is said to be real analytic (or analytic in 
the real sense) if, for every fo in the interval, the Taylor development 
9(t) = oto) + ¢’(to)(t — to) + Ay'(to)(E — to)? + - + - converges in some 
interval (to ~ p, f+ p), p > 0. But if this is so we know by Abel’s 
theorem that the series is also convergent for complex values of t, as long 
as |t — tol < p, and that it represents an analytic function in that disk. 
In overlapping disks the functions are the same, for they coincide on a 
segment of the real axis. We conclude that ¢(t) can be defined as an 
analytic function in a region A, symmetric to the real axis, which contains 
the segment (a,b). 

In these circumstances we say that y(t) determines an analytic arc. 
It is regular if ¢’(t) ¥ 0, and it is a simple arc if g(f,) = ¢(t2) only when 
ty = by. 

We shall assume that the boundary of 2 contains a regular, simple, 
analytic arc y, and that it is a free one-sided are. The definition could 
be modeled on the previous one, but to avoid long explanations we shall 
assume offhand that there exists a region A, symmetric to the interval 
(a,b), with the property that ¢(é) € Q when é lies in the upper half of A, and 
that ¢() lies outside © for ¢ in the lower half. 

If f(z) is the mapping function with f(zo) = 0, and if we take care 
that ¢(£) ¥ zo in A, then the reflection principle tells us that log f(¢(2), 
and hence f(¢(t)), has an analytic extension from the upper to the lower 
half of A. For a real fo € (a,b) we know further that ¢’(t) #0. There- 
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fore ¢ has an analytic inverse g~! in a neighborhood of g(to), and it follows 
by composition that f(z) is analytic in that neighborhood. 


~ Theorem 4. If the boundary of 2 contains a free one-sided analytic arc 


7, then the mapping function has an analytic extension to QU y, and yis 
mapped on an are of the unit circle. 


We trust the reader to make the last statement, more precise and to 
complete the proof. 


2. CONFORMAL MAPPING OF POLYGONS 


When is a polygon, the mapping problem has an almost explicit solution. 
Indeed, we shall find that the mapping function can be expressed through 
a formula in which only certain parameters have values that depend on 
the specific shape of the polygon. 
' 

2.1. The Behavior at an Angle. We assume that Q is a bounded 
simply connected region whose boundary is a closed polygonal line with- 
out self-intersections. Let the consecutive vertices be 21, ... , 2, in 
positivg cyclic order (we set 2.41 = 2). The angle at z is given by the 
value of arg (21 — 2)/(zn41 — 2) between 0 and 2x. We shall denote 
it by ext, 0 <a, <2. It is also convenient to introduce the outer angles 
Ber = (L — ax)n, —1 <6, <1, Observe that fi+°-+- +8, =2. 
The polygon is convex if and only if all 8, > 0. 

We know by Theorem 3 that the mapping function f(z) can be 
extended by continuity to any side of the polygon (that is, to the open 
line segment between two consecutive vertices), and that each side is 
mapped in a one-to-one way onto an arc of the unit circle. We wish to 
show that these arcs are disjoint and leave no gap between them. 

To see this we consider a circular sector S; which is the intersection 
of @ with a sufficiently small disk about 4. A single-valued branch 
of ¢ = (¢ — %)"% maps S, onto a half disk Sj. A suitable branch 
of z+ ge has its values in @, and we may consider the function 
9) = fle + ¢*) in Sj. It follows by Theorem 2 that |g(|— 1 as ¢ 
approaches the diameter. The reflection principle applies, and we con- 
clude that g(¢) has an analytic continuation to the whole disk. In 
Particular, this implies that f(z) has a limit w, = e as z—> z,, and we 
find that the ares that correspond to the sides meeting at z, do indeed 
have a common end point. Since arg f(z) must increase as z traces the 
boundary in positive direction, the arcs do not overlap, at least not in a 
neighborhood of w,. If we take into account that f maps the boundary 
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as with b1 ~ 0, the-development being valid in a neighborhood of w.. We 
# raise to the power a; and find, in terms of the inverse function F, 
rus 
“ F(w) — a = (w — wi)G,(w) 


where G; is analytic and # O near w,. It follows by differentiation that 
F'(w)(w — wx)* is analytic and ~ 0 at w:, and therefore the product 


® H(w) = Fr(wo) TI (wv — ene) 
k=l 


is analytic and + 0 in the closed unit disk. 

We claim that H(w) is, in actual fact, a constant. For this purpose 
we examine its argument when w = e* lies on the unit circle between. 
wy, = e% and wry, = ef, We know that arg F’(e*) equals the angle 
between the tangent to the unit circle at e and the tangent to its 
image at F(e*); with an abbreviated notation we express this by 
arg F’ = arg dF — arg dw. But arg dF is constant because F' describes 
a straight line, and argdw = 6+ 7/2. The factor w — uw, can be written 
eff — eff = Qie+6)2 sin 1(@ — 6,), and hence its argument is 0/2 plus a 
constant (this is also evident geometrically). When we add the argu- 
ments of all factors on the right-hand side of (4) we find that arg H(w) 


differ by a constant from —0 + ()) &) - 0/2 = 0. Thus we conclude 
1 


Fic. 29, Conformal mapping of a pulygon. 


on a curve with winding number 1 about the origin, it can easily be con- 
cluded that all the arcs are mutually disjoint. In other words, f can be 
extended to a homeomorphic map of © onto the closed unit disk, the 
vertices z, go into points w;, and the sides correspond to the ares between 
these points (Fig. 29). 


2.2. The Schwars-Christoffel Formula. The formula we are looking 
for refers not to the function f, but to its inverse function, which we shall 
denote by F. 


Theorem 5. The functions z = F(w) which map |w| < 1 conformally onto 


polygons with angles eyr(k = 1, .. . , ) are of the form that arg H(w) is constant between w;, and wz41, and since it is continuous 
it must be constant on the whole unit circle. The maximum principle 
oe permits us to conclude that arg H(w) = Im log H(w) is constant inside 
=C » — wy) Be y i 
@) Fw) = € f uy (w — wy) dw + C the unit cirele, and so is consequently H(w). 


We have now proved that 

where By = 1 — ax, the w, are points on the unit circle, and C, C' are com- Fs 

plex constants. 7 F’@w) = C TL (w — w.)-*, 
kel 

Because the function g(¢) = f(z, + ¢*) considered in the last para- 


. i Me and formula (3) follows by integration. 
graph of 2.1 is analytic at the origin, it has a Taylor development 


We remark that a linear transformation of the unit circle permits us 
to place three of the points w;, for instance, wi, we, ws, in prescribed 
positions. For n = 3 we see that the mapping function depends only 
on the angles, except for trivial variable transformations; this reflects the 
fact that triangles with the same angles are similar. For n> 3 the 
remaining constants wa, . . . , Wn, or their arguments 6, are called the 
accessory parameters of the problem. It is only in rare cases that they can 
be determined other than by numerical computation. 

If we give arbitrary values to the 6, it is quite easy to verify that a 
function of the form (3) maps the unit cirele on a closed polygonal line, 


Se + 5) = we + YP ang. 

mat 
Here a; # 0, for otherwise the image of the half disk Sj; could not be 
contained in the unit disk. Therefore the series can be inverted, and on 
setting w = f(z, + ¢) we obtain 


c= 3 balw — we) 


m=} 


230 COMPLEX ANALYSIS 


but usually we are unable to tell whether it will intersect itself or not. 
If it does not, it is not difficult. to show that F(w), as given by (8), yields 
8 one-to-one mapping onto the inside of the polygonal line (the precise 
proof makes use of the argument principle). 

Formula (3) is known as the Schwarz-Christoffel formula. Another 
version of the same formula serves to map the upper half plane onto the 
inside of a polygon. The mapping function, from Im w > 0 to Q, can 
now be written in the form 


n-1 
(8) Fw) =C f ° TL @w — by dw +0 
k=1 


where the & are real. The last exponent 8, does not appear explicitly in 
the formula, but it is determined by 8, = 2 — (81+ - > +> + 8,-1), and 
like the other exponents it is subject to the condition -1 < 8, <1. It 
then follows that the integral (5) converges for w = , and the point at 
« will correspond to a vertex with angle a,r, om =1— 6, If B, = 0 
the vertex is only apparent, and the polygon reduces to one with n — 1 
sides. 


EXERCISES 


1, Show that the @ in (3) may be allowed to become = —1. What 
is the geometric interpretation? 

2. If a vertex of the polygon is allowed to be at o, what modification 
does the formula undergo? If in this context 6, = 1, what is the polygon 
like? 

3. Show that the mappings of a disk onto a parallel strip, or onto a 
half strip with two right angles, can be obtained as special cases of the 
Schwarz-Christoffel formula. 

4. Derive formula (5), either directly or with the help of (3). 

5. Show that 


F(w) = ft (= wr)" dw 
maps |w| < 1 onto the interior of a regular polygon with n sides. 


2.3. Mapping on a Rectangle. In case Visa rectangle we may choose 
x1 = 0, 2 = 1, 43 = p > 1in (5). The mapping function will thus be 
given by 

dw 
Vulw —1)w = ») 


F(w) = iG 
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which is an elliptic integral. To be unambiguous we decide that the values 
of ~/w; Vw — 1, and +/w — p shall lie in the first. quadrant. For a 
detailed study of the mapping, let us follow F(w) as w traces the real 


_-axis. When w is real, each of the square roots is either positive or purely 


imaginary with a positive imaginary part (save for the point where the 
square root is 0). As 0 <w <1 there are one real and two imaginary 
square roots. Therefore F(w) decreases from 0 to a value —K where 


1 dt 
6) . Be {anger 


For 1 < w < p there is only one imaginary square root. It follows that 
the integral from 1 to w is purely imaginary with a negative imaginary 
part. Hence F'(w) will follow a vertical segment from —K to —K — iK’, 


,_ fe dt . 
f Vit -— Do -—d 
For w > p the integrand is positive, and F(w) will trace a horizontal 
segment in the positive direction. How far does it extend? Since the 
image is to be a rectangle, it must end at the point —7zK’, but we prefer a 
direct verification. One way is to express the length of the segment by 
thé%integral 


co dt 
and ‘to show by the change of integration variable ¢ = (9 — u)/(1 — 


that the integral transforms to (6). It is easier, however, to observe that 
Cauchy’s theorem yields 


L pee t= eh ig 
: --Vii=t=n 


for the integral over a semicircle with radius R tends to 0 as R—> ~. 
The vanishing of the real part implies the equality of the horizontal seg- 
ments, and from the vanishing of the imaginary part we deduce that 
—x <w < Ois mapped on the segment from —iK’ to0. The rectangle 
is completed. 

It is often preferable to use a formula which reflects the double 
symmetry of the rectangle. The vertices can be made to correspond to 
Points +1 and +1/k. Since a constant factor does not matter we can 
choose the mapping to be given by 


(2) Fw) kg Z dw 


(— wd — Fwy 
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and this time we agree that 4/1 — w? and 1/1 — kw? shall have positive 
real parts. It is seen that the rectangle will have vertices at — — z, 


3 + ik’, -— x + 7K’ where 


dt 


ry Vek x . 
CN Tee SRR 


The image of the upper half plane is the shaded rectangle Ry in Fig. 
30. We denote the inverse function of F by w = S(2); it is defined in Ro 
and can be extended by continuity to a one-to-one mapping of the closed 
rectangle onto the closed half plane (with the topology of the Riemann 
sphere). Observe that z = 1K’ corresponds to 0, 

The reflection principle allows us to extend the definition of f to the 
adjacent rectangles R, and Rs, namely by setting f(z) = f® for ze Ri 
and f(z) = f(K —®%) for ze Ro. Similarly we can pass to Rs either from 
4s or Ry; the extension is given by f(z) = f(K —z). The process of 
refiection can obviously be continued until f(z) is defined as a meromorphic 
function in the whole plane. It is perhaps even more convenient to 
define the extension by periodicity, for we find that the extended function 
nust satisfy f(z + 2K) = f(z), fle + 22K’) = fle). 

We have shown that the inverse function of the elliptic integral (7) 
is 2 meromorphic function with periods 2K and 2iK’. Such functions are 
known as elliptic functions. The connection between elliptic integrals 
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and elliptic functions was discovered, but not published, by Gauss: it was 
rediscovered by Abel and Jacobi. 


EXERCISES 


1. Prove that formula (7) gives F(«) = ik’. 
2. Show that K = K’ if and only if k = (\/2 — 1)2. 
3. Show that f(z), f(2 + K), and f(z + iK’) are even functions. 


2.4. The Triangle Functions of Schwarz. The upper half plane is 
mapped on a triangle with angles air, ax, agr by 


Feu) =f wet(w — Io de. 


There are no accessory parameters, as we have already noted. 

The inverse function f(z) can again be extended to neighboring 
triangles by reflection over the sides. This process is particularly inter- 
esting*when it leads, as in the case of a rectangle, to a meromor- 
phic function. In order that this be so it is necessary that repeated 
reflections across sides with a common end point should ultimately lead 
back to the original triangle in an even number of steps. In other words, 
the angles must be of the form a/m1, +/n2, +/ns with integral denominators. 
Elementary reasoning shows that the condition 


ds, Heed 2 
ne Ng 
is fulfilled only by the triples (3,3,3), (2,4,4), and (2,3,6). They cor- 
respond to an equilateral triangle, an isosceles right triangle, and half an. 
equilateral triangle. 

In each case it is easy to verify that the reflected images of the 
triangle fill out the plane, without overlapping and without gaps. This 
shows that the mapping functions are indeed restrictions of meromorphic 
functions, known as the Schwarz triangle functions. 

The reader is urged to draw a picture of the triangle net. in each of 
the three cases. He will then observe that each triangle function has a 
Pair of periods with nonreal ratio, and is thus an elliptic function. As an 
exercise, the reader should determine how many triangles there are in a 
Parallelogram spanned by the periods. 


3. A CLOSER LOOK AT HARMONIC FUNCTIONS 


We have already discussed the basic properties of harmonic functions in 
Chap. 4, See. 6. At that time it was expedient to use a rather crude 
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definition, namely one that requires all second-order derivatives to be 
continuous. This was sufficient to prove the mean-value property from 
which we could in turn derive the Poisson representation and the reflec- 
tion principle. We shall now show that a more satisfactory theory is 
obtained if we make the mean-value property rather than the Laplace 
equation our starting point. 

In this connection we shall also derive an important theorem on 
monotone sequences of harmonic functions, usually referred to as 
Harnack’s principle. 


3.1. Functions with the Mean-value Property. Let u(z) be a real- 
valued continuous function in a region 2. We say that x satisfies the 
mean-value property if 


® lee) = ge f* wleo + re't) do 
when the disk |z — z| S ris contained in 2. We showed in Chap. 4 that 
the mean-value property implies the maximum principle. Actually, 
closer examination of the proof shows that it is sufficient to assume that 
(8) holds for sufficiently small r, r < rc, where we may even allow ro to 
depend on z. We repeat the conclusion: a continuous function with 
this property cannot have a relative maximum (or minimum) without 
reducing to a constant. 

We have shown earlier that every harmonic function satisfies the 
mean-value condition, and we shall now prove the following converse: 


Theorem 6. A continuous function u(z) which satisfies condition (8) is 
necessarily harmonic. 


Again, the condition need be sutisfied only for sufficiently small r. 
If wu satisfies (8), so does the difference between u and any harmonic func- 
tion. Suppose that the disk |z — zo| S p is contained in 9, the region 
where w is defined. By use of Poisson’s formula (Chap. 4, Sec. 6.3) we 
can construct a function v(z) which is harmonic for |z — z| <p, con- 
tinuous and equal to u(z) on |z — z| = p. The maximum and minimum 
principle, applied to « — v, implies that u(z) = 2(z) in the whole disk, and 
consequently u(z) is harmonic. 

The implication of Theorem 6 is that we may, if we choose, define a 
harmonic function to be a continuous function with the mean-value 
property. Such a function has automatically continuous derivatives of 
all orders, and it satisfies Laplace’s equation. 

An analogous reasoning shows that even without the condition (8) 
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the assumptions about the derivatives can be relaxed to a considerable 
degree. Suppose merely that w(z) is continuous and that the derivatives 
d7u/dx*, d°u/dy? exist and satisfy Au = 0. With the same notations as 
above we show that the function 


Vou-vct ea — x)’, 
e > 0, must obey the maximum principle. Indeed, if V had a maximum 


the rules of the calculus would yield 6?V/dz? < 0, °V/ay? < 0, and 
hence AV < 0 at that point. On the other hand, 


AV = Au — Av+ 22 = 22 > 0. 


The contradiction shows that the maximum principle obtains. We can 
thus conclude that u— e+ e(x — x0)? S ep? in the disk |z — zol Sp. 
Letting « tend to zero we find w S v, and the opposite inequality can be 
proved in the same way. Hence wu is harmonic. 


3.2. Harnack’s Principle. We recall that Poisson’s formula (Chap. 4, 
Sec. 6:3) permits us to express a harmonic function through its values on 
a circle. To fit our present needs we write it in the form 

= 1 oper pti~r ie 
(9) ul) = 5- f Tpit — ge wre) do 
where {2| = r < p and wis assumed to be harmonic in |z| < p (or harmonic 
for |z]| <p, continuous for |z| < p). Together with the second of the 
elementary inequalities 
(10) p-T ae Sp ET 


< ™ a 
ptr * |p? — 2? ~p—r 


formula (9) yields the estimate 
lp+r 


: wel s 5 PEE 


J” butoe'®)| a. 


If it is known that u(pe*) = O we can use the first inequality (10) as well, 
and obtain a double estimate 


lp—?r fe Tptr sx 
ro < <P [ 
Srp trl ud@ S$ uz) S on ae u dé, 


But the arithmetic mean of u(pe'®) equals u(0), and we end up with the 
following upper and lower bounds: 


<? + “ u(Q). 


(41) “u(0) S ue) S 


ae r ep 
} This proof is due to C. Carathéodory. 
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This is Harnack’s inequality; we emphasize that it is valid only for 
positive harmonic functions. 

The main application of (11) is to series with positive terms or, 
equivalently, increasing sequences of harmonic functions. It leads to a 
powerful and simple theorem known as Harnack’s principle: 


Theorem 7. Consider a sequence of functions u,(z), each defined and 
harmonic in a certain region Q,. Let Q be a region such that every point in 
Q has a neighborhood contained in all but a finite number of the 2,, and 
assume moreover that in this neighborhood. u,(z) S tn y1(2) as soon as n is 
sufficiently large. Then there are only two possibilities: either u,(z) tends 
uniformly to + © on every compact subset of Q, or u,(z) tends to a harmonic 
limit function u(z) in Q, uniformly on compact sets. 


The simplest situation occurs when the functions u,(z) are harmonic 
and form a nondecreasing sequence in 2. ‘There are, however, applica- 
tions for which this case is not sufficiently general. 

For the proof, suppose first that lim u,(z) = © for at least one 


n30 


point z9€@ By assumption there exist r and m such that the functions 
un(z) are harmonic and form a nondecreasing sequence for |z — Z| <r 
andn 2m. If the left-hand inequality (11) is applied to the nonnegative 
functions u, — Un, it follows that u.(z) tends uniformly to © in the disk 
le — zo] S$ 7/2. On the other hand, if lim wn(zo) < ©, application of 


re 
the right-hand inequality shows in the same way that w,(z) is bounded on 
le — aol S 7/2. Therefore the sets on which lim u,(z) is, respectively, 
finite or infinite are both open, and since @ is connected, one of the sets 
must be empty. As soon as the limit is infinite at a single point, it is 
hence identically infinite. The uniformity follows by the usual com- 
pactness argument. 

In the opposite case the limit function u(z) is finite everywhere. 
With the same notations as above tn4p(z) — un{z) S 3(tinyp(20) — un(20)) 
for |z — zo| S r/2andn +p 22m. Hence convergence at zo implies 
uniform. convergence in a neighborhood of zo, and use of the Heine-Borel 
property shows that the convergence is uniform on every compact set. 
The harmonicity of the limit function can be inferred from the fact that 
u(z) can be represented by Poisson’s formula. 


EXERCISES 


1, If £ isa compact sct in a region Q, prove that there exists a constant 
M, depending only on E and Q, such that every positive harmonic function 
u(z) in © satisfies u(z2) S Mu(z) for any two points 21, 22 € E. 


cre 


niece cb Monnens he ab ban oa NS 


CONFORMAL MAPPING. DIRICHLET’S PROBLEM 237 


2. For a fixed region, prove that the analytic functions with positive 
real part form a normal family. . 

3. With E and © as in Ex. 1, show that the oscillation on EF of any 
harmonic function in @ is less than a fixed constant times the oscillation 
on Q. 


4. THE DIRICHLET PROBLEM 


The most important problem in the theory of harmonic functions is that 
of finding a harmonic function with given boundary values; it is known 
as the Dirichlet problem. Poisson’s formula solves the problem for a 
disk, but the case of an arbitrary region is much more difficult. Many 
methods of solution are known, but none as simple and as suitable for 
presentation in an elementary text as the method of O. Perron, which is 
based on the use of subharmonic functions. 


4.1. Sabharmonic Functions. Laplace’s equation in one dimension 
would have the form d?u/dzx? = 0. The harmonic functions of one var- 
iable would thus be the linear functions u = az +b. A function v(z) is 
said to be convex if, in any interval, it is at most equal to the linear func- 
tion uty) with the same values as v(x) at the end points of the interval. 

If this situation is generalized to two dimensions, we are led to the 
class of subharmonic functions. Linear functions correspond to harmonic 
functions, intervals correspond to regions, and the end points of an 
interval correspond to the boundary of the region. Accordingly, a func- 
tion »(z) of one complex or two real variables will be called subharmonic 
if in any region v({z) is less than or equal to the harmonic function «u(z) 
which coincides with v(z) on the boundary of the region. Since this 
formulation requires that we can solve the Dirichlet problem it is prefer- 
able to replace the condition by the simpler requirement that v(z) S u(z) 
on the boundary of the region implies 7(z) S u(z) in the region. 

An equivalent but in some respects simpler formulation is the 
following: 


Definition 1. A continuous real-valued function v(z), defined in a region 
Q, is said to be subharmonic in Q if for any harmonic function u(z) in a 
region Q C Q the difference v — wu satisfies the maximum principle in Q'. 


The condition means that v — u cannot have a maximum in  with- 
out being identically constant. In particular, v itself ean have no maxi- 
mum in. Itis important to note that the definition has local character: 
if v is subharmonic in a neighborhood of each point z€Q, then it is sub- 
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harmonic in ©. The proof is immediate. A function is said to be sub- 
harmonic at a point z if it is subharmonic in a neighborhood of zo. 
Hence a function is subharmonic in a region if and only if it is subharmonic 
at all points of the region. 

A harmonic function is trivially subharmonic. 

A sufficient: condition for subharmonicity is that » has a positive 
Laplacian. In fact, if v — wv has a maximum it follows by elementary 
calculus that 8°/dz%(v — u) S 0, 0?/dy?(v — u) <0 at that point; this 
would imply Av = A(@v — vu) $0. The condition is not necessary, and 
as a matter of fact a subharmonic function necd not have partial deriva- 
tives. If the function has continuous derivatives of the first and second 
order, it can be shown that the condition Av 2 0 is necessary and suf- 
ficient. Since we shall not need this property, its proof will be relegated 
to the exercise section. The condition yields a simple way to ascertain 
whether a given elementary function of x and y is subharmonic. 

We show now that subharmonic functions can be characterized by 
an inequality which generalizes the mean-value property of harmonic 
functions: 


: .,Pheorem 8. A continuous function v(z) is subharmonic in Q if and only 
af it satisfies the inequality 


(12) v(ee) S z [Foleo + ren a 


for every disk \z — zo| S r contained in Q. 


The sufficiency follows by the fact that (12), rather than the mean- 
value property, is what is actually needed in order to show that v cannot 
have a maximum without being constant. Since v — u satisfies the same 
inequality, it follows that v is subharmonic. 

In order to prove the necessity we form the Poisson integral P,(z) in 
the disk jz — 2o| <7 with the values of v taken on the circumference 
|e — eo] = 7. Ifv is subharmonic, the function » — P, can have no max- 
imum in the disk unless it is constant. By Schwarz’s theorem (Chap. 4, 
Theorem 25) v — P, tends to 0 as z approaches a point on the circuimfer- 
ence. Hencev — P, hasa maximum in the closed disk. If the maximum 
were positive if would be taken at an interior point, and the function 
could not be constant. This is a contradiction, and we conclude that 
v SP,. For z = 2 we obtain v(zo.) S P,(a), and this is the inequality 
(12). 

We list now a number of elementary properties of subharmonic 
functions: 
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1. If v is subharmonic, so is kv for any constant k 2 0. 

2. If v1, and ve are subharmonic, so is v1 + v2. 

These are immediate consequences of Theorem 8. The next property 
follows most easily from the original definition. 

3. If vy and v2 are subharmonic in Q, then v = max (v1,v2) is likewise 
subharmonic in Q. 

The notation is to be understood in the sense that v(z) is at each point 
equal to the greater of the values 7,(z) and v2(z). The continuity of v is 
obvious. Suppose now that » — u has a maximum at 2) € 9’ where w is 
defined and harmonic in 9. We may assume that e(2o) = o1{20). Then 


vi(z) — uz) S v(z)— ulz) S v(e) — wleo) = vi(z0) — ulzo) 


for z€Q’. Hence 21 — w is constant, and by the same inequality » — u 
must also be constant. It is proved that v is subharmonic. 

Let A be a disk whose closure is contained in Q, and denote by P, the 
Poissomintegral formed with the values of v on its circumference. Then 
the following is true: 

4, If v is subharmonic, then the function v' defined as P, in A and as v 
outside of A is also subharmonic. 

The tontinuity of v’ follows by the theorem of Schwarz. We have 
proved that » S P, in A, and hence » $v’ throughout Q It is clear 
that v’ is subharmonic in the interior and exterior of A. Suppose now 
that v' — u had a maximum at a point zp) on the circumference of A. It 
follows at once that v — u would also have a maximum at z. Hence 
v — u would be constant, and the inequality 


v—u Sv" —u Sv'(e) — uleo) = v(eo) — uleo) 


shows that vo’ — u is likewise constant. We conclude that o’ is 
subharmonic. 


EXERCISES 


1, Show that the functions |z|, |z|*(a 2 0), log (1 + |z|?) are sub- 
harmonic. 

2. If f(z) is analytic, prove that |f(z)|*(@ 2 0) and log (1 + [f(2)|?) 
are subharmonic. 

3. If v is continuous together with its partial derivatives up to the 
second order, prove that v is subharmonic if and only if Av 2 0. Hint: 
For the sufficiency, prove first that » + ex*, ¢ > 0, is subharmonic. For 
the necessity, show that if Av < 0 the mean value over a circle would be a 
decreasing function of the radius. 
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4 Prove that a subharmonic function remains subharmonic if the 
independent variable is subjected to a conformal mapping. 

5. Formulate and prove a theorem to the effect that a uniform limit 
of subharmonic functions is subharmonic. : 


4.2. Solution of Dirichlet’s Problem. The first to use subharmonic 
functions for the study of Dirichlet’s problem was O. Perron. His 
method is characterized by extreme generality, and it is completely 
elementary. 

We consider a bounded region 2 and a real-valued function f(¢) defined 
on its boundary [ (for clarity, boundary points will be denoted by £). 
To begin with, f({) need not even be continuous, but for the sake of 
simplicity we assume that it is bounded, |f(%)| S M@. With each f we 
associate a harmonic function w(z) in Q, defined by a simple process which 
will be detailed below. If f is continuous, and if © satisfies certain mild 
conditions, the corresponding function u will solve the Dirichlet problem 
for @ with the boundary values f. 

We define the class $(f) of functions v with the following properties: 

(a) v is subharmonic in Q; 

(b) Tim v(2) Sf for all ¢eY. 

Fad 


The precise meaning of (b) is this: given <« > 0 and a point ¢ €T there 
exists a neighborhood A of ¢ such that v(z) < f() +¢in ANG. The 
class 8(f) is not empty, for it contains all constants S —M. We prove: 


Lemma 1. The function u, defined as u(z) = Lub. v(z) for v € B(f), is 
harmonic in Q. 


In the first place, eachv is S MinQ. This is a simple enough conse- 
quence of the maximum principle, but because of its importance we want 
to explain this point in some detail. For a given « > 0, let E be the set 
of points z € Q for which o(z) 2 Af + ¢ The points z in the complement 
-~EF are of three kinds: (1) points in the exterior of Q, (2) points on T, 
(8) points in O with o(z) < M+ In case (1) z has a neighborhood 
contained in the exterior, in case (2) there is a neighborhood A with 
vy <M +<¢in AQ, by property (b), and in case (3) there exists, by con- 
tinuity, a neighborhood in @ with» < M+. Hence ~£ is open, and 
E is closed. Moreover, since © is bounded, EZ is compact. If EF were 
not void, v would have a maximum on &, and this would also be a maxi- 
mum in ‘This is impossible, for because of (b) » cannot be a constant 
> M. Hence £ is void for every ¢, and it follows that v < Af in Q. 

Consider a disk A whose closure is contained in Q, and a point zp € A. 
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There exists a sequence of functionsv, € B(/) such that lim v,(z0) = u(zo). 
. ee 


Set V, = max (vivz, ..- jt). Then the V, form a nondecreasing 
sequence of functions in S(f). We construct V’, equal to V, outside of 
A and equal to the Poisson integral of V, in 4. By property (4) of the 
preceding section the V?, are still in S(f). They form a nondecreasing 
sequence, and the inequality v,(zo) S Valeo) S Vi(zo) S u(zo) shows that 
lim Vi(eo) = u(zo). By Harnack’s principle the sequence {Vj} con- 


verges to a harmonic limit function U in A which satisfies U S u and 
U(e0) = ule). 
Suppose now that we start the same process from another point 2, € A. 
We select w, € B(f) so that lim w,(z:) = u(z:), but this time, before pro- 
inc 


ceeding with the construction, we replace w, by @, = max (?,,Wn). Set- 
ting W, = max (i, . . . ,@n) we construct the corresponding sequence 
{W1} with the aid of the Poisson integral and are led to a harmonic limit 
functiqn Ui which satisfies U S$ Ui Su and U,(21) = u(z:). 1 follows 
that U + U,; has the maximum zero at zo. Therefore U is identically 
equal to U;, and we have proved that u(z:) = U(z) for arbitrary 21 € A. 
It follows that w is harmonic in any disk A and, consequently, in all of Q 

will now investigate the circumstances under which wu solves the 
Dirichlet problem for continuous f. We note first that the Dirichlet 
problem does not always have a solution. For instance, if @ is the 
punctured disk 0 < |z| < 1, consider the boundary values f(0) = 1 and 
f(©) = 0 for |¢] = 1. A harmonic function with these boundary values 
would be bounded and would, hence, present a removable singularity at 
the origin. But then the maximum principle would imply that the func- 
tion vanishes identically and thus could not have the boundary value 1 at 
the origin. It follows that no solution can exist. 

It is also easy to see that a solution, if it exists, must be identical with 
u. In fact, if U is a solution it is first of all clear that Ue B(f), and 
hence u = U. The opposite inequality « < U follows by the maximum 
principle which implies v < U for all v € B(f). 

The existence of a solution can be asserted for a wide class of regions. 
Generally speaking, the solution exists if the complement of @ is not too 
“thin” in the neighborhood of any boundary point. We begin by proving 
a lemma which, on the surface, seems to have little to do with the notion 
of thinness. 


Lemma 2. Suppose that there exists a harmonic function w(z) in Q whose 
continuous boundary values w(t) are strictly positive except at one point 
to where wlto) = 0. Then, if f(g) is continuous at Co, the corresponding 
function u determined by Perron’s method satisfies lim u(z) = f(&o)- 


290 
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The lemma will be proved if we show that lim u(z) S f(t:) + ¢ and 
2-%o 


lim u(z) 2 fo) — « for all e > 0. We are still assuming that Q is 


ate 
bounded and {f(¢)| < Mf. 

Determine a neighborhood A of {> such that |f(¢) — f(to| < ¢ for 
ged. InQ—AM2 the function «(z) has a positive minimum wo. We 
consider the boundary values of the harmonic function 


Wee) = Ho) ++ 2 (ar — sea). 


For ¢€A we have W(5) = f(to) + ¢ > f(d), and for ¢ outside of A we 
obtain W() 2 M +> f(s). By the maximum principle any function 
ve B(f) must hence satisfy v(z) < W@). It follows that u(z) S W(2) 
and consequently Bm u(z) S Wo) = f(b) + ¢, which is the first 


inequality we set out to prove. 
For the second inequality we need only show that the function 


V@ = 160) — e- £© car + so) 


is in B(f). For ¢€ A we have V(¢) S$ f(to) — ¢ < f(0), and at all other 

boundary points V(t) S$ —M —« </f(s). Since V is harmonic it 

belongs to G(/) and we obtain u(z) = V(z), lim uz) = V (bo) = f(to) — « 
ato 

This completes the proof. 

The function w(z) of Lemma 2 is sometimes called a barrier at the point 
fo Clearly, we can now say that the Dirichlet problem is solvable pro- 
vided that there is a barrier at each boundary point. It remains to 
formulate geometric conditions which imply the existence of a barrier. 
Actually, necessary and sufficient conditions of a purely geometric char- 
acter are not known, but it is relatively easy to find sufficient conditions 
with a wide range of applicability. 

To begin with the simplest case, suppose that QU I is contained in 
an open half plane, except for a point ¢> which lies on the boundary line. 
If the direction of this line is a (with the half plane to the left), then 
w(z) = Im e~*(z — &) is a barrier at fo. 

More generally, suppose that {> is the end point of a line segment all 
of whose points, except 5, lie in the exterior of 2. If the other end point 
is denoted by ¢:, we know that a single-valued branch of 


Apt 
z-% 
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can be defined outside of the segment. With a proper determination of 


the angle a the function 
sce, FET at 
Im E Ne — se 


is easily seen to be a barrier at fo. 

This is not the strongest result that can be obtained by these methods, 
but it is sufficient for most applications. We shall therefore be content 
with the following statement: 


Theorem 9. The Dirichlet problem can be solved for any region Q such 
that each boundary point is the end point of a line segment whose other 
points are exterior to Q. 


The hypothesis is fulfilled if 2 and its complement have a common 
boundary consisting of a finite number of simple closed curves with a 
tangent’ at each point. Corners and certain types of cusps are also 
permissible. f 


5. CANONICAL MAPPINGS OF MULTIPLY 
CONNECTED REGIONS 


Riemann’s mapping theorem permits us to conclude that any two simply 
connected regions, with the exception of the whole plane, can be mapped 
conformally onto each other, or that they are conformally equivalent. 
For multiply connected regions of the same connectivity this is no longer 
true. Instead we must try to find a system of canonical regions with 
the property that cach multiply connected region is conformally equiv- 
alent to one and only one canonical region. The choice of canonical 
regions is to a certain extent arbitrary, and there are several types with 
equally simple properties. 

In order to stay on an elementary level we will limit ourselves to the 
study of regions of finite connectivity. We shall find that the basic 
step toward the construction of canonical mappings is the introduction 
of certain harmonic functions with a particularly simple behavior on the 
boundary. Of these the harmonic measures are related only to the region 
and one of its contours, while the Green’s function is related to the region 
and an interior point. 


+ The best result that can be proved by essentially the same method is the follow- 
ing: The Dirichlet problem can be solved for any region whose complement is such that no 
component reduces to a point. From this proposition an independent proof of the 
Riemann mapping theorem can easily be derived. 
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5.1. Harmonic Measures. When studying the conformal mappings of 
a region @ we can of course replace 2 by any region known to be con- 
formally equivalent to 9, that is to say, we can perform preliminary con- 
formal mappings at will. Because of this freedom in the choice of the 
original region it turns out that it is never necessary to deal with the 
difficulties which may arise from a complicated structure of the boundary. 

In the folowing Q denotes a plane region of connectivity n > 1. The 
components of the complement are denoted by £,, Ey, ..., E,, and 
we take £, to be the unbounded component. Without loss of generality 
we can and will assume that no H, reduces to a point, for it is clear that 
a point component is a removable singularity of any mapping function, 
and consequently the mappings remain the same if this isolated boundary 
point is added to the region. 

The complement of E,, is a simply connected region 2’. By Riemann’s 
theorem, 9 can be mapped conformally onto the disk |z| < 1; under 
this mapping © is transformed into a new region, and the images of 
Ey, ... , &,1 are the bounded components of its complement. For 
the sake of convenience we agree to use the same notations as before the 
mapping; in particular, H,, is now the set |z] 2 1. The unit circle |z| = 1, 
traced in the positive direction, will be denoted by C, and is called the 
outer contour of the new region Q. 

Consider now the complement of £: with respect to the extended 
plane. This is again a simply connected region, and we map it onto the 
outside of the unit circle with « corresponding to itself. The image of C,, 
is a directed closed analytic curve which we continue to denote by C,, just 
as we keep all the other notations. In addition we define the inner con- 
tour Cy to be the unit circle in the new plane, traced in the negative 
direction, 

The process can evidently be repeated until we end up with a region 
Q bounded by an outer contour C,, and n — 1 inner contours Ci, . . . Cy 
(Fig. 31). It is important to note that the index of a contour with respect 
to an arbitrary point in the plane can be readily computed. For instance, 
at the stage where C;, k <n, is the unit circle, the index of C, is —1 with 
respect to interior points of #, and O with respect to all other points not 
on C;. The subsequent mappings will not change this state of affairs. 
The fact is clear, and a formal proof based on the argument principle 
can easily be given. One shows in the same way that the outer contour 
C,, has the index 0 with respect to interior points of H, and the index 1 
with respect to all other points not on C,. It follows that the cycle 
C=C14+C2.+ °+-+- +, bounds © in the sense of Chap. 4, Sec. 5.1, 
Definition 4. The distinction between outer and inner contours is coin- 
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Fig. 31. Transformations of a multiply connected region. 


cidental, for evidently an inversion with respect to an interior point of 
£, will make C;, the outer contour. 

It is clear that Theorem 9 applies to 29. As a matter of fact the 
existence of a barrier is completely obvious since any contour can be 
transformed into a circle. 

Suppose now that we solve the Dirichlet problem in Q with the bound- 
ary values 1 on C; and 0 on the other contours. The solution is denoted 
by «,(z), and it is called the harmonic measure of C; with respect to the 
region 2. We have clearly 0 < w:(z) < 1 in Q and 


te wi(2) + woz) + ++ + + onze) = 1. 


If we map @ so that C; becomes a circle, then «, can be continued across 
C; according to the reflection principle. We conclude that «, is har- 
monic in the closed region Q in the sense that it can be extended to a larger 


region. 
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The contours Ci, . . . , Cn. forma homology basis for the cycles in 
Q, homology being understood with respect to an unspecified larger region. 
The conjugate harmonic differential of «, has periods 


Bux 
a= | -=-ds = | *dy 
sd cr On Gi . 


along C;. We assert that no linear combination \yw:(z)_ + d2wo(z) + - +. 
+ dn-14n-1(2) with constant coefficients can have a single-valued conju- 
gate function unless all the , are zero. To see this, suppose that this 
expression were the real part of an analytic function f(z). By the reflec- 
tion principle, f(z) would have an analytic extension to the closure of Q, 
The real part of f(z) would be constantly equal to 4, on C, i = 1,... ; 
n — 1, and zero on C,. Consequently, each contour would be mapped 
onto a vertical line segment. If we does not lie on any of these segments, 
a single-valued branch of arg (f(z) — wo)) can be defined on each contour. 


It follows by the argument principle that f(z) cannot take the value wo in : 


2. But then f(z) must reduce to a constant, for otherwise the image of 2 
would certainly contain points not on the line segments. We conclude 
that the real part of f(z) is identically zero, and hence the boundary values 
d; must all vanish. 


What we have proved is that the homogeneous system of linear | 


equations 
(18) Arary + Ave Foot HF Antenas =OG=1,...,2 —1) 


has only the trivial solution 4; = 0, for these are the conditions under 
which Aw + * + * + An-W.—1 has a single-valued conjugate. By the 
theory of linear equations any inhomogeneous system of equations with 
the same coefficients as (13) must have a solution. In particular, we 
conclude that it is possible to solve the system 


Arai + Aveter Ft + Antena = 2a 
Ardiz + Avaee +o + + Anne = 0 

(PA) ee ee eee 
Ar@tyn—1 + Aveena  o° + + Annan = 0 
Arein + Aeten ot + An i@r—-a = 2 


where the last equation is a consequence of the n — 1 first (because 
cnr + one + °° + + xn = 0). In other words, we can find a multiple- 
valued integral f(z) with periods + 27i along C, and C,, and all other periods 
equal to zero, the real part being constantly equal to 4, on Cx (we set 
An = 0). The function F(z) = e’@ is then single-valued. We prove: 
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Fic. 32. Concentric slit region. 


Theorem 10. The function F(z) effects a one-to-one conformal mapping 
of 2 onto the annulus 1 < |w| < e minus n — 2 concentric arcs situated on 
the circles |w| = e,i = 2,...,2—1. 


The mapping is illustrated in Fig. 32. The contours C; and C,, are in 
one-to-one correspondence with the full circles, while the other contours 
are flattened into circular slits. It should be imagined that each slit has 
two edges which together with the end points form a closed contour. 

The proof is by use of the argument principle. We know that F(z) is 
analytic with a constant modulus on each contour. The number of roots 
of the equation F(z) = wp is given by 


(15) 1 F'(z) dz 1 F'(z) dz 
2ri Ja. F(z) — wo * Qat Jer F(z) — wo 


+++. 


1 F'(z) dz 
ote Ont Ie, F(z) — wo 
at any rate if wo is not taken on the boundary. For we = 0 the terms in 
(15) are known, being equal to 1, 0, ..., 0, —1, respectively. The 
integral over C, remains constantly equal to 1 for |wo] < @4, and it 
vanishes for |to| > +; similarly, the last integral is —1 for |we| < 1 and 0 
for |wo| > 1. The integrals over Cy, 1 < k <n, vanish for all wo with 
\wo| + &+. Suppose now that the value wo is actually taken by F(z) ; inas- 
much as © must be mapped onto an open set, we can choose |2o| + all e*. 
For this wo the expression (15) must be positive. But that is possible 

only if 1 < [wl < es. Thus A; > 0 and, by continuity, 0 Sv; S AL 
From here on the proof could be completed by means of a purely 
topological argument. It is more instructive, however, and in fact 
simpler, to draw the conclusion from the argument principle. When 
there are simple poles on the boundary, the residue theorem continues to 
hold provided that the contour integral is replaced by its Cauchy princi- 
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pal value, and provided that the sum of the residues includes one-half of 
the residues on the boundary.f In the present situation the second con- 
vention means that a value taken on the boundary is counted with half 
its multiplicity. The computation of the principal values causes no 
difficulty. If |wo| = e, we find that 


pr  F'(z) dz lr FP’ dz 
a ies F@—w 2sa Fe’ 


for by elementary geometry (or direct computatian) 
d arg (F(z) — wo) = 3d arg F(z). 


Consequently, the principal values in (15) are } for k = 1, 0 for 2 < 
kin-1,-lfork=n. 

We conclude now that each value on the circle [wo] = 1 or [wo = eis 

.. taken one-half time, that is to say once on the boundary; this proves that 
Cand C, are mapped in a one-to-one manner and that 0 << Ay, 
ivi,n. Next, if 1 < |wol < &, it follows that wo is taken either once 
in the interior, twice on the boundary, or once on the boundary with the 
multiplicity 2. On each contour C2, . . . , Cn-1 a single-valued branch 
of arg F(z) can be defined, and the values of multiplicity 2 correspond to 
relative maxima and minima of arg F(z). There is at least one maxi- 
mum and one minimdn, and there cannot be more or else F(z) would 
pass more than twice through the same values. Furthermore, the differ- 
ence between the maximum and the minimum must be <2x, which 
shows that each contour is mapped onto a proper arc. Finally, the ares 
which correspond to different contours must be disjoint. 

We have proved the complete Theorem 10, and in addition we have 
been able to describe the correspondence of the boundaries. The sig- 
nificance of the theorem is that we can map Q onto a canonical region 
bounded by two circles and n — 2 concentric circular slits; by way of 
normalization the radius of the inner circle is chosen equal to 1. For a 
given choice of C, and C,, the canonical mapping is uniquely determined 
up to a rotation. This follows from the fact that the system (15) has 
only one solution. 

The shape of a canonical region of connectivity x depends on 3n — 6 
real constants. In fact, the position and size of each slit is determined 


} In Chap. 4, Sec, 5.3, the Cauchy principal value was introduced in the case of 
an integral over a straight line. In the case of an arbitrary analytic arc it is simplest 
to define the principal value by means of an auxiliary conformal mapping which 
transforms a subare into a line segment. The stated generalization of the residue 
theorem follows quite easily and proves that the principal value is independent of the 
auxiliary conformal mapping. 
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by three numbers, a total of 3n — 6; the thickness of the annulus gives 
one additional parameter, but another parametér must be discounted to 
allow for the arbitrary rotation. 


EXERCISES 


1. Prove directly that two circular annuli are conformally equivalent 
if and only if the ratios of their radii are equal. 
2. Prove that aj = aj. Hint: Apply Theorem 21, Chap. 4. 


5.2. Green’s Function. We suppose again that Q is a region of finite 
connectivity, and inasmuch as preliminary conformal mappings will be 
permissible we can assume that © is bounded by analytic contours 
Ci, ... , Cn; this time the case n = 1 will be included. 

We consider a point zo € 2 and solve the Dirichlet: problem in Q with 
the boundary values log | — z |. The solution is denoted by G(z), but 
the main interest is attached to the function g(z) = G(2) — log |z — zol, 
known as the Green’s function of 2 with pole at zo. When the dependence 
on Zo is emphasized, it is denoted by g(z,z0). 

The Green’s function is harmonic in Q except at zo, and it vanishes 
on the boundary. In a neighborhood of zp it differs from — log |e — zo 
by a harmonic function. By these properties g(z) is uniquely determined. 
In fact, if g:(z) has the same properties, then g — g: is harmonic through- 
out 2 and vanishes on the boundary. By the maximum principle it 
follows that g, is identically equal to g. 

If two regions are conformally equivalent, then the Green’s functions 
with corresponding poles are equal at points which correspond to each 
other. To be thore explicit, let z = 2(¢) define a one-to-one conformal 
mapping of a region © in the ¢-plane onto a region Q in the z-plane. 
Choose a point ¢)€’ and denote by g(z,20) the Green’s function of 92 
with pole at zo = 2({). It is claimed that g(z(¢),20) is the Green’s func- 
tion of Q. To begin with, if ¢ tends to a boundary point, then 2(¢) 
approaches the boundary of Q, and hence g(z({),z0) has the boundary 
values zero. As to the behavior at {> we know that g(z(¢),20) differs from 
—log |z(¢) — z(¢0)| by a harmonic function of 2({), and hence by a har- 
monic function of ¢. But the difference log |a(¢) — 2(%o)| — log |¢ — Fol 
is also harmonic, and it follows that g(z(¢),20) has the desired behavior 
at {>. We have proved that the Green’s function is invariant under con- 
formal mappings, and it is in view of this invariance that preliminary 
conformal mappings can be performed at will. 

In the case of a simply connected region there is a simple connection 
between Green’s function and the Riemann mapping function. For the 
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unit disk |w| < 1 the Green’s function with respect to the origin is evi- 
dently —log fw. Therefore, if w = f(z) maps 9 onto the unit disk with 
Zp going into the origin, we find by the invariance that 


g{2,20) = —log |f(2)|. 


Conversely, if g(z,20) is known, the mapping function can be determined. 

The Green’s function has an important symmetry property. Given 
two points 21, 22€2, we write for short g@,z) = gi, g(z,z2) = go By 
Theorem 21, Chap. 4, the differential gi *dg2 — ge *dg: is locally exact 
in the region obtained by omitting the points z; and zo from. If c; and 
cz are small circles about z, and zz, described in the positive sense, the 
cycle C — c, — czis homologous to zero (as before, C = Ci + - + - +n). 
Since g: and gz vanish on C, we conclude that 


Introducing G; = gi + log |z ~ a1| we have *dgi = *dG: — darg (2 ~ a) 


and find 


fw *dge ~ 92 *dgn = i: Gi *dgo — g2 *dG, = rs log lz = z| *dgo 
+ f god arg (2 — 1). 


On the right-hand side the first integral vanishes because G, and gz are 
harmonic inside c, and the second integral vanishes because |z — z;| is 
constant on c, and *dge is an exact differential in a neighborhood of 2. 
The last integral equals 2g2(z1) by the mean-value property of harmonic 
functions. In asymmetric way the integral over c, must equal —27g1(z), 
and it is proved that go(z:) — gi(ze) = 0 or 


g(21,22) = g(22,21). 


Because of this symmetry property the Green’s function g(z,zo) is har- 
monic also in the second variable. 

The conjugate function of g(z,20), denoted by h(z,z), is of course 
multiple-valued. It has above all the period 27 along a small circle c 
about zp. In addition, it has the periods 


Pr(ea) =f, dh (@,20) = h *dg (20) (k=1,... nm). 


Lemma 3. The period P; (zo) equals the harmonic measure wx (20) multiplied 
by 2x. 
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The proof is another application of Theorem 21, Chap. 4. We 
express the fact that the integral of wu. *dg — g *dux, over C — c must 
vanish. The integral over C reduces to P;(zs), and by the same computa- 
tion as above the integral over c equals 27u,(co). Hence Pi(2o) = 2rax(Zo). 


5.3. Parallel Slit Regions. A little more explicitly than before, let us 
write 


(16) g(2,20) = G&,z0) — log |z — zo| 


with 29 = % + tyo€Q. We know that G(z,zo) issymmetric, and harmonic 
in each variable; as a function of z it has the boundary values log |¢ — zol- 

Consider the difference quotient Q(z,h) = (G(z,20 + h) ~ G(z,z0))/h 
where we choose / real and so small that z) + A is still in 2. This is 
a harmonic function of z with boundary values (log |f — 20 — hl — 
log | — zol)/h. As k->0 these boundary values tend uniformly to 
8/2 log |& — zo| = Re 1/(¢ — 20). It follows by the maximum-mini- 
mum principle that Q(z,h) tends to its limit (0/d%)G(z,z0) uniformly, 
not only on compact sets, but on all of &. If we include the boundary 
values, we have thus uniform convergence on the closure Q-, which is a 
compact set. The conclusion is that (4/2%9)G(z,20) is harmonic in Q, as a 
function of z, and that it has the boundary values Re 1/(¢ — 2). If we 
compare with (16) it follows that w:(z) = (0/8x0)g(z,20) is harmonic for 
z ¥ &, continuously zero on the boundary, and differs from Re 1/(z ~ 2) 
by a harmonic function. 

The conjugate differential of u:(z) has certain periods A, along the 
contours C;. But it is easy to construct a linear combination of u1(z) 
and the harmonic measures w,(z) whose conjugate differential is free from 
periods. Indeed, wi + Awi + °° + + An—in-1 has this property pro- 
vided that 


Draw + Aza, + ° + + Antenne = —Ar &=1,... 0-1). 


We know already that this inhomogeneous system of equations always 
has a solution. We have thus established the existence of a function 
p(z) which is single-valued and analytic in Q, except for a simple pole 
with the residue 1 at 2, and whose real part is constant on each contour. 
By these requirements p(z) is uniquely determined up to an additive 
constant. 

By differentiation with respect to yo we conclude quite similarly that 
v9(z) = —(8/dy0)g(z,20) vanishes on the boundary and has the same 
singularity as Im 1/(z — 2). If a suitable linear combination of har- 
monic measures is added, the conjugate function becomes single-valued. 
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(a) (b) Fic. 33. Parallel slit regions. 


Hence there exists a single-valued analytic function g(z) with the singular 
part 1/( — zc) whose imaginary part is constant on each contour. 
The functions p(z) and q(z) lead to simple canonical mappings. 


Theorem 1. The mappings determined by p(z) and q(2) are one to one, 
and the image of Q is a slit region whose complement consists of n vertical or 
horizontal segments, respectively (Fig. 33a, b). 


The proof is quite similar to that of Theorem 10. This time the 
expression 


n 
lL y+ p2dz 

(17) > Oat es plz) — wo 

represents the number of zeros of p(z) — wo minus the number of poles. 
But it is easy to see that (17) vanishes for all wo, including boundary 
values. In the latter case the principal value must be formed, but if 
wo is taken on C; the imaginary part of p’ dz/(p — wo) vanishes along 
C;, and there is no difficulty whatsoever. Since there is exactly one pole 
we conclude that p(z) takes every value once in the interior of 8, twice 
on the boundary, or once on the boundary with the multiplicity 2. The 
rest of the proof is an exact duplication of the earlier reasoning. The 
proof remains valid for g(z) without change. 

Parallel slit regions may be thought of as canonical regions, but they 
are not all conformally inequivalent, even if it is required that the point 
at o should correspond to itself. For instance, the mappings by p(z) 
and 79(z) lead to vertical slit regions which are different, but confor- 
mally equivalent. It is only for mappings with the same residue at 
2 that the slit mappings are uniquely determined, except for a parallel 
translation. 


EXERCISES 


1. Prove that g(z,z) is simultaneously continuous in both variables, 
for 2 # zp. Hint: Apply the maximum-minimum principle to G(z,0). 


z 
= 
i 
‘ 


- 
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2. Show that the function e—*(¢ cos a + ip singe) maps 2 onto a 

region bounded by inclined slits. 
¥3. Using Ex. 2, show that p + ¢ maps Qin a one-to-one manner onto 
a region bounded by convex contours. Comments: ; 

(i) A closed curve is said to be convex if it intersects every straight 
line at most twice. 

Gi) To prove that the image of C, under p + q is convex we need 
only show that for every a the function Re (p + q)e* takes no value more 
than twice on C,. But Re (p + ge differs from Re (q cos a + ip sin @) 
only by a constant, and the desired conclusion follows by the properties 
of the mapping function in Ex. 2. 

(ii) Finally, the argument principle can be used to show that the 
images of the contours C; have winding number 0 with respect to all 
values of p +4. This implies, in particular, that the convex curves lie 
outside of each other. 


NN 
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ELLIPTIC FUNCTIONS 


1. SIMPLY PERIODIC FUNCTIONS 


A function f(z) is said to be periodic with period w ¥ 0 if 
fe +) =f@ 


for all z. For instance, e? has the period 271, and sin z and cos z 
have the period 27. To be more precise, we are interested only 
in analytic or meromorphic functions f(z), and they shall be 
considered in a region 2 which is mapped onto itself by the trans- 
lation z—> z+ 0. 

If w is a period, so are all integral multiples mw. There may 
be other periods as well, but for the present we focus our atten- 
tion exclusively on the periods nw. From this point of view we 
shall call f(z) a simply periodie function with period w. In par- 
ticular, it is irrelevant whether w is itself a multiple of another 
period. 


1.1, Representation by Exponentials. The simplest function 
with period w is the exponential e?**/+, It is a fundamental fact 
that any function with period w can be expressed in terms of this 
particular function. 

Let @ be a region with the property that zé@ implies 
z+weQandz—weQ® We define © in the ¢-plane to be the 
image of 2 under the mapping ¢ = ¢?**/+; it is obviously a region. 
For instance, if @ is the whole plane, then 0” is the plane punc- 
tured at 0. IfQ@isaparallel strip, defined by a < Im (2rz/w) < b, 
then 0 is the annulus e* < |t] < e*. 

255 
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Suppose that f(z) is meromorphic in 2 and has the period w. Then 
there exists a unique function F in Q’ such that 


(1) SQ = P(e). 


Indeed, to determine F(t) we write ¢ = e***/; 2 is unique up to an addi- 
tive multiple of w, and this multiple does not influence the value f(z). 
It is evident that F is meromorphic. Conversely, if F is meromorphic in 
9, then (1) defines a meromorphic function f with period w. 


1.2. The Fourier Development. Assume that 9! contains an annulus 
71 < |¢| < rein which F has no poles, In this annulus F has a Laurent 
development 


2 


FO = DY ent, 


n=—@ 


and we obtain 
f= »Y cne2rinele, 
oe 


This is the complex Fourier development of f(z), valid in the parallel strip 
that corresponds to the given annulus. 
The coefficients (cf. Chap. 5, Sec. 1.3) are given by 


1 
=o fun FOS, <r <n, 


and by change of variable this becomes 
1 sate ; 
=o f ferro dz. 


Here a is an arbitrary point in the parallel strip, and the integration is 
along any path from a to a + w» which remains within the strip. If f(z) 
is analytic in the whole plane, the same Fourier development is valid 
every where. 


1.3. Functions of Finite Order. When © is the whole plane F(¢) has 
isolated singularities at ¢ = O and ¢ = «©. If both these singularities are 
inessential, that is, either removable singularities or poles, then F is a 
rational function. We say in this case that f has finite order, equal to the 
order of F. 

We recall that a rational function assumes every complex value, 
including «, the same number of times, provided that we observe the 
usual multiplicity convention. We obtain a similar result for simply 
periodic functions of finite order if we agree not to distinguish between z 


ELLIPTIC FUNCTIONS 257 


and z+. For convenient terminology, let us Ay that z+ nw is 
equivalent to z. If f is of order m we find that every complex value 
c X F(0) and F() is assumed at m inequivalent points, with due count 
of multiplicities. We observe further that f(z) > F(0) when Im (z/w) > 
—o and f(z) ~F() when Im (/w)—> ©. If we are willing to 
agree that these values are also “assumed” (with proper multiplicity), 
we can maintain that all complex values are assumed exactly m times. 

For another interpretation we may consider the period strip, defined 
by 0 < Im (/w) < 2x. Since this strip contains only one representa- 
tive from each equivalence class we find that f(z) assumes each complex 
yalue m times in the period strip, except that the values F(Q) and F () 
require a special convention. 


2. DOUBLY PERIODIC FUNCTIONS 


The terms elliptic‘function and doubly periodic function are interchangea- 
ble; we have already met examples of such functions in connection with 
the conformal mapping of rectangles and certain triangles (Chap. 6, 
Sec. 2). Elliptic functions have been the object of very extensive study, 
partly because of their function theoretic properties and partly because 
of their importance in algebra and number theory. Our introduction to 
the topic covers only the most elementary aspects. 


2.1. The Period Module. Let f(z) be meromorphic in the whole plane. 
We shall examine the set Af of all its periods. If w is a period, so are all 
integral multiples nw, and if w; and we: belong to M, so does @ + w2; asa 
consequence, ‘all linear combinations nw: + new, arein WM. In algebra, a 
set with these properties is called a module (more precisely: a module 
over the integers), and we shall call Af the period module of f. 

Apart from the trivial case of a constant function, M has also a 
topological property: all its points are isolated. In fact, since f(w) = f(0) 
for all we MM the existence of a finite accumulation point would imme- 
diately imply that f is constant. A module with isolated points is said to 
be discrete. 

Our first step is to determine all discrete modules. 


Theorem 1. A discrete module consists either of zero alone, of the integral 
multiples nw of a single complex number w # 0, or of all linear combinations 
nye + now: with integral coefficients of two numbers wy, w2 with nonreal 
ratio wef. 


As soon as M contains a number w ~ 0 it also contains one, call it 
1, whose absolute value is a minimum. Indeed, if r is large enough the 
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disk |z| S r contains a point from M , other than 0. Because the points 
are isolated there are only a finite number of such points, and we choose 
« to be one closest to the origin (the reader may show that there are always 
2, 4, or 6 closest points). The multiples nw, are also in M , and these may 
be all. 

Suppose now that there exists an w € M which is not an integral mul- 
tiple of w; Among all such there is one, w:, whose absolute value is 
smallest. We claim that we/a; is not real. If it were, there would exist 
an integer » such that n < w/o.<n+1. This would give O< 
|nor — wel < |w,|, an obvious contradiction, 

It can now be concluded that all numbers in M are of the form No, + 
Now, First of all, because we/w, is nonreal any complex number w can 
be written in the form yw: + Aw: with real \, and A» To see this we 
need only solve the equations 


w = A1@1 + Awe 

@ = yoy + Arde, 

Since the determinant wa: — wd, is ¥ O the system has a unique solu- 
tion (A1,A2); but (X1,42) is also a solution, and we conclude that A and dz 
are real. To continue the proof, there exist integers mm, m2 such that 
Ia = mil S 4, [bo — mel SH. Iw belongs to M7, so does 


wo! = & — mw — Mowe. 


We have {o’| < 4 Jos] + 3 loo! < Jeol where the first inequality is strict 
because w. is not a real multiple of wy. By the way we was chosen it 
follows that w’ must an integral multiple of w:, and hence w has the 
asserted form. 


2.2, Unimodular Transformations. We assume henceforth that it is 
the third alternative in Theorem 1 that occurs. The pair (1,0) has the 
property that any we M has a unique representation of the form 
@ = Ny + New. Any pair with this property will be called a basis of Af 
(even if it is not determined by the construction in the proof of Theorem 1). 

We investigate the relation between two bases (1,02) and (wi,04). 
Because (1,2) is a basis there exist integers a, b, c, d such that 


2 wh = Aw. + bay 
@) w} = cop + dey. 


We prefer to write these equations in matrix form 


()-€ JC) 
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: Nw 
The same relation is valid for the complex conjugates, and we have thus 


wo @\ fa b @2 we) 
@) ot at) Ne d)lo: a& 


Since (w{,«) is also a basis we have similarly 


we a\_ fa &\ oh a 

4) wy cea NG? a) Nok 8 
with integral a’, b’, c’, d’. : 
From (8) and (4) we obtain 


2 wo @\ fa’ W\ fa b\ for 2) 
6) Cc =) 4 ( U}\ce dJ\or a 


Here the determinant wa, — widé2 is £0, for otherwise any two numbers in 
the module would have a real ratio, contrary to assumption. A matrix 
with determinant ~0 has an inverse matrix, and if we multiply (5) by the 


we @: : 
inverse of ( 2 mm) we obtain 


@y OF 
ad U\fa b\_ fi OV 
ce d}\ce ad} \O 1 
an a 


The matrices (: 2) and ¢ )) are inverse to each other. In par- 
¢ 


ticular, their determinants must satisfy 


a bl fa bl _ 1 
wale ape 
and since both are integers we must, have 
a 6b a 0b 
= = +1, 
¢ 2| ec 7 - 


Linear transformations of the form (2) with integral coefficients and 
determinant +1 are said to be unimodular. We have proved: 

Any two bases of the same module are connected by a unimodular 
transformation. 

Geometrically, it is natural to consider the parallelogram spanned by 
a basis (w),w2) in its relation to the lattice formed by all numbers in the 
module. Figure 34 shows two bases of the same module. Observe that 
the parallelograms have equal area. ; 

We note here that the unimodular matrices, or the corresponding 
linear transformations, form a group, the modular group. 
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FIG. 34. Period module. 


2.5. The Canonicai Basis. Among aii possibie bases of 47 it is possible 
to single out one, almost uniquely, to be called the canonical basis. It 
will not always be necessary , or even desirable, to use such a special 
basis, but it is important to know that one exists. Except for minor 
adjustments it will be the basis introduced in the course of the proof of 
Theorem 1. 


Theorem 2. There exists a basis (wi,w:) such that the ratio r = on/wr 
satisfies the following conditions: (i) Im +> 0, (ii) —} < Re 7 $4, 
(iii) [7] 2 1, Gv) Res = 0 if |r| = 1. The ratios is uniquely determined 
by these conditions, and there is a choice of two, four, or six corresponding 
bases. 


Proof. Tf we select «; and w2 as in the proof of Theorem 1, then |w;| < 
la], foe] S Jor + wel, and |we| < lor — we]. In terms of + these condi- 
tions are equivalent to |r] 2 1 and [Re z| $3. If Im7z < 0 we replace 
(1,02) by (— 1,02); this makes Im 7 > 0 without changing the condition 
on Rez. If Re +r = —3 we replace the basis by (w1,01 + 2), and if 
|r| = 1, Rez < 0 we replace it by (—we2,0,). After these minor changes 
all the conditions are satisfied. 

We have seen that the most general change of basis is by a unimodular 
transformation. If the new ratio is r’ we obtain 

,_ ar+b 

vat 
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with ad — be = +1. Simple computation gives € 
+Im-r 
(7) Im 7’ = le + de 


where the sign is the same as that of ad — be. 

Suppose that both 7 and r’ satisfy conditions (i) to (iv). We shall 
show that they must then be equal. Our first remark is that by condi- 
tion (i) it is the upper sign that is valid in (7), and hence ad — be = 1. 
Second, because 7 and 7’ play symmetric roles we are free to assume 
that Im7’ S$ Imz. It then follows from (7) that \er + d| <1. Because 
c and d are integers there are very few possibilities for this inequality to 
hold. 

One such possibility is to have c=0, d= +1. The relation 
ad — be = 1 reduces to ad = 1, and because a and d are integers we have 
either a = d = Yor a=d = —1. Equation (6) becomes +’ = 7 + 6, 
and by use of condition (ii) it follows that |b] = |Re 7’ — Re z| <1. 
Therefore, and because b is an integer, b = 0 and 7’ = 7. 

A second possibility is to have d = 0. Then be = —1 s0 that either 
&= tec -— —iorb = —i,¢ = 1. The inequality jer + dj S$ 1 becomes 
|r| S 1, and according to condition (iii) we have thus |7| = 1. Equation 
(6) reads 7’ = +a —1/r, which we may write as 7’ = +a—7% It 
follows by (ii) that Ja] = [Re +’ + Rez| < 1, except whens = 7’ = etl, 
Save for this exception we have thus a = 0,7’ = —7. But by condition 
(iv) this can hold only if 7 = 7! = 7. 

There remains only the possibility that ¢ and d are both 0, in 
which case |ed| 2 1. We conclude by use of (ii) and (iii) that 


ler + dl? = e%r|? + d? + 2cd Re r = c? + d? — cd] 
= (lel — dl)? + |ed| 2 1. 


Because of the opposite inequality |er + d| <1 the equality sign must 
hold in all places. This is possible only if |r| = 1 and Re x = }, that is 
for r = e*/3, However, under the restrictions (i) to (iv) this value corre- 
sponds to a strict minimum of Im 7. Therefore the assumption Im 7’ < 
Im 7 gives again 7’ = 7, 

We have proved that 7 is unique, and Fig. 35 shows the part of the 
plane to which a canonical 7 must belong. The canonical basis ( w,0) 
can always be replaced by (—w;,—@2). There are other bases with the 
same 7 if and only if 7 is a fixpoint of a unimodular transformation (6). 
This happens only fort = ¢andz = e*‘!*; the former is a fixpoint of —1/z, 
the latter of —(r + 1)/r and of —1/G4 1). These are the multiple 
shoices referred to in the theorem. 
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2.4, General Properties of Elliptic Functions. In the following f(z) 
will denote a meromorphic function which admits all numbers in the 
module M with basis (w1,w2) as periods. We shall not assume that the 
basis is canonical, and it will not be required that Mf comprise all the 
periods. 

It is convenient to say that 2; is congruent to zo, 21 = z2 (mod M), 
if the difference z, — z2 belongs to M, i.e., 21 = 22 + niwr + now. The 
function f takes the same values at congruent points, and may thus be 
regarded as a function on the congruence clesses. A concrete way to 
make use of this property is to restrict the function to a parallelogram Pa 
with vertices a, a + 01, @ + we, a+ 0, + ws: By including part of the 
boundary we may represent each congruence class by exactly one point 
in Pa, and then f is completely determined by its values on P,. The 
choice of a is irrelevant, and we leave it free in order to attain, for instance, 
that f has no poles on the boundary of Po. 


Theorem 3. An elliptic function without poles is a constant. 


If f(z) has no poles, it is bounded on the closure of P,, and hence in 
the whole plane. By Liouville’s theorem (Chap. 4, Sec. 2.3) it must 
reduce to a constant. 

Because the poles have no accumulation point there are only finitely 
many poles in P,. When we speak of the poles of an elliptic function we 
mean a full set of mutually incongruent poles. Multiplicities are counted 
in the usual manner. 
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Theorem 4, The sum of the residues of an elliptic function ae 


We may choose a so that none of the poles fall on the boundary of 
P,. If the boundary éP. is traced in the positive sense, the sum of the 
residues at the poles in P. equals 


= ig I@) dz, 


Because f has periods «1, we the integral vanishes, for the integrals over 
opposite sides of the parallelogram cancel against each other. 

As a consequence of the theorem there does not exist an elliptic 
function with a single simple pole. 


Theorem 5. A nonconstant elliptic function has equally many poles as it 
has zeros. ~ 


The poles and zeros of f are simple poles of f’/f, which is itself an 
elliptic function. The multiplicities are the residues of f’/f, counted 
positive for zeros and negative for poles. The theorem now follows from 
Theorem 4. 

If ¢ is any constant, f(z) — c has the same poles as f(z). Therefore, 
all values are assumed equally many times. The number of incongruent 
roots of the equations f(z) = c is called the order of the elliptic function. 


Theorem 6. The zeros a, . . . , dn and poles bi, . . . , bn of an elliptic 
Sunetion satisfy a, + ++ > +a, = bi-+ > ++ +b, (mod M). 


This is proved by considering the integral 


1; #'@ 


8) Qni Jor. f(z) 


dz 


where we may again assume that there are no zeros or poles on the 
boundary. By the calculus of residues the integral equals a: + -- - 
+a, —b;— +++ — 6, provided that we choose the representative zeros 
and poles inside P,. Consider the sides from @ to a + 1 and from @ + w. 
toa + 1+. The corresponding part of the integral may be written 


Lf jeter atortor\ 2f’(z) ater f’(z) 
sa {* i fe ) Fa a “oak ‘ oka 


Except for the factor —w, the right-hand member represents the winding 
number around the origin of the closed curve described by f(z) when z 
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varies from atoa +. It is consequently arinteger. The sameapplies 
to the other pair of opposite sides. Therefore the value of (8) is of the 
form ny, + mewe, and the theorem is proved. 


3. THE WEIERSTRASS THEORY 


The simplest elliptic functions are of order 2, and such functions have 
either a double pole with residue zero, or two simple poles with opposite 
residues. We shall follow the classical example of Weierstrass, who chose 
a function with a double pole as the starting point of a systematic theory. 


3.1. The Weierstrass Q-function. We may as well place the pole at 
the origin, and since multiplication with a constant factor is clearly 
irrelevant, we may require that the singular part isz-?. If fis elliptic and 
has only this singularity at the origin and its congruent points, it is easy 
to see that. f must be an even function. Indeed, f(z) — f(—2) has the 
same periods and no singularity. Therefore it must reduce to a constant, 
and on setting z = w,/2 we conclude that the constant is zero. 

A constant can be added at will, and we can therefore choose the 
constant term in the Laurent development about the origin to be zero. 
With this additional normalization f(z) is uniquely determined, and it is 
traditionally denoted by a special typographical symbol #(z). The 
Laurent development has the form 


P@ = 2? + az? +agtp---. 


So far all this is hypothetical, for we have not yet shown the existence 
of an elliptic function with this development. We shall follow the usual 


procedure in such cases, namely to postulate the existence and derive an ° 


explicit expression. The clue is to develop in partial fractions by the 
method in Chap. 5, See. 2, Our aim is to prove the formula 


©) 90 -3+) (G57 =) 
: a0 


where the sum ranges over all w = nyo, + news except 0. Observe that 
(2 — «)~? is the singular part at w, and that we have subtracted w~? in 
order to produce convergence. 

Our first task is to verify that the series converges. If |w| > 2|d, 
say, an immediate estimate gives 


1 1] _ 
(Ci) Le 


2(2w — z) 
wi? — w)? 


< 10)2| 


* Tel 
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Therefore the series (9) converges, uniformly on every compact set, pros, 
vided that 


This is indeed the case. Because w2/, is nonreal, there exists a k > 0 
such that |rior + news| = k(|na} + rel) for all real pairs (n,n). If we 
consider only integers there are 4n pairs (71,22) with [mil + |nol = n. 
This gives 

> lel? S$ 4h Vn < , 

070 T 

The next step is to prove that the right-hand side of (9) has periods 

ow, and w;. Direct verification is relatively cumbersome. Instead we 
write, temporarily, 


(10) f=nt) (gs 7 ) 
wr 


and obtain by termwise differentiation 
2 By 1. 
BO Pa) ee on Pre 


The last. sum is obviously doubly periodic. Therefore f(z + w1) — f(z) 
and f(z + ws) — f(z) are constants. Because f(z) is even (as seen from 
{10)), it suffices to choose z = —w/2 and z = —we/2 to conclude that the 
constants are zero. We have thus proved that f has the asserted periods. 

It follows now that 9(z) — f(z) is a constant, and by the form of the 
development at the origin the constant is zero. We have thereby 
proved the existence of ((z), and also that it can be represented by the 
series (9). For convenient reference we display the important formula 


ay p'@ = -2) gto 


3.2. The Functions {(z) and o(z). Because 9(z) has zero residues, it 
is the derivative of a single-valued function. It is traditional to denote 
the antiderivative of @(z) by —¢(2), and to normalize it so that it is odd. 
By use of (9) we are led to the explicit expression 


1 1 
(12) re - 1+ Y (4.4244) 
wx*O 
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The convergence is obvious, for apart from the term 1/z we obtain the new 
series by integration from 0 to z along any path that does not pass through 
the poles. 

It is clear that (2) satisfies conditions ¢(2 + wo) = ¢(z) + ny 
£(@ + we) = (2) + 42, where m1 and yn are constants, They are con- 
nected with «1, w, by a very simple relation. To derive it we choose any 
a # 0 and observe that 

3 he. ¢(2) dz = 1, 
by the residue theorem. The integral is easy to evaluate by adding the 
contributions from opposite sides of the parallelogram, and we obtain 
the equation 

Mw2 — Nows = 21, 
known as Legendre’s relation, 

The integration can be carried one step further provided that we use 
an exponential to eliminate the multiple-valuedness. Just as easily we 
can verify directly that the product 


(13) o(2) =z | (1 = ) erloHiela)? 


wx 
converges and represents an entire function which satisfies 
o'(2)/a(z) = &(2). 
The formula (13) is a canonical product representation of o(2). 
How does o(z) change when zis replaced by z + w1or z+ we? From 
oeta) _ oC) 
o(2@+.04) — o(z) 


+m 


it follows at once that. 
o(@ + 04) = Cro(z)e 


with constant C1. To determine the constant we observe that o(2) is an 


odd function. On setting z = —w;/2 the value of Cy can be determined, 
and we find that o(z) satisfies 
(14) o(2@ + w1) = —olz)en@tol2 
o(2 + un) = ~o(zen@tor!?, 
EXERCISES 


1. Show that any even elliptic function with periods «1, we can be 
expressed in the form 


7 P(e) — Pla) a3 
© i G@ —eO,) (© = const.) 
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provided that 0 is neither a zero nor a pole. What is the corresponding» 
form if the function either vanishes or becomes infinite at the origin? 
2. Show that any elliptic function with periods «,, w: can be written as 


n 


cl ee — 68 (C = const.). 
k=1 


Hint: Use (14) and Theorem 6. 


3.3. The Differential Equation. By use of formula (12) it is easy to 
derive the Laurent expansion of ¢(z) about the origin, and differentiation 
will then yield the corresponding expansion of (2). We have first 
1 
z—@ 


z .. sgt 


1 z 
eae se 7 as 


we 


and when we sum over all periods we obtain 


~_ Giz" 


Rim 


$2) =- 


where we have written 


Observe that the corresponding sums of odd powers of the periods are 
zero, as was to be expected since ¢ is an odd function. Because 


P@ = -¥'@) 


we obtain further 


9) =4+ ) Ck— Nee 
k=2 


In the following computation we write down only the significant 
terms, since it is understood that the omitted terms are of higher order: 


Ole) = 5+ 36x + Get + ++ 


g'e) = ~ 4 + 6x + 200,29 +--+ 


ge? = 4 - 7A — 806s + see 
ap(eys = 4 + 980 + oa + + + - 
60G.(2) = RC 4.0 + 
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The last three lines yield 
(2)? — 49(2)* + 60G.P(z) = —140G;,+ --- 


Here the left-hand side is a doubly periodic function, and the right-hand 
side has no poles. We may therefore conclude that 


(2)? = 4(2)* — 60G2(z) — 1404. 
It is customary to set go = 60G2, gs = 140G; so that the equation becomes 
(15) (2)? = 49) — g2P(2) — go 


This is a first-order differential equation for w = (2). 
solved explicitly, uamely, by the formula 


It can be 


dw 


» 
| V/ 40? — grw — gs 


which shows that {?(z) is the inverse of an elliptic integral. More 
accurately, this connection is expressed i the identity 


z 


+ constant, 


Pe) 
a0) dye — gw — 93 


where the path of integration is the image under @ of a path from 2p to z 
that avoids the zeros and poles of #'(z), and where the sign of the square 
“oot must be chosen so that it actually equals ¢’(z). 

We recall that, we encountered the relationship between elliptic 
functions and elliptic integrals already in connection with the conformal 
mapping of rectangles and certain triangles (Chap. 6, See. 2). 


*EXERCISES 


The Weierstrass functions satisfy numerous identities which are best 
dealt with in an exercise section. They can be proved either by compar- 
ing two elliptic functions with the same zeros and poles (when o-functions 
are involved), or by comparing elliptic functions with the same singular 
parts (when only §- and ¢-functions are involved). The following 
sequence of formulas is so arranged that we need to resort to this method 
only once. 

1, 

_ ae — of — ujo(z + uw) 
(16) PO) — P@&® = See(u)? 


(Use (14) to show that the right-hand member is a periodic function 
of z. Find the multiplicative constant by comparing the Laurent 
Aevelopments.) 


weptene wri #8 
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2 
9’@) 
a 9@ — FW) 
(Follows from (16) by taking logarithmic derivatives.) 
3. 


= o(2—u) + oe+u) — 262). 


(as) re ty <1) + rw) +5 00-80. 


(This is a symmetrized version of (17).) 


4. The addition theorem for the §-function: 


a) Pe +0) = -9H- PW +} (FO= FON. 


(Differentiation of (18) leads to a formula which contains (2). Ti 
can be eliminated by (15) which gives 9” = 6? — 492. Symmetriza- 
tion yields (19). Observe that this is an algebraic addition theorem, for 
'(z) and @’(u) can be expressed algebraically through §(z) and ((u).) 

5. Prove 


gee) = 1 i(% Gy — 296). 


6. Prove 9'(z2) = —o(2z)/o(z)*. 


7. Prove that 
(2) 9’ (2) 1 | 
@(u) 9" (u) 
P(u+2) —H'(w+z) II 


= 0. 


3.4. The Modular Function \(r). The differential equation (15) car 


also be written as 
(20) 9’ (2)? = 4(P(2) — e:)(P@) — &)(P( — 4s), 


where ¢1, €2, €3 are the roots of the polynomial 4w* — gow — gs. 

To find the values of the e, we determine the zeros of §’(z). The 
symmetry and periodicity of @(z) imply («1 — z) = (2). Hence 
P(e. — 2) = —#"(2), from which it follows that 9’(w:/2) = 0. Simi- 
larly '(w2/2) = 0, and also @’((w; + ws)/2) = 0. The numbers w,/2, 
@2/2 and (w1 -+ we)/2 are mutually incongruent modulo the periods. 
Therefore they are precisely the three zeros of 9)’, which is of order 3, and 
all the zeros are simple. When we compare with (20) it follows that we 
can set 


(21) ex = O(wr/2), = O(or/2), = P((er + 02) /2). 
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It follows, moreover, and this is very important, that these rools are 
all distinct. Indeed, 9(z) assumes each value e, with multiplicity 2, and 
if two of them were equal that value would be assumed four times in 
contradiction with the fact that @ is of order 2. 

If we substitute z = «1/2, o/2 and (w1 + o»)/2 in the definition (9) 
of @(2) it is seen at once that the ¢, are homogeneous of order —2 in 
o1, @» (in other words, if the periods are multiplied by t, then the e are 
multiplied by 2). We conclude that the quantity 


(22) dr) = 


depends only on the ratio 7 = w2/ar, as indicated by our notation. It is 
quite clear from (9) that X(r) is the quotient of two analytic functions in 
the upper half plane Im 7 > 0. Because e¢; # ez it is actually analytic, 
rather than meromorphic; because e2 # és it is never equal to 0, and 
because e1 # és it is never equal to 1. 

We shall study the dependence on r in greater detail. If the periods 
are subjected to the unimodular transformation 


oy = awe + boy 
Ca + de, 


then, first of all, the @-function does not change. Therefore, by looking 
at (20), the roots ¢, can at most be permuted. Let us see what actually 
happens. It is clear from (23) that w;/2 = nf2 and w}/2 = w,/2 if 
a = d = 1 (mod 2) andb = c = 0 (mod 2). Under this condition the e 
do not change, and we have shown that 


(24) (445) =r) for ¢ ’) = (6 9) (mod 2). 


The transformations which satisfy the congruence relation in (24) 
form a subgroup of the modular group (cf. Sec. 2.2), known as the con- 
gruence subgroup mod 2. Equation (24) asserts that X(r) is invariant 
under this subgroup. Quite generally, when an analytic or meromorphic 
function is invariant under a group of linear transformations, we call 
it an automorphic function. More specifically, a function which is auto- 
morphic with respect to a subgroup of the modular group is called a 
modular function (or an elliptic modular function). 

We still have to determine the behavior of A(r) under a modular 
transformation that does not belong to the congruence subgroup. Ti is 


1 01 
sufficient to consider matrices congruent mod 2 to ( ) and G 0) 


respectively, for all other types can be composed from these. In the first 


(23) 


tl 


ey 
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case we obtain 7/2 = (o1 + w2)/2 and w{/2 = w1/2; this means that e 
and e; are interchanged, while e, remains fixed, and hence goes over inte 
(2 — €s)/(€1 — €3) = /(A — 1). In the second case wi/2 = w/2, of /2 = 
w»/2, so that e, and e:are interchanged, and \ goes over into 1 — . ‘Sample 
transformations are z—> 7 + Lands—> —1/r. We find that X(7) satisfies 


the functional equations 
A(z) 1 
WT a( *) =1— (7). 


3.5. The Conformal Mapping by Xr). For convenience we shall 
henceforth use the normalization w, = 1, w =7. With this choice of 
periods we obtain from (9) and (21) 


(25) +1) = 


°° 


. 1 1 
seis lin —et+atdyy @Pra- al 


€3 — C2 


(26) 


Hicvgites [ 1 7 1 

(m—Ztny (mt (n— a] 
where the double series are absolutely convergent. Our first. observation 
is that these quantities are real when 7 is purely imaginary (this is also 
true of the individual ¢). Indeed, when we replace 7 by —7 the sums 
remain the same, except for a rearrangement of the terms. We aonelade 
that X(z) is real on the imaginary axis. 


m= — 


12. . 
Because G ) is in the congruence subgroup mod 2 we have 


XG + 2) = A(r). In other words, \ has period 2. As we have seen in 
Sec. 2, this means that (7) can be expressed as a function of e*, It 
would not be difficult to determine the Fourier development, but we shall 
be content to show that A?) > 0 as Im7—> &, 
To evaluate (26) we sum first with respect to m. This summation 
can be carried out explicitly by use of the formula 
Fd < 1 
sin? rz > (2 — m)? 


oe 


(Chap. 5, Sec. 2.1, (9)). We obtain at once 


o 


=? 1 
(7) glass > Gas =a) 


er €2 cad > ( 1 a 1 . 
Pa cos* ant sin® a(n — 4)r 
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The series are strongly convergent, both for n > +-«© and n— — co, for 
|cos nwr| and | sin arr] are comparable to e!"!*!*; the convergence is uni- 
form for Im7 2 5 > 0. 

The limits can now be taken termwise, and we find that e; ~— ¢. — 0, 
€; — €2— 7° (from the term n = 0). Hence (7) +0 as Im +r », 
uniformly with respect to the real part of 7. It follows further by the 
second equation (25) that (7) 1 when + approaches 0 along the 
imaginary axis. 

We need one more piece of information, namely the order to which 
Mr) vanishes together with e*”. From (27) the leading ters in €3 — 2 
are the ones corresponding ton = Oandn = 1. The sum of these terms 
is 


4erit der 
2 PSS ah ee eS 
2a la + erie + a— =| 
and we conclude that 
(28) AG)e*™ > 16 


for Imr— &, 

In Fig. 36 the region © is bounded by the imaginary axis, the line 
Re + = 1, and the circle |r — 3| = 3. The transformation 7 + 1 maps 
the imaginary axis on Rez = 1, and 1 — 1/7 maps Rez = Lon |r — 3| = 2. 
Since (7) is real on the imaginary axis, it follows by virtue of the relations 
(25) that it is real on the whole boundary of 9. Furthermore, (7) > 1 as 
7 tends to 0 and d(r) -» © as 7 tends to 1 inside Q. 

We apply the argument principle to determine the number of times 
d(r) tukes a nonreal value win Q. Cut off the corners of 9 by means of a 


FIG. 36 
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horizontal line segment Im7 = é) and its images under the transformations 
—1/r and 1 — 1/r (these images are circles tangent to the real axis). 
For sufficiently large fp it is clear that A(r) # wo in the portions that have 
been cut off. The circle near 7 = 1 is mapped by A(z) on a curve 
d= ML — Ife) = 1 — 1/MG); where sr = 8 + tt, O S 8 S 1; in view of 
(28) this is approximately a large semicircle in the upper half plane. It is 
now evident that the image of the contour of the truncated region 2 has 
winding number | about wo if Im wo > 0, and winding number 0 if 
Im wo <0. As a result A(r) takes every value in the upper half plane 
exactly once in Q, and no value in the lower half plane. This is also suffi- 
cient to guarantee that A(r) is monotone on the boundary of Q. Indeed, 
if it were not, the derivative ’(7) would vanish at a boundary point, and 
it would be impossible for a full semicircular neighborhood of that bound- 
ary point to be mapped onto the upper half plane. 


Theorem 7. The modular function dr) effects a one-to-one conformal 
mapping of the region Q onto the upper half plane. The mapping extends 
continuously to the boundary in such a way that r = 0,1, © correspond to 
A= 1, ~, 0. 


By reflection the region 0’ that is symmetric to Q with respect to the 
imaginary axis is mapped onto the lower half plane, and thus both regions 
together correspond to the whole plane, except for the points 0 and 1. 

We shall also prove: 


Theorem 8. Every point x in the upper half plane is equivalent under the 
congruence subgroup mod 2 to exactly one point in QU, 


We refer to Fig. 37. The reader is asked to verify that the region A 
is mapped on the shaded regions in the figure by means of the linear trans- 
formations;, ~1/r,7 — 1,1/Q. — 7), @ — L)/e,7/(1 — 7) which we shall 
denote by S;, S2, . . . , Ss. The matrices of the inverse transformations 
Sy) (k =1,... , 6) are in order 


1 0) (0 —-1\ f1 1) ft —l) O 1) ft OY 
owt of \o iP \1 of \-1 17 1 
One recognizes readily that these matrices form a complete set of mutually 
incongruent matrices in the sense that every unimodular matrix is con- 
gruent mod 2 to exactly one of them. Precisely the same can be shown 


for the transformations S; (k = 1, . . . ,6) which map A’ on the unshaded 
regions in the figure (the task of writing them down is left to the reader). 
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Together the 12 images of A and A’ cover the set 9 U (closures should 
be taken with respect to the open half plane). 


Let 7 be any point in the upper half plane. The set AU A’ can be | 


identified with the closure of the shaded region in Fig. 34. Therefore, 
according to Theorem 2 there exists a modular transformation S such 
that Sr lies in AU A’, Suppose first that Sr isin A. We know that the 
matrix of S is congruent mod 2 to the matrix of an Sz!. It follows that 
the matrix of T = S,S is congruent to the identity matrix; in other 
words, T belongs to the congruence subgroup. Since Sr lies in A we know 


fyrther that Tr = §,(Sr) lies in & UV O. The same reasoning applies if 


Sre A’. Thus there is always a Tr in GS UW, and a trivial consideration 
shows that it can be chosen in & U 9’. 

The uniqueness follows readily from the fact that the S, as well as 
the Sj, are mutually incongruent. We shall leave it to the reader to work 
out the details. 


*EXERCISE 


Show that the function 


4(-v+») 


JO = 37 TT He 


is automorphic with respect to the full modular group. Where does it . 


take the values 0 and 1, and with what multiplicities? Show that 


4 €1€2 + €2€a + Cs€1 . 
27 (€1 — €2)?(e2 — €3)?(es — es)” 


Show also that J(;) maps the region A in Fig. 37 onto a half plane. 


Ji) = 


Fic 37. Fundamental region of A(r). 


8 GLOBAL ANALYTIC FUNCTIONS 


1. ANALYTIC CONTINUATION 


In the preceding chapters we have stressed that all functions must 
be well defined and, therefore, single-valued. In the case of 
functions like log z or +/z which are not uniquely determined by 
their analytic expression, a special effort was needed to show that, 
under favorable circumstances, a single-valued branch can be 
selected. While this point of view answers the need for logical 
clarity, it does not do justice to the fact that the ambiguity of 
the logarithm or the square root is an essential characteristic 
which cannot be ignored. There is thus a clear need for a 
concept that emphasizes rather than circumvents multiple- 
valuedness. 


i.1. General Analytic Functions. An analytic function f(z) 
defined in a region Q will constitute a function element, denoted 
by (f,9), and a global analytic function will appear as a collection 
of function elements which are related to each other in a pre- 
scribed manner. 

Two function elements (f1,2:) and (f2,{) are said to be 
direct analytic continuations of each other if Q) (\ Q is nonempty 
and fi(z) = fo(z) in 21M. More specifically, (f2,Q) is called 
a direct analytic continuation of (f,,0,) to the region Q: There 
need not exist any direct analytic continuation to Q, but if 
there is one it is uniquely determined. For suppose that (f2,Q2) 
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and (g2,Q) are two direct analytic continuations of (f1,0:); then fe = ge 
in 01 Q, and this implies fo = ge throughout 2. We note that if 
Q2 C 4, then the direct analytic continuation of (f:,0;) is (f1,9). 

Tf (f1,0%) and (f2,Q,) are direct analytic continuations of each other, 
it is evident that an analytic function f can be defined in Q, U Q: by 
setting f = f: in Q, and f = fein 2, Since it had been possible to con- 
sider the function element (f,0; LU 9) from the beginning, it would seem 
that nothing has been gained. Consider, however, a third function ele- 
ment. (f;,93) which we assume to be a direct analytic continuation of 
(fo,Q2). Then it may well happen that Q, overlaps 2), but that (3,0) is 
nevertheless not a direct analytic continuation of (f1,;). In this situ- 
ation the collection (1,01), (f2,Q2), (f,83) cannot be replaced by a single 
function element. We are thus led to a genuine broadening of the concept 
of function. 

More generally, we shall consider chains of function elements 
(f1,01), (fo,Q2), . . . , (fn Qn) such that (f,,) is a direct analytic con- 
tinuation of (f:-1,0—1). The elements in such a chain are said to be 
analytic continuations of each other. We adopt the following definition: 


Definition 1. A global analytic function is a nonveid collection f of function 
elements (f,Q) which is such that any two elements in f are analytic conlinua- 
tions of each other by way of a chain whose links are members of f. 

A complete analytic function is a global analytic function which contains 
all analytic continuations of any one of its elements. 


A complete analytic function is evidently maximal in the sense that it 
cannot be further extended, and it is clear that every function element 
belongs to a unique complete analytic function. The incomplete global 
analytic functions are more arbitrary, and there are many cases in which 
two different collections of function elements should be regarded as 
defining the same function. For instance, a single-valued function f(z), 
defined in Q, can be identified either with the collection which consists of 
the single function element (f,Q), or with the collection of all (f,0’) with 
Y Ca, 

A global analytic function f has a uniquely determined derivative f’ 
defined by the function elements (f’,0). Indeed, if (f1,9;) and (f2,Q2) are 
direct analytic continuations of each other, so are (f/,0:) and (3,22). 
The higher derivatives f”, f’”’, . . . can be defined in the same way. 

A similar relationship may exist between any two global analytic 
functions f and g. We assume that there is given a correspondence 
which to every (f,0) €f assigns a unique function element (g,Q) € g in 
such a way that direct analytic continuations go over in direct analytic 
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continuations. In these circumstances we agree to say that f is subordi- 
nate to g, and it is possible to define f + g and fg as collections consisting 
of the elements (f + 9,2), (fg,2) which correspond to the elements (f,Q) 
of f. For instance, f is subordinate to any entire function h, from which 
it follows that f + h and fh are well defined. 

We can now formulate a classical principle known as the permanence 
of functional relations. Suppose that certain global analytic functions 
f, g, .. . are given and that, for instance, f is subordinate to all the 
others. Let it be known that a set of corresponding function elements 
(2), (9,2), . - . satisfy a relation of the form G(f,g, . . .) = 0, where 
the expression G is a polynomial in several variables (the proof is valid 
much more generally). If (f1,01), (g:,Q), . . . is a set of direct analytic 
continuations, it follows at once that G(figi, .. .) = 0 in Q) for the 
simple reason that the composite function G(fi(z),g:(z), . . .) is analytic 
in 2; and vanishes inQ/\Q;. We are thus able to conclude that the rela- 
tion G(f,g, . . .) = O holds for all sets of corresponding function elements, 
a fact which may also be expressed through the equation G(f,z, . . .) = 0. 


EXERCISES 


1. Prove that a function element (f,C), where C is the whole plane, 
determines a complete analytic function consisting of all function ele- 
ments of the form (f,Q). 

2. Define ~/z as a global analytic function by means of a finite num- 
ber of function elements. 

3. Suppose that (f,Q) satisfies a differential equation of the form 
PLS SL”, .. .) =0, where P is a polynomial whose coefficients are 
entire functions. Prove that all function elements of the complete 
analytic function determined by (f,Q) satisfy the same differential 
equation. 


1.2. The Riemann Surface of a Function. In order to study the 
multiple-valued nature of a global analytie function it is convenient to 
introduce the notion of a branch.t Two function elements (f;,0;) and 
(f2,Q2) are said to determine the same branch at a point zp € 2) (\ Q2 when- 
ever f: = fo in a neighborhood of z. In order that this happen it: is suf- 
ficient, but not necessary, that the function elements are direct analytic 
continuations of each other. They are always, however, analytic con- 
tinuations of each other, for they are both direct analytic continuations 
of their common restriction to a neighborhood of z. We note that two 

+ We make only transient use of this notion of subordinacy which is related to 


but not identical with one in rather common use. 
t The word germ is also commonly used. 
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function elements determine the same branch at. 2o if and only if they 
have the same Taylor development about zp. 

The relation between function elements which we have just introduced 
is evidently an equivalence relation. With respect to this equivalence 
relation the totality of function elements (f,2) with zo € @ falls into well- 
defined equivalence classes which we call the analytic branches at zo. It is 
easy to see that they can be identified with all power series in z — zo with 
a positive radius of convergence. We will denote the branch at 2, deter- 
mined by the function element (f,) as (f,20). 

For a global analytic funetion £ we pick out the branches (f,z0) deter- 
mined by function elements (f,2) €f and call them the branches of f at zo. 
To every branch there corresponds a unique function value f(zo) as well 
as unique values of the derivatives f’(z0), f(a), ... . In analogy to 
the construction of Riemann surfaces of elementary multiple-valued 
functions we introduce a set § (the Riemann surface) whose elements 3 
(the points) are the branches (f,z) of f. We are then in a position to 
consider f as a single-valued function £(3) on §. The function z = p(3) 
which to every 3 = (f,2) assigns the uniquely determined value z is called 
the projection of § into the complex plane, and z is the trace of 3. 

The consideration of the Riemann surface is not of much use unless 
we can say when a function is continuous on §. Since continuity can 
be expressed in terms of neighborhoods, it is sufficient to define neighbor- 
hoods on §. Given jo = (fo,20), determined by the function element 
(fo,%) € f, we choose a neighborhood V C of zp and consider the set B 
of all branches (fo,2) with ze V. By definition, 8 will be a neighbor- 
hood of go. It follows readily that £() and p(3) are continuous functions 
in the sense that there exists, for any given ¢ > 0, a neighborhood % with 
the property that |£(,) — £(@c)| < ¢, |p(3) — p(go)| < ¢ for all 3€ B. 

By the introduction of Riemann surfaces we gain a very simple inter- 
pretation of subordination. Let § and © be the Riemann surfaces of f and 
g. Then f is subordinate to g if and only if there exists a continuous 
mapping o of § into © such that 3 and o(3) have the same projection z; the 
proof is immediate. We observe that the mapping ¢ is not necessarily 
unique, which means that f may be subordinate to g in different, ways. 
In a language which appeals to the imagination the existence of a projec- 
tion preserving mapping implies that the surface § can be spread out over 
@, or that § may be considered as a Riemann surface relative to G. 

We note finally that our definition of Riemann surfaces is provisional 
in as far as it does not yet include the case of branch points. 


1.3, Analytic Continuation Along Arcs. We consider a global ana- 


lytic function f with the Riemann surface § and an are y in the complex 
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plane with the equation z = 2(é), « <1 <8. Suppose that there exists 
on § an arc 7 whose projection is 7: we mean by this that 7 has an equa- 
tion 3 = 3(é) with p(j(t)) = z(#) for allt. The fundamental assumption 
that 7 is an arc means of course that 3(/) is continuous with respect to the 
neighborhoods introduced on §. 

It is desirable to give a parallel interpretation which does not refer 
explicitly to the Riemann surface. To each é there corresponds a 3 with 
the projection 2(é) and, therefore, a branch of the form (f,z(é)). For a 
given ty this branch is determined by a function element (fo,Q) with 
2(to.) €M%. A neighborhood consists of branches (fo,2), and the continuity 
of z(t) evidently implies the existence of a 8 > 0 such that for |f — to| < 6 
the branch (f,z(/)) is determined by the function element (fo,%). When 
this is the case, we shall say that the branch (f,z(t)) and any one of the 
corresponding function elements have been obtained by continuation 
along the are y. According to this terminology there is complete equiva- 
lence between continuations along y and arcs 7 on § which project into -y. 

The continuation along an arc corresponds to the intuitive notion of a 
continuously changing branch. The existence of a continuation is not 
guaranteed, but the following important uniqueness theorem is valid: 


Theorem 1. Two continuations (fr,2(f)) and (f2,2(t)) of a global analytic 
junction f along the same arc ¥ are either identical, or else they differ for all t. 


Consider the subset H of the closed interval (a,8) in which 
(fy2(Q) = (fo,2(0)). 


Choose tf) € # and suppose that the corresponding branches are deter- 
mined by function elements (f7,0.), (f2,0). By assumption f? = f? in 
a neighborhood of 2(f). If ¢ is sufficiently near to to, the point 2(é) lies 
in this neighborhood; moreover, we can choose fi = fi, fe = ff, and it 
follows that the branches (f;,2(t)), (f2,2(t)) are identical. This result 
shows that the complement of F is closed. Suppose now that ts is not 
in E. With the same notations, f?(z) and f3(z) are not identical in any 
neighborhood of z(t:). Consequently there exists a neighborhood A of 
2(t:) in which f?(z) ¥ fi(z), except perhaps for z = 2(to). For ¢ suf- 
ficiently near to f) z(f)¢€A, and we may take f, = ff, fe =f}. But if 
2() # z(t) the branches (f2,<(d)) and (f3,2(é)) are different for the simple 
reason that fi(e(Q) ¥ f{(e@), and if 2(t) = z(t) they are different by 
assumption. It follows that H# itself is closed, and since the interval is 
connected the theorem is proved. 

By virtue of this theorem a continuation is uniquely determined for 
instance by its initial branch (f,2(a)). We may therefore speak of the 
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continuation of f along y from the initial branch (fo,2(@)), provided only 
that such a continuation exists. 

If y is an arbitrary are and f a global analytic function, it may well 
happen that f does not have any continuation along y, or that a con- 
tinuation exists for some initial branches, but not for all. Let us investi- 
gate the case of an initial branch (fo,2(a)) which cannot be continued 
along y. If ty > a is sufficiently near to a, there will exist a continuation 
of the initial branch along the subare corresponding to the interval (e,f0) ; 
indeed, this is trivially the case if the subare is contained in the region Q) 
of the function element (5,2). The least upper bound of all such é is 
a number 7 which satisfies a <7 < 8, and it is easily seen that the con- 
tinuation will be possible for to <7, impossible for tg 2 7. In a certain 
sense the subare corresponding to (a,7) may be said to lead to a point 
at. which f ceases to be defined. In particular, if fis a complete analytic 
function, the subare is called a singular path from the given initial branch; 
less precisely, it is said to lead to a singular point of f. The term singu- 
lar point should be used only when the corresponding path is clearly 
indicated. 

The connection between continuation along arcs and stepwise continu- 
ation by means of a chain of direct analytic continuations requires further 
ilumination, In the first. place, if (f1,01), (f2,%), . ~~ » (fn;%) is a chain 
of direct analytic continuations, it is always possible to connect a point 
2,€Q to a point 2, €2, by means of an are y such that f has a continu- 
ation along y with the initial branch (f1,2:) and the terminal branch 
(fuzn). Indeed, it is sufficient to let y be composed of a subare y; C 
from z; to a point zp € Qi U Qs, a second subare y2 C Q from zz to 23 € 
QU Qs, and so on. The continuation along y is completely defined by 
setting 3(t) = (fr,2(f)) on ys 

Conversely, if a continuation 3(é) is given, we can find a chain of direct 
analytic continuations which follows the arc y in the same way as in the 
preceding construction, provided merely that f is defined by means of a 
sufficiently large collection of function elements. By means of Heine- 
Borel’s lemma it is shown that the parametric interval can be subdivided 
into (at), (tyte), - - . , (n-1,8) such that 3() = (f:,2(2)) in (f:-1,f,) for 
suitably chosen function elements (f;,2,). Although (f,-1,0—1) and 
(fi,9,) need. not be direct analytic continuations of each other, they are 
at least direct analytic continuations of their common restriction to a 
neighborhood of z(4.-1)._ If these restrictions are contained in the collec- 
tion f, and this is certainly the case if f is a complete analytic function, 
then we can find a chain of direct analytic continuations with the desired 
properties. 

Tn order to illustrate the use of continuations along arcs we will give 
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a definition of log z as a complete analytic function. We define it as 
the collection of all function elements (f,2) such that f@ =zinQ. It 
must be proved that this collection is complete. 

We have to show that any tavo function elements (f1,9;), (f2,Q) in the 
collection can be joined by a chain of direct analytic continuations. 
Because of the permanence of functional relations it is clear that the 
intermediate function elements will belong to the same collection. 

Choose points 2, € 4, z2 € 92, and join them by a differentiable arc y 
which does not pass through the origin. This is possible since neither 
z, nor z. can be Q. Consider the function 


of) = file) + f' an dt. 

By differentiation, z(ie~*@ is constant; for t = a the value is 1, and 
hence e* = z(#). For a given ¢ there exists, in any neighborhood of 
2(t) which does not include the origin, a uniquely determined branch 
f(2) of log z which takes the value g(é) for z = 2(#). It is clear that 
(f,2()) defines a continuation along y. The terminal branch may not 
coincide with fe, but its value must differ from f2(z2) by a multiple of 2ri. 
In order to obtain the right value at zp all that remains is to continue the 
terminal branch along a closed curve which circles the origin a suitable 
number of times. Finally, the arewise continuation can be replaced by 
a finite chain of direct analytic continuations, and it is proved that log z 
is a complete analytic function. 


EXERCISES 


1. Define log f(z) for a single-valued f(z) # 0. 

2. If a function element is defined by a power series inside of its circle 
of convergence, prove that the corresponding complete analytic function 
has necessarily a singular path in the circle of convergence which leads to 
a point on the circumference. (“A power series has at least one singular 
point on its circle of convergence.’’) 


1.4. Homotopic Curves. We must now study the topological proper- 
ties of closed curves in a region from a point of view which is funda- 
mental for the theory of analytic continuations. The question which 
interests us is the behavior of an are under continuous deformations. 
From an intuitive standpoint this is an extremely simple notion. If 
1 and 2 are two arcs with common end points, contained in a region Q, 
it is very natural to ask whether i can be continuously deformed into 772 
when the end points are kept fixed and the moving arc is confined to Q. 
For instance, in Fig. 38 the arc y: can be deformed into y2, but not into 
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FIG. 38. Homotopic ares. 


‘3. Two arcs which can be deformed into each other are said to be 
homotopic with respect to @. This is evidently an equivalence relation. 

A precise definition must of course be given. Fortunately, the physi- 
cal conception of deformation has an almost immediate interpretation in 


mathematical terms. It is indeed clear that a deformation of an arc can | 


be described by means of a continuous function z = 2(t,u) of two varia- 
bles where the point (t,w) ranges over a rectanglea <t 56,0 Su Sl. 
To every fixed value wu = wo there corresponds an arc z = 2(t,u), and 
the effect of the deformation is to change the initial arc z = 2(¢,0) into 
z= 2,1). The deformation takes place within Q if 2(¢,u) € © for all (2), 
and it is a deformation with fixed end points if z(a,u) and 2(8,u) are con- 
stant. To every fixed value ¢ = é) there corresponds an are z = 2(to,u) 
with wu as parameter which may be called the deformation path of the point 
corresponding to to. Figure 39 illustrates the effect of a deformation. 

We are led to the following definition of homotopy: 

Two ares y1 and yo, defined by equations z = z:() and z = z2(t) over the 
same parametric interval « < t S B, are said to be homotopic in Q if there 
exists a continuous function z(t,u) of two variables, defined fora St SB, 
0 Su S|, with the following properties: 

1. e(t,u) €Q for all (fu). 

2. 2(t,0) = 21(f), 2(t,1) = ze(t)for all t. 

38. 2(a,u) = 21(a) = 20(a), 2(6,u) = 21(8) = 22(8) for all u. 
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It is only for the sake of convenience that we have required the para- 
metric intervals to be the same. If this is not the case we transform the 
intervals into each other by a linear change of parameter, and agree to 
consider the original arcs as homotopic if they are homotopic in the new 
parametrization. 

Simple formal proofs which the reader can easily supply show that the 
relation of homotopy, as defined above, is an equivalence relation. We 
can thus divide all ares into equivalence classes, called homotopy classes, 
the arcs in a homotopy class have common endpoints and can be deformed 
into each other within Q. It deserves to be pointed out that different 
parametric representations of the same are are always homotopic. 
Indeed, z = 2;(¢) is a reparametrization of z = z2(t) if and only if there is 
a nondecreasing function r(t) such that 2:(t) = z(r(t)).. The function 


2(t,u) = a((l — ut + ur()) 


has all its values on the are under consideration, and therefore in Q. For 
u = Oand u = 1 we obtain respectively 2(¢,0) = z,(0) and 


at) = alr) = a2) 


as required, and the end points are evidently kept fixed. 

If two ares y; and ye are traced in succession, with yz beginning at 
the terminal point of y,, they form a new are which we will now denote 
by vzv2 in contrast. to the notation 7: + 2 preferred in homology theory. 
The parametrization of yryz is not uniquely determined, but for the 
determination of the homotopy class this is of no importance. Very 
simple reasoning shows, moreover, that the homotopy class of yiy2 
depends only on the homotopy classes of y: and yz. By virtue of this 
fundamental fact we may consider the operation which leads to the 
homotopy class of y:y2 as a multiplication of homotopy classes. It is 
defined only when the initial point of yz coincides with the terminal 
Point of y. If we restrict our attention to the homotopy classes of 
closed curves which begin and end at a fixed point 2, the product is 


u 


FiG. 33. Deformation. 
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always defined and is represented by a curve in the same family. What 
is more, with this definition of product the homotopy classes of closed 
curves from zo, with respect to the region , form a group. In order to 
prove this assertion we must establish: 

1. The associative law: (yry2)v3 is homotopic to y:(yz73). 

2. Existence of a unit curve 1 such that y1 and ly are homotopic to y. 

3. Existence of an inverse y—! such that yy~! and y—4y are homotopic 
to 1. 

The associative law is trivial since (y172)7s is at most a reparametriza- 
tion of yilyzvs). For a unit: curve we can choose the constant z = 293 
actually, the symbol 1 may represent any closed curve which can be 
shrunk to the point zo. Finally, the inverse y—! is the curve y traced in 
the opposite direction. If y is represented by z = z(t), a St <p, y! 


can be represented by z = 2(28 — f), 8 St S26 — a. The equation of 3 


yy‘ is thus 
z= a(t) fora StsB 
z = 2(26 — #) for 8B StS 2B — a. 


The curve can be shrunk to a point by means of the deformation 


a(tju) = z(t) fora StS ua+ (1 — u)p 
alu) = ua + (1 — wp)  forwa+(l1—wp StS u(B— a) +8 
2(t,u) = 2(26 — 2) for u(8 —a) +B StS 2B-—a. 


The interpretation is clear: we are letting the turning point recede from 
2(8) to 2(a). Since z(t,1) = z(a) = z, we have proved that yy~! is 
homotopic to 1. The proof is independent of the hypothesis that y be a 
closed curve; thus yy~! is homotopic to 1 for any are yy from Zo. 

The group which we have constructed is called the homotopy group, or 
the fundamental group, of the region Q with respect to the point zp. As 
an abstract group it does not depend on the point zp. If z is another 
point in Q, we join zp to 2% by an arcc in @. To every closed curve 7’ 
from 2) corresponds a closed curve 7 = cy’c~' from zp. This correspond- 


ence is homotopy preserving and may thus be regarded as a correspond- } 


ence between homotopy classes. As such it is product preserving, for 
(eyic (cy) is homotopic to e(yiy)c"1, by cancellation of ee. 
Finally, the correspondence is one to one, for if y is given we can choose 
y = ce and find that the corresponding curve ey’c~! = (cc™)y(ce~) 
is homotopic to y. It is thus proved that the homotopy groups with 
respect to zo and 2 are ésomorphic. 

If 71, v2 are any two arcs with the initial point z) and a common 
terminal point, then 7; is homotopic to 72 if and only if yryz" is homotopic 
tol. Tor if y: is homotopic to 2, then yryz! is homotopic to ys7z', and 
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hence to 1. Conversely, if yryz1 is homotopic to 1, then 
(nye )12 = 1iCv2"72) 


is simultaneously homotopic to y: and ye, proving that 7 is homotopic 
to 2. For this reason it is sufficient to study the homotopy of closed 
curves. 

The explicit determination of homotopy groups is simplified by the 
fact that the homotopy group is obviously a topological invariant. 
Indeed, by a topological mapping of 2 onto 0 any deformation in Q can 
be carried over to 2’ and is seen to determine a product preserving one- 
to-one correspondence between the homotopy classes. Topologically 
equivalent regions have therefore isomorphic homotopy groups. 

The homotopy group of a disk reduces to the unit element; this means 
that any two arcs with common end points are homotopic. The proof 
makes use of the convexity of the disk: the are z = z:(¢) can be deformed 
into z = z(t) by means of the deformation 


2(t,u) = (1 — welt) + uze(t) 


whose deformation paths are line segments. The same proof would be 
valid for any convex region. In particular, the whole plane has likewise 
a homotopy group which reduces to the unit element. 

We proved in Chap. 6, Sec. 1, that any simply connected region 
which is not the whole plane can be mapped conformally onto a disk. 
In this connection the conformality is not important, but the fact that 
the mapping is topological permits us to conclude that any simply con- 
nected region has a fundamental group which reduces to its unit element. 
We shall find that the converse is also true. 


1.5. The Monodromy Theorem. Let bea fixed region in the z-plane. 
We consider the case of a global analytic function f which can be con- 
tinued along all arcs y contained in Q, starting with any branch defined 
at the initial point of y. More precisely, to any arc z = 2(t),a St S , 
contained in Q, and for every function element. (fo,Qq) €f with z(a) € 
there shall exist a continuation 3( = (f,<({)) whose initial branch is the 
one defined by (f0,.Q). 

When two arcs yi, y2 with common end points are given, we are 
interested to know whether a common initial branch, continued along 
i and 2, will lead to the same terminal branch. The basic theorem, 
known as the monodromy theorem, is the following: 


Theorem 2. If the arcs y; and yz are homotopic with respect to 0, and if 
an initial branch of f can be continued along all arcs contained in Q, then 
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the continuations of this initial branch along y1 and y2 must lead to the same 
terminal branch. 


To begin with we note that continuation along an arc of the form yy~! 
will evidently lead back to the initial branch. Similarly, continuation 
along an arc of the form oi(yy~)o2 will have the same effect: as continu- 
ation along o.02. For this reason, to say that the continuations along 
1 and ‘y2 lead to the same terminal branch is equivalent to saying that 
continuation along yryz! leads back to the initial element. 

According to the assumption there exists a deformation z(t,u) of 1 
into v2. Every are o in the deformation rectangle R is carried by 2(¢,u) 
into an are o’ €Q, and if o’ begins at the initial point. of y, and ye there 
exists a unique continuation of the given initial branch along o’. For 
the sake of simplicity it will be called a continuation along o. The 
theorem asserts that the continuation along the perimeter T of R leads 
back to the initial element. The sense in which I is described is imma- 
terial, but should be fixed once and for all. 

A simple proof can be based on the method of bisection. We begin 
by bisecting R horizontally, and denote by 7 the perimeter of the lower ‘ 
half 1, described from the lower left-hand corner 0 and in the direction 
which coincides with the direction of T along the common side. With’ 
the upper half Ry we associate a curve x2 which begins at 0, leads vertically 
to the lower left-hand corner of R», describes the perimeter of Re in the’ 
sense which coincides with that of along the common side, and returns 
vertically to 0 (Fig. 40). We recognize that the curve mime differs from’ 
T only by an intermediate arc of the form co. For this reason the} 
effect of continuing along a1 is the same as if we continue along TI. 

Consequently, if x, and 2 both lead back to the initial branch, so does I. 
We make now the opposite assumption that T does not lead back to the 
initial branch. ‘Then either 21 or a: has the same property. The corre- 


f 
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Fic. 40. The monodromy theorem. 
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sponding rectangle is bisected vertically, and the same reasoning is 
applied. When the process is repeated, we obtain a sequence of rectan- 
gles RD ROD ROD--- DR™D - - - and corresponding closed 
curyes x such that the continuation of the initial branch along «™ does 
not lead back to the same branch. Each x™ is of the form ¢,I',0z7! where 
on is a well-determined polygon leading from 0 to the lower left-hand 
corner of R™ and I, denotes the perimeter of R™; moreover, op is a 
subare of on41- 

Asn— © the rectangles R™ converge to a point P.., and the poly- 
gons o, form, in the limit, a continuous curve o,. ending at P,,. There 
exists a continuation of the initial branch along ¢,. which terminates 
with a branch (f,.,z(P..)) at the point corresponding to P,. For suf- 
ficiently large n the image of IT’, will be contained in a neighborhood T of 
2(P..), and the branch obtained at the terminal point of ¢, must be 
determined by the function element (f,,A). When this is the case, the 
element (f..,4) can be used to construct a continuation along 7 which 
leads back to the initial branch. This contradicts the property by which 
nr was defined, and we have proved that the continuation along I must 
end with the initial branch. 

The monodromy theorem implies, above all, that any global analytic 
function which can be continued along all arcs in a simply connected 
region determines one single-valued analytic function for each choice of 
the initial branch. This fact can also be expressed by saying that a 
Riemann surface (without branch points) over a simply connected region 
must consist of a single sheet. 

We can further draw the consequence, already announced, that a 
region whose homotopy group reduces to the unit element must neces- 
sarily be simply connected. For suppose that Q is multiply connected. 
Then there exists a bounded component Ky of the complement of 9, and 
if zo€ Hy we know that log (z — 20) is not single-valued in 0. By the 
monodromy theorem it follows that the homotopy group of 2 cannot 
reduce to the unit element. 

This is the last step toward proving the equivalence of the following 
three characterizations of simply connected regions: (1) Q is simply con- 
nected if its complement is connected; (2) © is simply connected if it is 
homeomorphic with a disk; (3) @ is simply connected if its fundamental 
group reduces to the unit element. 


1.6. Branch Points. For a closer study of the singularities of multiple- 
valued functions it is necessary to determine, explicitly, the fundamental 
group of the punctured disk. Let the punctured disk be represented by 
0 < |z| < 1, and consider a fixed point, for instance the point zy) = 7 on 
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the positive radius. By means of a central projection, given by 


atu = 1-2 Ct) 
Ga) = 1 = adel + ww AO 
any closed curve z = z(t) from zp can be deformed into a curve which 
lies on the circle |z| = r. It is thus sufficient to consider curves y on this 
circle. The equation of y will again be written as z = 2(2). : 

By continuity every fp has a neighborhood in which le) — 2(to)} < 
7/2; in such a neighborhood z(t) cannot take both the values r and —r. 
It follows easily, by use of Heine-Borel’s lemma or the method of bisec- 
tion, that: it is possible to write y = "1Y2 * * * Yn Where each +, either 
does not pass through r or does not pass through —r. For simplicity 
let us refer to the points r and —r by letters Py and Pi (Fig. 41), and let 
the end points of y, be denoted by P, and Piy1. Since ¥% is cantainsil 
in the simply connected region obtained by deleting either the positive or 
negative radius, it can be deformed into one of the two ares P,P, As 
a result 7 can be deformed into product: of simple ares with the wide 
cessive end points PpPiP, +--+ P,P». This path may in turn be replaced 
by PoPiPsPoPsPsPo - + PoPu+P,Py where each are PxPo and PoP; is 
for definiteness, the one which does not contain P5. In fact, the new 
path is obtained by inserting the doubly traced ares P,PoP; which we 
know to be homotopic to 1. 

We have shown that each 7 is homotopic to a product: of closed curves 
of the form PoPPrsiPo. If PyPiy, does not contain Pi, this curve is 
homotopic to 1. If, on the other hand, P,Py41 contains P, it is seen by 
enumeration of the possible cases that the curve is homotopic to C or C-} 
where C is the full circle. Consequently, every closed curve is homotopic 
to a power of C. 


FIG, 41. 
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Finally, we observe that C™ is homotopic to 1 only ifm = 0. Thisis 


seen by the fact that 
dz 


— = m- ri, 
om 2 
while if the curve were homotopic to 1 the integral would have to vanish. 
From our results we conclude that the fundamental group of the punc- 
tured disk is isomorphic to the additive group of integers. Evidently, an 
arbitrary annulus has the same fundamental group. 

We consider now a global analytic function f which can be continued 
along all ares in the punctured disk 0 < |z| <1. We choose an initial 
branch at z = 7 and continue it along the curves C™. Either the con- 
tinuation never returns to the initial branch, or there exists a smallest, 
positive integer h such that C* leads back to the initial branch. In the 
latter case, set m = qh +7 withOsr<h. If C™ leads back to the 
initial branch, so does C’. But since r < h that is possible only if 7 = 0, 
and we find that C” leads to the initial branch if and only if m is a multiple 
of h. 

Consider the mapping z = ¢* of 0 < jf] < 1 onto 0 < |e] <1. We 
claim that f can be expressed as a single-valued analytic function F(¢) 
in the punctured disk of the ¢-plane. The precise sense of this state- 
ment is that there exists, for every {1, 0 < |f;| <1, a function element 
(7,2) €f with c+ e€2, such that F(O) = f(¢*) in a neighborhood of {; in 
particular, it is required that the function element which corresponds to 
the point [9 = r/ determines the initial branch at: zo. 

In. order to construct F(¢), we join ¢> to ¢ by an are y’ and continue 
the initial branch of f along the image of +’ under the mapping z = @*; 
we define F(¢) as the terminal value obtained through this continuation. 
It must be proved that F(¢) is uniquely determined. If 7, and 3 are 
two paths from {> to ¢, then yy7;-! can be deformed into a power C’* of 
the circle through >. Consequently, the image curve yryz' can be 
deformed into the image of C, which is C“. But C leads back to the 
initial branch, and therefore y: and 2 determine the same terminal 
branch. Finally, if ¢ is in a neighborhood of {3 we can first follow an 
are -y; from {> to ¢; and then a variable are +’ from ¢; to ¢ which stays 
within the neighborhood. If the neighborhood is sufficiently restricted, 
the continuation along the image of y’ is determined by a single function 
element (7,0), and we have F({) = f(¢") in that neighborhood. 

Since F(5) is single-valued and analytic in a punctured neighborhood 
of the arigin, it has a convergent Laurent development of the form 


P® = ¥ Ante 
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The corresponding multiple-valued function of z may be said to possess 
the development 


65) {® = . Aye, 


It must be observed that this development depends on the choice of the 
initial branch. Different initial branches may yield entirely different, 
developments and, in particular, different values of h. The series(1) 
yields a total of h related developments obtained by choosing different 
initial values of 2¥*. If wy = erilt, these developments are represented by 
(2) £@) = VY Anwrer (v= O1,. . . sh — J). 
When the branch. (f,,20) is continued along C, it leads to the branch 
(f-41,20) with the understanding that the subscript A is identified with 0. 

In special cases the Laurent development may contain only a finite 
number of negative powers. Then F(¢) has either a removable singu- 
larity or a pole, and the multiple-valued function f(2) (or, more correctly, 
the global analytic function obtained by continuing the given initial 
branch within a punctured disk) is said to have an algebraic singularity 
or branch point at. z = 0, provided of course that h > 1. If F(g) has a 
removable singularity, the branch point is an ordinary algebraic singu- 
larity, in the opposite case it is an algebraic pole. In either case Sf) 
tends to a definite limit Ao or © as z tends to 0 along an arbitrary arc. 

Clearly, we could just as well have studied an isolated singularity at 
an arbitrary point a or ©, and the radius of the punctured disk can be 
as small as we wish. In the case of a finite h the correspondence between 
w = f(z) and the independent variable z can be expressed through equa- 
tions of the form 

y An” 


z2=at or 


w 


z2=¢%, 


The variable ¢ takes the name of local uniformizing variable. 

In the case of an algebraic singularity it is desirable to complete the 
Riemann surface of f by the inclusion of a corresponding branch point 
on the surface. The projection of this point will be a, and the point 
itself is not determined by a branch of f, but by developments similar to 
(2). Finally, a neighborhood is formed by the branches which corre- 
spond to points ¢ in a neighborhood of ¢ = 0. From now on it will bo 
assumed that the Riemann surface of a global analytic function includes 
all such branch points, 


¥ 
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2. ALGEBRAIC FUNCTIONS 


An equation of the form P(w,z) = 0, where P is a polynomial in two 
variables, has for each z a finite number of solutions w;(z), . . . , wm(z). 
We wish to show that these roots can be interpreted as values of a 
global analytic function f(z) which is then called an algebraic function. 
Conversely, if a global analytic function is given, we want to be able to 
tell whether it does or does not satisfy a polynomial equation. 


2.1. The Resultant of Two Polynomials. A polynomial P(w,z) in two 
variables is irreducible if it cannot be expressed as the product of two 
polynomials none of which is constant. Two polynomials P and Q are 
relatively prime if they have no common factor except for constants. 

The following theorem is algebraic in character. Because of its 
fundamental importance for the theory of algebraic functions we will 
nevertheless reproduce its proof. 


Theorem 3. If P(w,z) and Q(w,z) are relatively prime polynomials, there 
are only a finite number of values 20 for which the equations P(w,z) = 0 
and Q(w,zo) = 0 have a common root. 


We suppose that P and Q are ordered according to decreasing powers 
of w and set Q(w,z) = bo(z)u™ + + + + 4+5,,(z) where bo(z) is not identi- 
cally zero. If P is divided by Q, the division algorithm yields a quotient 
and remainder which are polynomials in w and rational functions in z. 
We set up a Euclidean algorithm of the form 


eoP = qoQ+ hi 
o.Q = oki + Re 
(3) Cohty rans qokts + R; 


Cn—n—2 = Gren + Ra 


where the Q; and R; are polynomials in w and z while the ¢ are poly- 
nomials in z used to clear the fractions. The degrees in w of the R, are 
decreasing, and FR, is a polynomial in z alone. If &,(z) were identically 
zero, the unique factorization theorem implies, by the last relation in (3), 
that R,_2 would be divisible by any irreducible factor of Ry: which is of 
positive degree in w. The same reasoning shows, step by step, that all 
the R; as well as Q and P would be divisible by the same factor. This is 
contrary to the assumption, for Ry»_1 is of positive degree in w and must 
therefore have an irreducible factor which contains w, 
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Suppose now that P(wo,z0) = 0 and Q(wo,4.) = 0. Substituting 
these values in (3) we obtain 2y(wo,20) = 0, . . . , Ra-1(wo,20) = 0 and 
finally 2,(z0.) = 0. But since FR, is not identically zero, there are only a 
finite number of zp which satisfy this condition, and the theorem follows. 

The polynomial R,,(z) is called the resudiant of P and Q. More pre- 
cisely, if we wish the resultant to be uniquely determined, we should 
require that the exponents ¢ in (8) are of the lowest degree possible. We 
are not so interested in the resultant as in the statement of Theorem 3. 
The theorem will be applied to an irreducible polynomial P(w,z) and its 
partial derivative P,,(w,z) with respect to w. These polynomials are rela- 
tively prime as soon as P has positive degree in w, and the resultant of 
P and P,, is called the discriminant of P. The zeros of the discriminant 
are the values zo for which the equation P(w,zv) = 0 has multiple roots. 

We note, finally, that the resultant R(z) of any two relatively prime 
polynomials P and Q can be written in the form R = pP + qQ where 
p and q are polynomials. This follows immediately from (3). 


2.2, Definition and Properties of Algebraic Functions. We begin 
by formulating a precise definition: 


Definition 2. A complete analytic function f is called an algebraic func- 
tion if all its function elements (f,Q) satisfy a relation P(f(z),z) = 0 in Q, 
where P(w,z) is a polynomial which does not vanish identically. 


Because of the permanence of functional relations it is sufficient to 
assume that one function element satisfies the equation P(f(z),z) = 0. 
The others will then automatically satisfy the same relation. Moreover, 
it may be assumed that P(2,z) is an irreducible polynomial. Suppose 
indeed that P(w,z) has the factorization P = PiP,... P,imirreducible 
factors. For any fixed pomt z€@ one of the equations P,(f(2),z) = 0 
must hold. If we consider a sequence of different points z, €@ which 
tend to a limit in Q, then one of the relations P.(f(z,),2n) must hold 
infinitely often. It follows that this particular relation P,(f(z),2) = 0 is 
satisfied identically in @ and, consequently, by all the function elements 
of f. We are thus free to replace P by Px. 

It is also easy to see that the irreducible polynomial P determined by 
an algebraic function is unique up to a constant factor. Tf @ is an essen- 
tially different irreducible polynomial, we can determine the resultant 
R@) = pP +qQ. Lt PUf@,z) = 0 and Q(f(2),z) = 0 for all zeQ we 
would obtain R(z) = 0 in Q, contrary to the fact that R(z) is not identi- 
cally zero. We note that P cannot reduce to a polynomial of z alone. 
If it contains only w, it must be of the form w — a, and the function f 
reduces to the constant a. 


: 
| 
| 
| 
| 
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We prove next; that there exists an algebraic function corresponding 
to any irreducible polynomial P(w,z) of positive degree in w. Suppose 
that 

P(w,z) = aolz)u™ + ax(z)w 1+ - > > + an(z). 


If zo is neither a zero of the polynomial ao(z) nor a zero of the discrimi- 
nant of P, the equation P(w,zo) = 0 has exactly n distinct roots w:, we, 
+, Wx Under this condition the following is true: 


Lemma I. There exists an open disk A, containing z, and n function ele- 
ments (fi,A), (fo,A), . - - , (Sas) with these properties: 


(a) P(fi(z),2) = 0 in A; 
(b) FilZo) = Wi; 
(©) if P(w,z) = 0, z€A, then w = fi(z) for some i. 


The polynomial P(w,zo) has simple zeros at w = w; We determine 
e > Oso that the disks |w — w,| < ¢ do not overlap and denote the circles 
jw — wl =e by Ci. Then P(w,zo) #0 on C, and by the argument 
principle 


1 P.(w,z0) 
oni A i Poy 
If 2 is replaced by z, the integrals become well-defined continuous func- 
tions of z in a neighborhood of z. Since they can only take integer 
values, there exists a neighborhood A such that 
1 P.(w,2) 


Oni Je: Plw,z) =} 
for allzeA. This means that the equation P(w,z) = 0 has exactly one 
root in the disk |w — wil < e; we denote this root by f(z). By the 
residue calculus its value is given by 


i P.lw,z) 5 
fi@ = Oni fh, P(w,z) ay: 


This representation shows that f,(z) is analytic. Moreover, f:(2o) = wi, 
and (c) follows from the fact that we have exhibited n roots of the equa- 
tion P(w,z) = 0, and it can have no more. 

The lemma implies at once that there exists an algebraic function f 
corresponding to the polynomial P; in fact, we can choose f to be the 
complete analytic function determined by the element (f,,A) for any Zo 
which does not coincide with one of the finitely many excluded points. 
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We will show, moreover, that all such function elements belong to the 
same complete analytic function; this will also prove that the function f 
which corresponds to P is unique. Let (f,2) be one of these func- 
tion elements. There must exist a zp € Q which is not. one of the excluded 
points; we determine a corresponding A. Since P(f(z),z) = 0 for ze Q, 
it follows by (c) that f(z) equals some fi{z) at each point of AQ. But 
then f(z) equals the same f,(z) at infinitely many points in any neighbor- 
hood of zo, and hence (f,Q2) belongs to the complete analytic function 
determined by (f;,A). 

Let the excluded points be denoted by ¢1, cz, . . . ,¢m. We wish to 
show that a function element ({,2) which satisfies P(f(z),z) = 0 can be 
continued along any arc which does not pass through a point c. If this 
were not so there would exist an are z = 2(!), a << 8, such that a 
given initial branch can be continued along all subares a S$ i $7 < B, 
but not along the whole arc. Set zo = 2(8), determine A according to 
Lemma 1, and choose 7 so that 2(f) €Afors S$ t< $. The same reason- 
ing as above shows that the branch (f,2(7)) obtained by the continuation 
must be determined by one of the function elements (f;,4). But then it 
can be continued all the way to 8, and we have reached a contradiction. 

Tt has not yet been proved that all elements (f;,A) belong to the same 
global analytic function. For this part of the proof it is necessary to study 
the behavior at the critica] points c, in greater detail. 


2.3. Behavior at the Critical Points. The points cy which so far have 
been excluded from our considerations were the zeros of the first coef- 
ficient ay(z) of P, and the zeros of the discriminant. Let 6 be chosen so 
that the disk |z — c,| S 8 contains no other critical points than ¢.. We 
fix a point z # c in this disk and select one of the branches fi(z) at 
that point. This branch can be continued along all arcs in the punctured 
disk. Moreover, if it is continued along the circle C of center c, through 
2o, we must return with a branch f,(z). Since there is only a finite num- 
ber of such branches, it follows easily that there must exist a smallest 
positive integer h < n with the property that continuation along C* leads 
back to the initial branch f(z). By the fundamental result of Sec. 1.6 
we can write 

(4) file) = Yo Ae - a). 


Suppose first that ¢; is not a zero of ao(z). Then f;(z) remains bounded 
as z tends to cx. Indeed, as soon as f;(z) 0, the equation P(fi(z),z) = 0 
can be written in the form 


(5) aolZ) + ar(2)filz)* + > > + anl2)f(2)-* = 
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Tf f(z) were unbounded, there would exist points z, —» cx with fi(z,) > ©. 
Substitution in (5) would yield ac(z.) > 0, contrary to the assumption 
ao(cr) #0. It follows that the development (4) contains only positive 
powers, and the branch f,(z) has an ordinary algebraic singularity at c,. 

We consider now the case where ao(cx) = 0. If the multiplicity of the 
zero is denoted by m, we know that lim ao(z)(z — ¢.)-™ # 0. From (5) 


2k 


we obtain 


aclz)(z — ex)—™ + anle)(e — ep) -Y4(2-1 + + + 
+ a,(z)(z — cx) -f{z)-" = 0. 


If the expression fi(z)(z — c,)™ were unbounded, we would again be led 
to a contradiction. As in Sec. 1.6 we write 


FO = ¥ Age 


and find that F(¢)¢”* is bounded. Consequently F\ (¢) has a pole of at 
most order mh, and the branch f,(z) has an algebraic pole at c, or, in 
special eases, an ordinary algebraic singularity. 

Finally, the behavior at 2 = © needs also to be discussed. It is clear 
that we have a development of the form 


fae) = S Az, 


valid in a neighborhood of «©. Suppose that the polynomial a;(z) is of 
degree r; (the coefficients which vanish identically will be left out of con- 
sideration). Choose an integer m such that 


© m >i (er) 


fork = 1,...,n. Wecontend that f,(z)z-” must be bounded asz— ©. 
If this were not so we would have f(z)-'z"—> 0 for a sequence tending to 
©. This would imply f.(2)-*z*— 0 and, by (6), fi(z)-*e*- — 0 for 
k 21. If @) is multiplied by z-* it follows that all terms except the 
first tend to zero. This is a contradiction, and we may conclude that 
fi(2) has at most an algebraic pole at infinity. 

To sum up, we have proved that an algebraic function has at most 
algebraic singularities in the extended plane. We will now prove a con- 
verse of this statement. In order to obtain a converse it is essential to 
add an assumption which implies that there are only a finite number of 
branches at a given point. 
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Let f be a complete analytic function. For each e we assume the 
existence of a punctured disk A, centered at c, such that all branches of f 
which are defined at a point 2 €A can be continued along all arcs in A 
and show algebraic character at c. The assumption shall be satisfied 
also for c = ~, in which case A is the exterior of a circle. Moreover, 
for one A it must be assumed that the number of different branches at zo 
is finite. 

Since the extended plane can be covered by a finite number of disks 
A, the center included, it follows that only a finite number of points c can 
be effective singularities; we denote these points by ¢.. It is easy to prove 
that the number of branches at any point z % cy is constant. For every 
such point has a neighborhood in which all branches of f are single-valued 
and can be continued throughout the neighborhood. It follows that the 
set of points z with exactly n branches is open (n can be finite or infinite). 
Since the extended plane minus the points c is connected, only one of 
these sets is nonempty. Hence n is constant, by assumption it cannot 
be infinite, and it cannot be zero since in that case f would be an empty 
collection of function elements. 

The branches at any point z  c. may now be denoted asfi(z), . . - , 
fn(2), except that the ordering remains indeterminate. We form now the 
elementary symmetric functions of the f.(z), that is to say the coefficients 
of the polynomial 


(w — frl@))(w — fol) + + > (w — falz)). 


These coefficients are well-defined functions of z, and obviously analytic 
except for possible isolated singularities at the points ¢,. As z approaches 
cx we know that each f,(z) may grow toward infinity at most like a nega- 
tive power of |z — c|. The same is hence true of the elementary sym- 
metric functions. We conclude that the isolated singularities, including 
the one at infinity, are at most poles, and consequently the elementary 
symmetric functions are rational functions of z._ If their common denomi- 
nator is denoted by ao{z), we find that all branches f(z) must satisfy a 
polynomial equation 


ao(z)w" + ar(z)w? +--+ > + an(z) = 0, 


and it is proved that f is algebraic. 

It is now easy to settle the point which was left open in Sec. 2.2. Sup- 
pose that the function element (f,2) satisfies the equation P(f(2),z) = 0 
where P is irreducible and of degree n in w. Then the corresponding 
complete analytic function f has only algebraic singularities and a finite 
number of branches. According to what we have just shown f will satisfy 
a polynomial equation whose degree is equal to the number of branches. It 


GLOBAL ANALYTIC FUNCTIONS 297 


will hence satisfy an irreducible equation whose degree is not higher. 
But the only irreducible equation it can satisfy is P(w,z) = 0, and its 
degree ism. Therefore the number of branches is exactly 2, and we have 
shown that all solutions of P(w,z) = 0 are branches of the same analytic 
function. 

Tt remains only to collect the results: 


Theorem 4. An analytic function is an algebraic function if it has a finite 
number of branches and at most algebraic singularities. Every algebraic 
Junction w = f(z) satisfies an irreducible equation P(w,z) = 0, unique up 
to a constant factor, and every such equation determines a corresponding 
algebraic function uniquely. 


It is also customary to say that an irreducible equation P(w,z) = 0 
defines an algebraic curve. The theory of algebraic curves is a highly 
developed branch of algebra and function theory. We have been able to 
develop only the most elementary part of the function theoretic aspect, 


EXERCISE 


Determine the position and nature of the singularities of the algebraic 
function defined by w*? — 3wz + 228 = 0. 


3. PICARD’S THEOREM 


In this section we shall prove the celebrated theorem of Picard, which 
asserts that an entire function omits at most one finite value. We shall 
prove it as an application of the monodromy theorem (Sec. 1.5), using the 
modular function d(7) (Chap. 7, Sec. 3.5) in an essential way. This is 
Picard’s own proof. Many other proofs have been given which are more 
elementary in that they need less preparation, but none is as penetrating 
as the original proof. 


3.1, Lacunary Values. A complex number a is said to be a lacunary 
value of a function f(z) if f(z) # a in the region where f is defined. For 
instance, 0 is a lacunary value of e* in the whole plane. 


Theorem 5 (Picard). An entire function with more than one finite lacu- 
nary value reduces to a constant. 


We recall that an entire function f(z) is one which is analytic in the 
whole plane. If a and 6 are distinct finite values and if {@) is different 
from a and 6 for all z, we are required to show that f(z) is constant. 
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Consider fi(z) = ({@) — @)/(0 — a). This function is entire and ~0 
and 1. If f1is constant, so isf. Therefore it is no restriction to assume 
from the beginning that a = 0, 6 = 1. : 

We shall define a global analytic function h whose function elements 
(4,2) share the following property: Im h(z) > 0, and d{h(z)) = f(z) for 
z€®, Here Xr) is the modular function defined in Chap. 7, Sec. 3.5. 
It will be shown that h can be continued along all paths. Since the plane 
is simply connected it will follow by the monodromy theorem that h 
defines an entire function h(z). Because h(z) has all its values in the 
upper half plane, e”# is bounded. By Liouville’s theorem hk must reduce 
to a constant, and so does f(z) = ACh(z)). 

By Theorem 7 of Chap. 7 there exists a point 7» in the upper half plane 
such that (zo) = f(0). Because (ro) # 0, by the same theorem, there 
exists a local inverse of X, defined in a neighborhood A, of f(0) and denoted 
by Xo!, characterized by the conditions A(Aj"(w)) = w in Ao and 


Xo" (FO)) = To. 


By continuity there is a neighborhood {% of the origin in which S(2) € Ao, 
and we can therefore define h(z) = Ao'(f(z)) in Q%. We shall let hbe the 
complete analytic function obtained by continuing the function element 
(h,Qo) in all possible ways. : 

We have to show that the element (h,Q) can be continued along all 
paths, and that Im h remains positive. If this were not true we could 
find a path z = 2(t), 0 S ¢ S ty, such that h can be continued and Imh 
remains positive up to any ¢ < t, while either h cannot be continued up 
to t,, or else Im h(z(t)) tends to 0 for f—> t. We can determine a value 71 
with A(r1) = f(2(4)) and a local inverse djz* with A Ge) =Ty 
defined in a neighborhood Ay of f(z(ti)). Let 2, be a neighborhood of z(t) 
in which f(z) € Ai, and choose t <t so that z(t)¢A: for St St 
We know that A(r) has the same value f(z(t2)) at 7 = he) and at 
r = Az (f(e(tz))). Hence, by Theorem 8 of Chap. 7, there exists a modular 
transformation S in the congruence subgroup mod 2 such that 


Slz'(f(e)))] = Ale). 


We now define hy in Q1 by Aa(z) = S[P7(f(@))]._ It is evident that (h1,%) 
is a continuation of h up to 1 which satisfies \(Ai(z)) = f(z) and Im hy > 0. 
We conclude that h can indeed be continued along all paths, and as we 
hi inted out, Picard’s theorem follows at once. *. 

owe have carried out the proof in such painstaking detail in an effort 
to convince the reader that the monodromy theorem plays as essential a 
role in the proof as the modular function. 


ae 
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4. LINEAR DIFFERENTIAL EQUATIONS 


The theory of global analytic functions makes it possible to study, with 
a great degree of generality, the complex solutions of ordinary differential 
equations. Of all differential equations the linear ones are the simplest, 
and also the most important. A linear equation of order n has the form 


1) ale) FE + ale) Po + + ta ae) 2 + ant = 6) 


where the coefficients a,(z) and the right-hand member b(z) are single- 
valued analytic functions. In order to simplify the treatment we restrict 
our attention to the case where these functions are defined in the whole 
plane; they are thus assumed to be entire functions. A solution of (7) is 
a global analytie function f which satisfies the identity 


(8) AL + afO-P oe > fan af! + anf = b. 


We have already remarked that this is a meaningful equation and 
that it is fulfilled as soon as a function element (f,2) of f satisfies the corre- 
sponding equation with f replaced by f. A function clement with this 
property will be called a local solution. 

The reader who is familiar with the real case will expect the equation 
(8) to have 7 linearly independent solutions. This is so as far as local 
solutions are concerned, but we must be prepared to find that different 
local solutions can be elements of the same global analytic function. 
In other words, in the complex case part of the problem is to find out to 
what extent the local solutions are analytic continuations of each other. 

The equation (7) is homogeneous if b(z) is identically zero. This is 
the most important case, and it is the only one we will treat. Further- 
more, we can assume that the coefficients a,(z) have no common zeros; 
in fact, if z) were a common zero we could divide all coefficients by z — %o, 
and the solutions would remain the same. As a matter of fact, if we are 
willing to consider meromorphic coefficients we may divide (7) by ao(z) 
from the beginning. Conversely, if an equation with meromorphic coef- 
ficients is given, each coefficient can be written as a quotient of two entire 
functions; after multiplication with the common denominator we obtain 
an equivalent equation with entire coefficients. It is thus irrelevant 
whether we do or do not allow the coefficients to have poles, 

In the case n = 1 the equation (7) has the explicit solution 


~ [2@,, 
w=e Jae. 


The only problem is thus to determine the multiple-valued character of 
the integral, a question which has already been treated. On the other 
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hand, the case 2 = 2 is found to have all the characteristic features of 
the general case. For this reason we find it sufficient to deal with homo- 
geneous linear differential equations of the second order. 


4.1. Ordinary Points. A point zo is called an ordinary point for the 
differential equation 

(8) ao(z)w” + ar(z)w' + ar(z)w = 0 

if and only if ao(zo) #0. The central theorem to be proved is the 


following: 


Theorem 6. If zo is an ordinary point for the equation (9), there exists 
a local solution (f,Q), 20 € 2, with arbitrarily described values f(eo) = by and 
f'(@) = by. The branch (f,z0) is uniquely determined. 


We prefer to write (9) in the form 
(10) ww" = p(zju' + ql2w 


where p(z) = —ax/a0, g(2) = —42/a. The assumption means that plz) 
and g(z) are analytic in a neighborhood of 20; for convenience we may 
take 29 = 0. Let 


(11) pa) = pot pet tp to 
g@) =qgtgets > tanto: 
be the Taylor developments of p(z) and ¢(z). ; ; 
In order to solve (10) we use the method of indeterminate coef- 
ficients. Jf the theorem is true, the solution w = f(z) must have a 
Taylor develapment 


(12) fl) = bob bebo tbat te 
whose coefficients satisfy the conditions 


2be = bipo + bogo 
6bs = 2bepo + bipr + digo + bog 


n(n — 1b, = (rn — Vbsape + (a — 2)bnopr + + * + + bipa—2 
+ bp—2go + bu-aga + > + + HF Bogn—2 


This already proves the uniqueness. All that remains to prove is that 
the equations (18) lead to a power series (12) with a positive radius of 
convergence. It will then follow by permissible operations of term-wise 


: 
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differentiation, multiplication, and rearrangement that (12) is a solution 
of the equation with desired initial values of f and f’. 

Since the series (11) have positive radii of convergence, there exist, by 
the Cauchy inequalities, constants Mo and ro > 0 such that 


lpa| S Mors” 


a len] S Moro”. 


In order to show that (12) has likewise a positive radius of convergence, 
is is sufficient to prove similar inequalities 


(5) jbl S Mr 


for a suitable choice of M and 7. 

The natural idea is to prove (15) by induction on. In the first place 
(15) must hold for x = 0 and n = 1; this leads to the preliminary con- 
ditions |bo| S M, |bs| S Mr~ which are satisfied for sufficiently large M 
and sufficiently small r. Assume (15) to be valid for all subscripts <n- 
In order to simplify the computations we choose r < 79; then the general 
equation (13) leads at once to the estimate 


n(n — Vibo| SMMAA +24 °° - + —1)rh* + (n — Lr] 
= MM, [rey r+(n- nye] rr, 
We have thus 


2 
lb.| S uMme(s + 9) rms MM, ¢ + r*) aad 


and (15) follows, provided that Mo(r/2 +7?) <1. It is clear that this 
and the preceding requirements are fulfilled for all sufficiently small r. 
The proof is complete. 

There exist, in particular, local solutions fo(z) and f,(z) which satisfy 
the conditions fo(zo) = 1, fo(2o) = 0 and fi(zo) = 0, fileo) = 1. Because 
of the uniqueness the solution with the initial values bo, b, must be 
F(2) = befo(2) + bifi(z). Hence every local solution is a linear combi- 
nation of fo(z) and f,(z). Moreover, the solutions fo(z) and fi(z) are 
linearly independent, for if bofo(2) + bifi(2) = 0 we obtain first by = 
by substituting z = 2, and subsequently bi = 0 since fi(z) cannot be 
identically zero. 


EXERCISES 


1. Find the power-series developments about the origin of two linearly 
independent solutions of w” = zw. 


ll 
q 
q 
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2. The Hermite polynomials are defined by 
Hl) = (Ire 2 *). 
a de" 
Prove that H,(z) is a solution of w” — 22w’ + 2nw = 0. 


4.2. Regular Singular Points. Any point zp such that ao(z0) = 0 ig 
called a singular point of the equation (9). If the equation is written in 
the form (10), the assumption means that either p(z) or g(z) has a pole 
at zo, for we continue to exclude the case of common zeros of all the 
coefficients in (9). 

There are different, kinds of singular points. We begin by a pre- 
liminary study of the simplest case which occurs when ao{z) has a simple 
zero. Under this hypothesis the functions p(z) and g(z) have at most 
simple poles, and if we choose zp) = 0 the Laurent developments are of 
the form 


pe) =P +4 pot pet poe 
ale) = = + go + ge + ae eer 


This time, if we substitute 


w= bo + bi + bee + °° 
in (10), the comparison of coefficients yields 


~p-ibr = bog-a 
201 — p-ilbe = bipo + big-1 + bogo 
n(n — 1 — piayb, = (n ~ 1)ba apo + (m — 2)br-wpi + °° * 
+ apne HF bn-1g-a + bn—ago + + + + + bogn—2 


(16) 


This system of relations is essentially different from (13). In the 
first place, only bo can be chosen arbitrarily, and hence the method yields 
at most one linearly independent solution. Secondly, if p_; is zero or a 
positive integer, the system (16) has either no solution or one of the bn 
can be chosen arbitrarily. 

Assuming that p_, is not zero or a positive integer we will show that 
the resulting power series has a positive radius of convergence. As before 
we use the estimates (14), choose M 2 |bs|, and assume (15) for sub- 
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scripts <n. Under the auxiliary hypothesis r < ry we obtain 


nin — 1 — p_al-|b.| S Mr {ar [re r4+im— ry] + lotr}: 


Tnasmuch as (n — 1)/|n — 1 — p_a| is bounded, an inequality of the form 


lbn| SS Mr-*(Ar + Br?) 


will hold for all . For sufficiently small 7 this is stronger than (15), 
and the convergence follows. 

As already indicated, the result is of a preliminary nature. Our real 
object is to solve (10) in the presence of a regular singularity at zo. This 
terminology is used to indicate that p(z) has at most a simple and g(z) 
at most a double pole at zo. 

Under these circumstances it turns out that there are solutions of the 
form w = z%g(z) where g(z) is analytic and #0 at zo(= 0). We make 
this substitution in (10) and find, after brief computation, that g(z) must 
satisfy the differential equation 


a7 f= (0B) e+ (04 2-26 S 9), 


22 


For arbitrary « this is of the same type as the original equation, and 
nothing has been gained. We may, however, choose a so that the coef- 
ficient of g has only a simple pole. Jf g(z) has the development 


this will be the case if « satisfies the quadratic equation 
(18) a(a — 1) — pia — g-» = 0, 


known as the indicial equation. For such a our preliminary result shows 
that (10) has a solution of the form 2*g(z), g() 0, provided that 
p-1 — 2a is not a nonnegative integer. 

Let the roots of (18) be denoted by a, and az, Then 


ato =prtl 


Or a@2—~ a = p-1— 2014+ 1. Hence a is exceptional if and only if 
@2 — a1 is a positive integer. Consequently, if the roots of the indicial 
equations do not differ by an integer, we obtain two solutions 2%g,(z) 
and 2*g2(z) which are obviously linearly independent. If the roots are 
equal or differ by an integer, the method yields only one solution. 


304 COMPLEX ANALYSIS 


Theorem 7. If z is a regular singular point for the equation (9), there 
exist linearly independent solutions of the form (z — 2)™gi(z) and 
(2 — 20)ga(z) with gi(0), g2(0) #0 corresponding to the roots of the 
indicial equation, provided that az — ay is not an integer. In the case of 
an integral difference a2 — a; & O the existence of a solution corresponding 
to as can still be asserted. 


Tf one solution is known it is not difficult to find another, linearly inde- 
pendent of the first. The methods which lead to a second solution belong 
more properly in a textbook on differential equations. It is also impossi- 
ble to treat the case of irregular singularities in this book. 


EXERCISES 


1. Show that the equation (1 — 2*)w" — 22w’ + n(n + 1)w = 0, 
where 7 is a nonnegative integer, has the Legendre polynomials 


ee 


ie EG 10 
P.@) = Dent ae ( — 1) 
as solutions, 


2. Determine two linearly independent solutions of the equation 
2(z + 1)w” ~ 2w' +0 =0 


near 0 and one near —1. 
3. Show that Bessel’s equation zw” + w’ + zw = 0 has a solution 
which is an integral function. Determine its power-series development. 


4.3. Solutions at Infinity. If ao(z), a:{z), a2{z) are polynomials, it is 
natural to ask how the solutions behave in the neighborhood of ». The 
most convenient way to treat this question is to make the variable trans- 
formation z = 1/Z. Since 


dw _ _ gi tw 

a ag 

dw _ o7,dw , 7,0 

dat at Baa 
equation (10) takes the form 


Pw 1\\ dw 1 
wma (2: + 2p (;)) az t Zq () w. 


We say of course that « is an ordinary point or a regular singularity for 
the equation (10) if the point Z = 0 has the corresponding character for 


(19) 
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(19). ‘Thus © is an-ordinary. point if the coefficients in (10) have a 
removable singularity at Z = 0; this is the same, by definition, as saying 
that —(2z + 2%p(z)) and z‘¢{z) have removable singularities at ©. Simi- 
larly, © is a regular singularity if these functions have, respectively, at 
most a simple and a double pole at ». 

It is interesting to determine the equations with the fewest singu~ 
larities. If © is to be an ordinary point, g(z) must have at least four 
poles, unless it vanishes identically. In the latter case p(z) can have as 
few as one pole, and if the pole is placed at the origin we must have 
p(z) = —2/z. The corresponding equation 

dw 2 dw 


de z dz 


has the general solution w = az! + b. 

If ¢(z) is not identically zero, there can be as few as two regular singu- 
larities. It is evidently easiest to place the singularities at 0 and », and 
for this reason we turn immediately to the case where © is a regular 
singularity. If there is to be only one finite singularity, placed at the 
origin, we must have p(z) = A/z, g(z) = B/z*. With another choice of 
constants the equation can be written in the form 


(20) zu! — (a +B — ew! + abw = 0. 


It has the solutions w = z* and w = 2%, where a and 8 are obviously the 
roots of the indicial equation. If a = 8, there must be another solution. 
To find it we write (20) in the symbolic form 


2 
(%- Vw =0 


and substitute w = 2*7W. We obtain 


The equation (- s) W =0 has the obvious solution W = log z, and 


hence the desired solution of (20) is w = 2* log 2. 


4.4, The Hypergeometric Differential Equation. We have just seen 
that differential equations with one or two regular singularities have 
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trivial solutions. It is only with the introduction of a third singularity 
that we obtain a new and interesting class of analytic functions. 

It is quite clear that a linear transformation of the variable transforms 
a second-order linear differential equation into one of the same type and 
that the character of the singularities remains the same. We can there- 
fore elect to place the three singularities at prescribed points, and it is 
simplest to choose them at 0, 1, and «. 

If the equation 

w” = plz)w' + gl) 


is to have finite regular singularities only at 0 and 1, we must have 


pe) = 44-2, + Pe 


C2 E F 
@ = ate tgrpt ait 


where P(z) and Q(z) are polynomials. In order to make the singularity 
at o regular, 22 + z*p(z) must have at most a simple pole at o and 
z2‘g(z) must have at most a double pole. In view of these conditions 
P(z) and Q(z) must be identically zero, and the relation D + F = 0 must 
hold. These are evidently the only conditions, and we can rewrite the 
expressions for p(z) and q(z) in the form 


A, B 
pe) = +24 

Cc D E 
1) -3-3e@-) t@—-Dr 


The indicial equation at the origin reads 
a(a~ 1) = Aat+. 


So if its roots are denoted by a1, a we obtain A = a1+a2—1) 
C = —aiaz. Similarly, B = 6: + Be — 1 and HE = —£.f2, where A, B2 
are the roots of the indicial equation at 1. In order to write down the 
indicial equation at © we note that the leading coefficients of —2z — 
2’p(z) and e‘g(z) are —(2+A-+B) and C—D+E, respectively. 
Hence the roots yi, ye satisfy y1 + y2 = —A — B — 1 and 


y1y2 = -C+D-E, 
We conclude at the relation 


(21) atetatetnt+wn=1 
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and we find that the equation can be written in the form 


Py l-ar—@ ,1—fi-B\ , 
(22) w +( - =f ae ) 
a102 — anae + BiBo — y17¥2 BiB 
+ (2 ~ 2(z — 1) + Gets) w = 0. 
Jn order to avoid the exceptional cases we will now assume that none 
of the differences a2 — a1, B2 — 61, y2 — y1 is an integer. Our next step 
is to simplify the equation (22). In Sec. 3.2 we have already shown 
that the substitution w = z*g(z) determines for g(z) a similar differential 
equation, namely, the equation (17). Since the original equation has 
solutions of the form w = 2%g\(z), w = 2%g2(z), we conclude that the trans- 
formed equation (17) must have solutions of the form g(z) = 2%~2g,(z) 
and g(z) = z*~*g2(z). Hence the indicial equation of (17) has the roots 
@1 — @, @ — a, as can also be verified by computation. Simultaneously, 
the roots which correspond to the singularity at «© change from 1, 72 to 
yi +, y2-+ a. In exactly the same way we can separate a factor 
(z — 1) and find that the resulting equation has exponents which are 
smaller by 8 at 1 and larger by 8 at «. The natural choice is to take 
a=, B = fi. In the final equation the six exponents are then 0, 
2 — on, O, Bo — Bi, ¥1 + a1 + Bi, y2 + a1 + Ai, respectively. In order 
to comply with time-honored conventions we will write a = a1 + Bi + ‘1, 
b=a1t+ Bit 7,¢=1-+a1— a2 Because of the relation (21) we get 
c—a—b= 2 — 8 Accordingly, the new differential equation will be 
of the form 


l—-c+a+b\ , ab 
z-1 )w +t 


w=0 


c 
© 
we + ( + 
or, after simplification, 


(28) 21 — zw” + [ce — (a +b + Lzlw’ — abw = 0. 


This is called the hypergeometric differential equation, and we have proved 
that the solutions of (22) are equal to the solutions of (23) multiplied by 
a(z— 1). It is assumed that none of the exponent differences ¢ — 1, 
a —b,a+b — cis an integer. 

According to the theory, equation (23) has a solution of the form 


w= > A,z". If this power series is substituted in (23), we find with 
n=0 

very little computation that the coefficients must satisfy the recursive 

relations 


@+)@4+oQAnr = + ant dA, 
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The extremely simple form of this relation makes it possible to write 
down the solution explicitly. With the choice Ao = 1 we find that the 
hypergeometric equation is satisfied by the function 


Fades) = 149, 4 TD ee 
_ ala + (a +2) “b+ NO +2) 


io peace hhere ete 


known as the hypergeometric function. It is defined as soon as c is not 
zero or a negative integer. 

The radius of convergence of the hypergeometric series can easily be 
found by computation, but it is more instructive to use pure reasoning. 
In the first place, we know that F(a,b,¢,z) can be continued analytically 
along any path which does not pass through the point 1 and does not 
return to the origin. Hence a single-valued branch of F(a,b,c,z) can be 
defined in the unit disk |z| <1 (because the disk is simply connected), 
and it follows that the radius of convergence is at least equal to one. If 
it is greater than one, F'(a,b,¢,2) will be an entire function. Near infinity 
it must be a linear combination of the solutions 2~g1(z), z*ge(z) known 
to exist in a neighborhood of «. But it is clear that a linear combination 
can be single-valued only if a or b is an integer. If a is an integer b is not, 
by assumption, and F(a,b,¢,z) is a multiple of z~gi(z). By Liouville’s 
theorem, if a were positive F(a,b,c,2) would vanish identically, which is 
not the case. The only case in which the radius of convergence is infinite 
is thus when a (or b) is a negative integer or zero, and then the hyper- 
geometric series reduces trivially to a polynomial. 

In a neighborhood of the origin there is also a solution of the form 
2'¢g(z). Here g(z) satisfies a hypergeometric differential equation with 
the six exponents az — a1, 0, 0, B2 — Br, v1 + a2 + Br, Y2 + a2 + Br It 
follows at once that we can set g(z) = F(1 +a — 0,1 +6 —,2 — ¢,z). 
We have proved that two linearly independent solutions near the origin 
are F(a,b,c,z) and z-F(1 + a — ¢,1 +b — ¢,2 — ¢,2), respectively. 

The solutions near 1 can be determined in exactly the same manner. 
It is easier, however, to replace z by 1 — z and interchange the a’s and f’s. 
As a result we find that the functions F(a,b,1 + a +b —¢,1 — 2) and 
(1 — 2)-**F(e — bc — a1 — a—b + 6,1 — 2) are linearly independ- 
ent solutions in a neighborhood of 1. The solutions near © can be 
found similarly. 

We have demonstrated that the most general linear second-order 
differential equation with three regular singularities can be solved explicitly 
by means of the hypergeometric function. It is evidently also possible, 
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although somewhat laborious, to determine the complete multiple-valued 
structure of the solutions. 


EXERCISES 


1. Show that (1 — 2)-* = F(a,8,8,2) andlog1/(1 — 2) = 2F(1,1,2,2). 
2 Express the derivative of F(a,b,c,z) as a hypergeometric function. 
3. Derive the integral representation 


rT 
Fore =H fed - od — aa 


F(a,b,c,z) = 
4, If wi and wz, are linearly independent solutions of the differential 
equation w” = pw’ + gw, prove that the quotient 7 = we/w, satisfies 
d wr 1 TING 
QMO) =a beve 
4.5. Riemann’s Point of View. Riemann was a strong proponent of 
the idea that an analytic function can be defined by its singularities and 
general properties just as well as or perhaps better than through an 
explicit expression. A trivial example is the determination of a rational 
function by the singular parts connected with its poles. 

: We will show, with Riemann, that the solutions of a hypergeometric 
differential equation can be characterized by properties of this nature. 
We consider in the following a collection F of function elements (J,0) 
with certain characteristic features which we proceed to enumerate. : 

1. The collection F is complete in the sense that it contains all analytic 

continuations of any (f,2)¢ F. It is not required that any two function 
elements in F be analytic continuations of each other, and hence F may 
consist of several complete analytic functions. 
: 2. The collection is near. This means that (f1,0) € F, (fo,2) € F 
implies (eif: + cef2,2) € F for all constant ¢1, ¢2. Moreover, any three 
elements (f1,2), Cfo,Q), (fs,2) € F with the same @ shall satisfy an identical 
relation ¢:f1 + cefe + ¢sfs = 0 in Q with constant coefficients, not all zero. 
In other words, F shall be at most two dimensional. 

_ 3. The only finite singularities of the functions in F shall be at the 
points 0 and 1; in addition, the point © is also counted as a singularity. 
More precisely, it is required that any (f,2) € F can be continued along 
all ares in the finite plane which do not pass through the points 0 and 1. 

4. As to the behavior at the singular points we assume that there are 
functions in F which behave like prescribed powers 2™ and 2® near 0, 
like (¢ ~ 1)4 and (2 — 1)* near 1, and like 2-” and z-* near ©, In 
precise terms, there shall exist certain analytic functions gi(z) and go(z) 
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defined in & neighborhood A of 0 and different from zero at that point; 
for a simply connected subregion @ of A which does not contain the origin 
function elements (2g1(z),2), (2g2(z),®) can be defined, and it is required 
that they belong to F. The corresponding assumptions for the points 1 
and « can be formulated in analogous manner. 

The reader will have recognized that the solutions of the differential 
equation (22) have just these properties, provided that none of the differ- 
ences a; — o1, B2 — Br, Y¥2 — 118 an integer. In addition, the relation 
or bat Bi + Be +71 + 72 = 1 is satisfied. We make both assump- 
tions and prove, under these restrictions, that there exists one and only 
one collection F with the properties 1 to 4. Accordingly, F will be identi- 
cal with the collection of local solutions of the differential equation (22). 

Riemann denotes any function element in F by the symbol 


0 1 & 
Pyar Bi 1, 2f° 
ap Be 2 


Thus P does not stand for an individual function, but this is evidently of 
little importance. Once the uniqueness is established such identities as 


og Be Ye og —a B—-B y+tatB 


0 1 = 0 1 @ 
Plo Br w,2) =P 4h om 1-2 
on Be Ye 2 a2 Y2 


follow immediately provided that some care is given to their proper 
interpretation. The fact that such relationships, some of them quite 
elaborate, can be so easily recognized is one of the motivations for 
Riemann’s point of view. 

In order to prove the uniqueness, consider two linearly independent 
function elements (f1,2), (f2,0) € F, defined in a simply connected region 
@ which does not contain 0 or 1. There are such function elements in 
any 9, for the functions z%gi(z) and 2%g2(z) are linearly independent in 
their region of definition; they can be continued along an are which ends 
in @ and determine linearly independent function elements. If (f,Q) is 
a third function element in F, the identities 


f +f: + ef. =0 


of’ taf; tof, =0 
of” + of, + cof?! =0 


Oo 1 @ 0 1 6 
Pn Bi rue) nett fae Bi — 8 ntatad 


or 
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imply 
foh fa 
f ft f;| =o. 
ype fe 


We write this equation in the form 


f" = p@f’ + a@f 
with 


0) Rai = 


Here the denominator is not identically zero, for that would mean that 
fi and f. were linearly dependent. 

We make now the observation that the expressions (24) remain invari- 
ant if f; and fz are subjected to a nonsingular linear transformation, ¢.e., 
if they are replaced by eufi + Crofe, Coif + Coofe with crscos — C1262 ¥ 0. 
This means that p(z) and g(z) will be the same for any choice of f; and f2; 
hence they are well-determined single-valued functions in the whole plane 
minus the points 0 and 1. 

In order to determine the behavior of p(z) and q(z) near the origin, 
we choose f; = 2g1(z), f2 = 2%g2(z). Simple calculations give 


Sida — feft = (a2 — anjestrXC + + + +) 
Sify’ — fof! = (a2 ~ ar)(ar + ae — Vawter {C + + +) 
Sift — Paft! = ayes(az — ayerte-3(C + + + +) 


where the parentheses stand for analytic functions with the common value 
C = g:(0)g2(0) at the origin. We conclude that p(z) has a simple pole 
with the residue a; + a — 1 while the Laurent development of g(z) 
begins with the term —a,o/z%. Similar results hold for the points 1 
and ©. We infer that 


Bi + Be — 


-1 
a + a2 +4 ; 1 + pole) 


4 a= 


pz) = 


where po(z) is free from poles at 0 and 1. On the other hand, the develop- 
ment of p(z) at © must begin with the term —(y1 + ¥2 + D/z. Accord- 
ing to its definition (24), p(z) is a logarithmic derivative. As such it has, 
in the finite plane, only simple poles with positive integers as residues. 
Tn view of the relation (a1 + a2 —1) 4+ (Gi +62 —-Y) = ~(yi +4241), 
it follows that po(z) can have no poles at all and must, in fact, vanish 
identically. 
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Since ff; — fof{ is thus # 0 except at 0 and 1, we conclude that ¢(z) is 
of the form 


A B 
ae) = — 3 — PP 2 4 8 + le 


where go(z) is a polynomial. At © the development must begin with 
—*1¥2/2%.. We find that go(z) must be identically zero while 


A= —B = —(a1a2 + BiB: — 172). 
Collecting the results we conclude that f satisfies the equation 


wr (Laem LOB By 


Zz z~-1 


O02 — aie + BiB2 — Y172 V1¥2 a, 
+(% a 2(z — 1) Te yw . 


which is just the equation (22). 

This completes the uniqueness proofs, for it follows now that any col- 
lection F which satisfies 1 to 4 must be a subcollection of the family Fo of 
local solutions of (22). For any simply connected @ which does not con- 
tain 0 or 1 we know that there are two linearly independent function 
elements (1,0), (f2,2)in F. Every (f,Q) € Fois of the form (cxf; + cef2,2) 
and is consequently contained in F. Finally, if @ is not simply con- 
nected, then (f,2) € Fo is the analytic continuation of a restriction to a 
simply connected subregion of 2, and since the restriction belongs to F 
so does (f,2) because of the property 1. 
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Bessel, 304 
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Closed, definition, 52 
Closed curve, 69 
Closure, 53 
Commutative law, 4 
Compact, 59-64 
Complement, 50 
Complex function, 21-48 
Complex integration, 101-172 
Component, 57 
Conformal equivalence, 243 
Conformal mapping, 13-76, 221-253 
Congruence subgroup, 270 
Conjugate differential, 162 
Conjugate harmonic function, 25 
Conjugate number, 6-8 
Connected sets, 54-59 
Connectivity, 144-147 
Continuation, analytic, 275-280 
direct, 279 
along are, 278-281 
Continuous function, 64-67 
uniformly, 66 
Contour, 109 
Contraction, 35 
Convergence, absolute, 36 
circle of, 39 
uniform, 37 
Convergent sequence, 34 
Cross ratio, 78-80 
Curve, 68 
Jordan, 69 
level, 89 
point, 69 
unit, 284 
Cycle, 138 


Definite integral, 101 
Deformation, 281 

De Moivre, 15 

Dense, 58 

Derivative, 23, 24 
Differentiable are, 69 
Differentia) equation, 267-269, 299-312 
Dirichlet’s problem, 240-243 
Discrete, 59, 257 
Discriminant, 292 
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Divergent sequence, 34 
Doubly periodic function, 257 
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Ellipse, 95 

Elliptic, definition, 86 
Eliptie funetion, 232 

Elliptic integral, 231 

Elliptic modular function, 270 
Empty set, 53 

Entire function, 192, 205-210 
Equicontinuous, 210-211 
Essential singularity, 129 
Euler, L., 44, 197 

Exact differential, 107 
Exponential function, 43-46 
Exterior, 53 


Fibonacei numbers, 182 
Field, 4 
Fixed point, 86 
Fourier development, 256 
Fraction, partial, 31, 185-189 
Fresnel integral, 205 
Function, algebraic, 291-297 
analytic, 24-28, 69-76 
complete, 276 
global, 275 
complex, 21-48 
conjugate harmonic, 25-26 
continuous, 23, 64-67 
entire, 192, 205-210 
exponential, 43-46 
gamma, 196-205 
Green’s, 243, 249-251 
harmonic, 25, 160-172, 233-243 
hypergeometric, 308 
integral, 192 
inverse, 65 
regular, 127 
single-valued, 22 
Function element, 275 
Functional, definition, 167 
Functional relation, 277 
Functions, subharmonic, 237-240 
trigonometric, 43-46 
Fundamental group, 284 
Fundamental region, 98-99, 274 
Fundamental sequence, 34 
Fundamental theorem of algebra, 28, 
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Gamma. function, 196-205 
Geometric series, 38 

Germ, 277 

Global analytic function, 275 
Goursat, E., 111 

Greatest lower bound (g.l.b.), 55 
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Indirectly conformal, 75 

Inf, 55 

Infinite product, 189-192 
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Integral, complex, 101-104 
definite, 101 

Integral domain, 4 

Integral function, 192 

Integration, 101-172 
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Intersection, 50 
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Into, definition, 64 
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Inversion, 77 

Involutory transformation, 7 
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Isolated singularity, 124 
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Jordan curve, 69 
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Lacunary value, 297 
Lagrange’s identity, 9 
Laplace equation, 25, 160 
Laurent series, 182-184 
Least upper bound (1.u.b.), 55 
Legendre polynomial, 182 
Legendre relation, 266 
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Level curve, 89 

Limes inferior, 34 

Limes superior, 34 

Limit, 22-24 

Limit point, 62 
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Line integral, 101-109 
Linear differential equation, 299-312 
Linear group, 76-78 

Linear transformation, 76-89 
Liouville’s theorem, 122 
Local mapping, 130-133 
Local solution, 299 

Locally bounded, 216 
Locally exact, 144 
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Majorant, 37 
Mapping, conformal, 68-76, 227-233 
continous, 64-67 
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Mapping, local, 180-133 
slit, 251-253 
topological, 65 
Mapping theorem, Riemann’s, 221-227 
Maximum, 56 
Maximum principle, 133-137, 164 


Mean-value property, 163-165, 234-235 


Measure, harmonic, 244-249 
Meromorphic, definition, 128 
Minimum, 56 

Minorant, 37 
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Modular function, 269-270 
Modular group, 259 

Module, 146, 257-258 
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Monodromy theorem, 285-287 
Morera’s theorem, 122 
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Neighborhood, 52 
Noneuelidean distance, 137 
Noneuclidean length, 187 
Normal derivative, 162 
Normal family, 210-219 


One to one, 65 
Onto, definition, 65 
Open, 52 
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of entire function, 207 
of pole, 30, 127 
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Order relation, 5 
Ordinary point, 300 
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Parabola, 90 
Parabolic, definition, 86 
Parameter, 68 
change of, 68 
linear, 68 


Partial fraction, 31, 185-189 
Period, 45-46, 255 
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x, 46 
Picard theorem, 297-298 
Piecewise, 69 
Plane, complex, 12 
extended, 18 
Point, accumulation, 53 
branch, 98, 287-291 
fixed, 86 
isolated, 53 
limit, 62 
ordinary, 300 
Point curve, 69 
Poisson’s formula, 165~167 
Pole, 30, 127 
Polygon, 56 
Polynomial, 28-29 
Power series, 33-42 
Precompact, 213 
Principal branch, 71 
Probability integral, 204 
Purely imaginary, definition, 1 


Rational function, 30-33 
Real number, 1 
Real part, 1 
Rectifiable are, 104-105 
Reflection principle, 170-172 
Region, 57 

closed, 57 

determined by y, 116 
Regular arc, 69 
Regular function, 127 
Regular singular point, 302-304 
Relatively prime, 291 
Removable singularity, 124-126 
Residue, 147-160 
Residue theorem, 147-151 
Resultant, 291-292 
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Riemann sphere, 19 
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Schlicht, 222 
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theorem proved by, 167-168 
Schwarz-Christoffel formula, 228-230 
Schwarz triangle function, 233 
Schwarzian derivative, 184 
Sequence, convergent, 34 
divergent, 34 
fundamental, 34 
Set, 50 
Sheet, 97 
Simply connected, 139-144 
Singular part, 31, 185 
Singular path, 280 
Singular point, 280, 302 
Singularity, algebraic, 290 
ordinary, 290 
essential, 129 
isolated, 124 
removable, 124-126 
Slit mapping, 251-253 
Solution, 299 
Space, complete, 59 
Hausdorff, 67 
metric, 51-54 
separable, 58 
topological, 67-68 
totally bounded, 61 
Sphere, 19 
Square root, 2 
Steiner, J., 85 
Stereographic projection, 19 
Straight line, 17 
Subharmonic functions, 237-240 
Subset, 50 
Sup, 55 
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Tangent, 69 

Taylor series, 177-182 
Taylor’s theorem, 125 
Topological mapping, 65 
Topological property, 65 
Totally bounded, 61 
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Triangle function, 233 
Triangle inequality, 9 
Trigonometrie functions, 44-45 
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Uniform convergence, 173-177 
Uniformizing variable, 290 
Unimodular, 258 
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Variable, uniformizing, 290 
Vector, 12 
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